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Chapter Goals 

In this chapter we will review the basics of mechanics at a little more of an abstract 
level than you have encountered in Introductory Physics courses. We will also review 
the algebra of complex numbers. 


1.1 Review of Mechanics 


1.1.1 Kinematics 


Consider a point particle moving in space with respect to an observer O. The most basic 
quantity that describes the motion of the particle is the direct distance vector of the particle 
from O (see Fig. 1.1). We call this vector the position vector and denote it by r, 


Position vector = 7. (with respect to O) (1.1) 


We will denote vectors by arrows over their symbols. The magnitude of the vector will be 
denoted by the same symbol without the arrow. For instance, the symbol 7 will denote the 
position vector and the symbol r will denote just the distance. 

The position vector may be a function of time if either its magnitude or the direction 
changes with time. Denoting t for the time variable we write this functional dependence as 
r(t). The derivative of this vector with respect to t gives the instantaneous rate at which the 
position of the particle changes with time. This quantity is called the velocity or the velocity 
vector, v, with respect to the observer O, 


2 eh : 
= =. (relative to the observer O) G2) 


The velocity may also change with time if either its magnitude or direction changes and we 
can denote this by writing the velocity vector as a function of time 1, that is, v(¢). The rate 
of change of the velocity vector, as given by the derivative of v(t) with respect to time f is 
called the acceleration or the acceleration vector, a, 


= we : 
= = (relative to the observer O) (1.3) 
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Fig. 1.1 The trajectory, position and vel- 
ocity of a particle P 
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Note that the acceleration obtained by taking the time derivative of velocity is the acceler- 
ation with respect to the observer O since the velocity was with respect to O. Substituting 3 
from Eq. 1.2 we can write acceleration as the second derivative of the position vector. 
pee (1.4) 
dt dt? 

The acceleration vector can also change with time. The rate of change of acceleration is 
called jerk. In this book we will not study the rate at which acceleration of a body changes. 

The study of the vector equations, Eqs. 1.1-1.3, is more easily done in the analytic 
picture of vectors by introducing convenient Cartesian coordinates. The vectors are de- 
composed into their x-, y-, and z-components. The components are denoted by attaching 
a subscript to the symbol of the vector without the arrow, e.g. v, for the x-component of 
the velocity 0; we do not use this rule for the position vector 7, whose Cartesian compo- 
nents are simply the x-, y-, and g-coordinates. The components of the position, velocity, 
and acceleration vectors are given in Table 1.1. 

The defining equations for the velocity and acceleration can be integrated. Thus, when 
we integrate Eq. 1.2 we obtain 


7(2) — F(t) = ie v(t)dt. (1.5) 
ial 
Integration of Eq. 1.3 gives 
Bh) — B(t4) = re a(t)dt. (1.6) 
4 


Suppose t; = 0 and fz is some arbitrary time t, then we will have 
t 
F(t) = 7 +f a(t’)dt’, (1.7) 
0 


where I have replaced the dummy integration variable by ¢ so that we do not confuse the 
dummy integration variable with the ¢ on the limit of integration, which is some definite 
instant. If the initial velocity is denoted by a, then we get the following for the velocity at 
time f: 


(1) = Ho + [aoe (1.8) 
0 


Table 1.1 Position, Velocity, Acceleration. 


Property x-component y-component z-component 

a x y z 

dx dy dz 

v 3 a Ug = 
“dt dt * dt 

a3 dv, dvy dvz 

a a, = a = — a, = — 
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Example 1.1 Constant Acceleration 


A particle has a constant acceleration dg. (a) What would be the velocity at instant t when the velocity at instant t = 0 is %)? (b) What 
would be the position at time 1 if the position at time t = 0 is 79? 


Solution 


(a) We use Eq. 1.8 with a(t’) = a, constant in the integral on the right side to obtain 


t t 
Bt) = i+ f lindt! = Gy +t f i SGA Bal: 
0 0 


(b) Now, we use this velocity function in the integral in Eq. 1.7 to obtain 


t 
_ a Pes 5 3 iin 
F(t) = 7 +f (Gp + dot) dt =7y + Vot+ 5400. 
0 


Example 1.2 Varying Acceleration 


A particle has an acceleration given by cos(t)i, where 7 is a unit vector pointed towards the positive x-axis. The acceleration of this 
particle will point towards the positive x-axis at some time, as at ¢ = 0, and towards the negative x-axis at some other times, such as 
at t = 2. (a) What would be the velocity at instant ¢ when the velocity at instant t = 0 is dy? (b) What would be the position at time t 
if the position at time ¢ = 0 is 7? 


Solution 


(a) We use Eq. 1.8 with a(t’) = cos (yt in the integral on the right side to obtain 
t 
B(L) = Jo + i cos(t')idt! = dp + sin(2)2. 
0 
(b) Now, we use this velocity function in the integral in Eq. 1.7 to obtain 


#() = 7% + - ( + sin(1’)/) dt = % + Got + [1—cos(A)] 7. 
0 


Example 1.3 Sinusoidally Varying Position 


The position of a particle with respect to an observer O is given by 7(t) = cos(27ft) 7, where f is a constant. (a) What is the velocity 
of the particle at t = t? (b) What is the acceleration of the particle at t = t? 


Solution 


(a) We use the definition of velocity given in Eq. 1.2 to obtain 
s dr : 4 
v(t) = < = -2mf sin(27 ft) 1. 


continued 
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Example 1.3 continued 


Note that when we take the derivative of 7 with respect to t we get a zero since both the magnitude and direction of 7 are 


constants. Now, we can evaluate this for t = t to obtain the velocity at time t = T, 
v= —2rf sin(2mft) 1. 


(b) We use the definition of acceleration given in Eq. 1.3 to obtain 


Now, we can evaluate this for t = t to obtain the acceleration at time t = T, 


a(t) = ae = —(2xf)? cos(2mft) 1. 


G@ = —(2nf)? cos(2zfr) 1. 


1.1.2 Dynamics: Newton’s Laws of Motion 


The dynamics of the motion of a particle deals with the changes in the motion of the par- 
ticle as a result of its interactions with other objects. The interaction is given by the forces 
between the particle and other objects. Newton’s second law of motion states that a force 
on a particle causes the change in momentum of the particle. Suppose a force F is acting 
on a particle whose momentum at that instant is p. Then, Newton’s second law of motion 
states that the force will be proportional to the rate at which the momentum of the particle 
is changing at that instant. If the force is expressed in the unit Newton (N), momentum in 
kg.m/s, and time in s, then the relation is 


Fo, (1.9) 


p=mi. (1.10) 


Note that the force does not give the momentum of the particle but rather the rate at which 
the momentum is changing at that instant. Each force on the particle will cause its own rate 
of change of momentum. Suppose two forces F , and F, are acting on a particle of mass m 
during an interval ¢ to t + At. Let the changes in momentum by the two forces be Ap; and 
App respectively. Then the net change in momentum Ap will be 


Fy At+ F.At = Ap; + App = AD. (1.11) 


Dividing both sides by At and taking the limit At > 0 we get 


ee ees (1.12) 
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That is, the net force gives the net rate of change of the momentum of the particle. We can 
generalize this argument for any number of forces, 


= = eS dPne 
Ppa bord Fee — (1.13) 
This is written compactly as 
Ss dp, 
Poe = 3: (1.14) 


Often we omit the subscript, net, from the symbols and keep that information implicit ra- 
ther than explicit. For constant mass dp/dt = ma. Therefore, we get the following simpler 
equation when mass is constant, 


F=ma. (constant mass) (1.15) 


This law shows that if we know forces at each instant, then we can find the acceleration. 
Once we know the acceleration at all instants, we can predict the changes in velocity and 
position over time. 

Note that when we measure the acceleration of a particle we measure the net acceleration 
and not the acceleration due to individual forces. Therefore, we only get the net force from 
a measurement of the acceleration. To learn about individual forces, we need to perform 
experiments that involve one force at a time. 
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Example 1.4 Free Fall 


A particle is falling freely near the Earth. Assuming the weight of the particle to be the only force on the particle, find the distance 
the particle will fall in the duration t = 0 to t = t if the initial speed of the particle were zero. 


Solution 


Let us use a Cartesian coordinate system with the y-axis pointed up and work with the y-component of Eq. 1.15. The net force on 
the particle has only the y-component and since the positive y-axis is pointed up, the y-component of the net force will be negative, 


F, = -mg. 
Therefore from the y-component of Eq. 1.15 we obtain 
—mg = may. 
This give the y-component of acceleration to be 
ay =-8. 


Using this constant a, in Eq. 1.8 we find the y-component of the velocity at instant ¢ to be 
Vy(t) =-gt, using vy(0) = 0. 


Now, from Eq. 1.7 we obtain the change in the y-coordinate of the particle during time t = 0 to t= Tt to be 


1 > 
¥—Yo = 5 8t > 


where yo is the y-coordinate at t = 0. 
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Example 1.5 Varying Force 


Solution 


The x-component of Eq. 1.15 gives 


At time t = T this gives 


A particle is subject to the following force, P= bti, where b is constant and 7 is the unit vector pointed towards the positive x-axis. 
What would be the change in the velocity during the interval t = 0 to t = t? 


Since the force is pointed along the x-axis, the acceleration will also point along the x-axis. This means that only the x-component 
of the velocity will change. We therefore work only with the x-components, with the x-component of the force being 


Therefore, the x-component of acceleration will be 


Fo = bt 

bt=ma,. 
b 

a= —t. 


m 


Using this a, in Eq. 1.8 we find the x-component of the velocity at instant t to be 


b 
x(t) = Voy + — 0. 
2m 


Fig. 1.2 Example 1.6. 


Example 1.6 Circular Motion 


A particle of mass m is observed to be moving in a circle in the xy-plane of a Cartesian 
coordinate system, as shown in Fig. 1.2. The x and y coordinates of the particle are 
given by 

x(t) = R cos(wt), 

yt) = -R sin(wt), 
where R and w are constants. What are the magnitude and direction of the net force 
on the particle? 
Solution 


Let us work out the components of the acceleration by taking two time derivatives of 
x(t) and y(t). The z-component of the acceleration would be zero since the particle is 
moving only in the xy plane. 


@i= Rm = -Rw* cos(wt), 
a 

dy = oe = Ro’ sin(w), 

a, = 0. 
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Therefore, the components of the net force would be 
F, = -—m Ro cos(wt), 
F, = mRo’ sin(od), 
F, = 0. 


This force has a constant magnitude mRw? and the direction pointed towards the 
origin, which changes with time as the particle goes around in a circle. 


Example 1.7 Position-dependent Force 


A particle of mass m is subject to the following force: 

F =-kxi, 
where is a constant and x is the x-coordinate of the particle. Suppose that at time t = O the particle were at x = A and its speed 
were zero, where will the particle be at t = t? 


Solution 


Since the force is pointed along the x-axis, the acceleration will also point along the x-axis. This means that only the x-component 
of the velocity will change. We therefore work only with x-components, 


FP, = -kx. 
The x-component of F=ma gives 
-kx = may. 
Solving for a, we obtain 
k 
ay, =-— x. (1.16) 


m 


Can we plug this a, in Eq. 1.8 to find the change in the x-component of the velocity? We will get 
k 3 
Vx(1) = Vox — — [ x(t’) dt’. 
m Jo 


It turns out that we are stuck at this point since we do not yet know x(t). Another approach is needed when acceleration is not given 
as a function of time, but instead as a function of position or velocity. We will rewrite Eq. 1.16 as a differential equation by making 
use of the definition of acceleration in terms of the two derivatives of position. This turns Eq. 1.16 into a differential equation for 
the variable x(t): 


ax k 
— =-—™*. 1.17 
dt? m~ ay 
The general solution of this differential equation is 
x(t) = C; cos(wt) + C2 sin(wt), (1.18) 


where w = /k/m, and C; and C2 are constants to be determined from the given initial position and velocity. To make use of the 
zero velocity at t = 0 we take a time derivative of Eq. 1.18 and obtain the x-component of the velocity, 


Vx(t) = w [—C; sin(wt) + C2 cos(wt)] . (1.19) 


continued 
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Example 1.7 continued 


Now we put ¢ = 0 in Eqs. 1.18 and 1.19 to use the following conditions at t = 0: 


A simple algebra shows that 


Therefore the position of the particle at an arbitrary time ¢ is given by 


We can now set ¢ = tT to obtain the position at that instant, 


x(0) =A and v,(0) = 0. 


C, =A, C2 =0. 


x(t) = A cos(@t). 


x(t) = A cos(@t). 


Trajectory 


Fig. 1.3 Work by force F during the 
displacement dr is dW = F - dr. 


1.1.3 Work, Energy, and Power 


Work and Potential Energy 


To analyze the energy of a particle it is helpful to introduce the concept of work by a force. 
Suppose a particle is subject to a force F and moves from a position 7 at time 1 to the 
position 7 + dr at time t + dt (see Fig. 1.3). We say that the force F does work dW on the 
particle during the interval ¢ to t + dt. The work dW is given by the dot product between 
the force and the displacement vectors, 


dW =F - dr. (1.20) 
This can be written more explicitly in terms of the magnitude F| of the force, the 
magnitude |d7| of the displacement, and the angle 6 between them, 
dW =F - di = |F||d?| cos. (1.21) 


Note that the work of a force is zero if it is perpendicular to the motion of the par- 
ticle, since the infinitesimal displacement d7 will be in the direction of the motion given 
by the direction of the instantaneous velocity v. For instance, magnetic force on a 
charged particle is always perpendicular to the velocity of the particle, therefore a mag- 
netic force does not do any work on a moving charged particle. To obtain work by 
the force over a finite interval of time ¢; to t, we just need to add up the contribu- 
tions from work on each infinitesimal displacement. This is written formally as a line 
integral, 


i 
Wy = | FP. df. (1.22) 


This integral may depend on the path of the particle between its initial and final posi- 
tions. If the integral depends on the path of the particle then we say that the force is a 


non-conservative force. If the integral does not depend on the path but just on the end 
points, we say that the force is a conservative force and write the result as 


Wi = Ui - Us (1.23) 


where U is called the potential energy of the particle corresponding to that particular 
conservative force. It turns out that all fundamental forces in nature are conservative. The 
commonly occurring effective forces such as the weight of a particle and the force of a spring 
on a body are also conservative forces. Dissipative forces, such as friction and drag, are not 
conservative, and therefore, there is no potential energy concept associated with them. 

The potential energy due to gravity, denoted by U,, and that due to spring force, denoted 
by U,, take the following forms: 


U, = mgh, (with reference h = 0) (1.24) 


1 
UL = RAD’, (with reference A/ = 0), (25) 
where 
h = the height above a reference point, and 


Al = the change in the length of the spring. 


From Eqs. 1.22 and 1.23 we can derive an important relation between potential energy 
of conservative force and the force itself. Consider an infinitesimal process in which the 
displacement occurs from 7 to 7 + d7. The work done will be just F - d7. Therefore, we can 
write the change in potential energy to be 


U(#) —U(F +d?) =F - df. (1.26) 
Considering the change in various directions, you can prove that 


F=-VU, (27) 
where V is the vector operator with the following representation in the Cartesian coordin- 
ates: 
+j—+k—. (1.28) 
Equation 1.27 is an important relation for finding force since, in many situations, it is easier 


to guess the potential energy than to account for all forces directly. 


Kinetic Energy and Work-Energy Theorem 


Suppose we do the line integral in Eq. 1.22 that defines the work on both sides of the 
equation for Newton’s second law for a fixed mass particle, what will we get? 


fi. f 
/ Bar=[ ma: dr. (1.29) 


The left side is the work by all of the forces, which we will denote as Wir. Note that wit is 
not the work by the net force but rather net work by all forces—although the two works 
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are the same for a single-particle system, they may be different for multiparticle systems 
due to the work by the internal forces which is not included in the work by the net force. 
The right side looks complicated but can be simplified to 


if 1 1 
Right side = i ma dF = —mv; — =mv;, 
2 2 


i 


where v; and v are the speed of the particle at the initial and final instants respectively. This 
shows that the sum of the work done by all forces on a particle is equal to the change in a 
quantity of the form $m. We call this quantity the kinetic energy (KE) or simply K, 


K = =mv’. (1.30) 


Therefore, Eq. 1.29 says that 


Ke (1.31) 


This important result is called the Work—Energy theorem. Suppose all forces on the par- 
ticle are conservative forces, then we can replace the work on the left side of this equation 
by the negative of the change in the potential energy, as defined above, 


Uh= Uy = Ky-K;. (1.32) 


Rearranging the terms we get 


Ky + U; = K; + U;. (only conservative forces) (1.33) 


We see that if only conservative forces act on the particle then the sum of the kinetic and 
potential energies does not change. We define mechanical energy E of the particle by this 
sum, 


E=K+U. (1.34) 


Then, Eq. 1.33 is the statement of the conservation of energy for conservative systems 
where all forces are conservative. 


Example 1.8 Energy Conservation 


A block is attached to a spring and the other end of the spring is attached to a fixed 
support. The block is then placed on a frictionless horizontal surface and pulled along 
the line of the spring. After extending the spring by a length A, the block is released 
from rest. (a) What will be the speed of the block when it returns to a point where the 
spring is relaxed? (b) What will be the speed of the block when it returns to a point 
where the spring has an extension equal to 3A? 
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Solution 


(a) The forces on the blocks are gravity, normal, and the spring force. Since gravity 
and normal are perpendicular to the velocity of the block they will not do any 
work on the block. Since the spring force is a conservative force the energy of the 
block will be conserved. Figure 1.4 shows the two instants of interest. At the initial 
instant the energy is 


1 
Ej = Ky + Us =0+ 5RA?. 


The energy at the final instant has no contribution from the potential energy since 
the spring is neither extended nor compressed, Fig. 1.4 Example 1.8. 


1 
E; = Ky + U, = 5 mu; +0. 


hve 
dae A, 


(b) In this part we keep the same #; as in part (a) but change the situation at t7 to when 
Al = A/2 for the spring and v for the speed at that instant. This gives 


1 , 1,/A\? 
E;y==mu+=k( =]. 
2 2 2 


Equating E; to E; we find 


Now, equating E; to E; we find 


Power 


The rate at which a force does work is called its power P. Suppose a force F does work dW 
during the time interval from ¢ to ¢ + dt, then the instantaneous power is defined as 


dw 
P@=—-. (1.35) 


Writing the work in terms of force F and the displacement d7 we obtain 


dW Fd? = df 


=F 


dt dt dt 


=F.-2. (1.36) 
Therefore, the instantaneous power can also be written as 


PQ) =F -3. (1.37) 
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We will often be interested in the average power (P) during a finite interval ¢; to t. The 
average power is obtained by time-averaging as follows: 


il 7 
(2 / P(tjdt. 


ty —G 


Frequently we will be working with power P(t) that is periodic in time with some period T. 
In that case, the average power will refer to the quantity obtained upon time-averaging P(t) 
over one period of time, 


T 
P)= [ P()dt. (periodic P(2)) (1.38) 
0 


Example 1.9 Instantaneous Power and Average Power 


A block of mass m oscillates along the x-axis. The position of the block is given by x(t) = Acos wot + Bsin wot, where A, B, and wo 
are constants. The block is subject to a force F whose x-component is given by Fy = Fo cos wt, where Fo and w are constants. Find 
the instantaneous power and average power over one cycle of the sinusoidally varying force. 


Solution 


The instantaneous power of the force would be 
P(t) =F -3= F,2,. 
Therefore, we need the x-component of the velocity, which can be obtained from x(t) by taking the time derivative, 


dx . 
ty = ae = —Aawp sin wot + Buy cos wot. 
t 
Therefore, 
P(t) = —Fo Aap sin wot cos wt + Fo Bay cos wot cos wt. 


To find the time average of this power over one cycle of the sinusoidally varying force we can integrate P(t) over one time period of 


the force, which is 277/a, 
1 7 2n 
Pre P(t)dt, T=—)}. 
T 0 @ 


This integral is messy for arbitrary w and wo. The calculation simplifies in the case of w = wo. In this case, the instantaneous power 
would be 


1 
Po:= = FoAo sin(2ot) + FoBo cos* wt, (Case: @ = wo). 
Integrating this over one period gives 


1 
Pig = 3 iBo, (Case: w = wo). 
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1.1.4 Conservation Laws 


Conservation laws are very important in physics. There are three conservation laws in 
mechanics. 


(1) The conservation of energy 
(2) The conservation of momentum 


(3) The conservation of angular momentum 


We have already encountered the law of conservation of energy. Although, in this book, we 
will use only the conservation of energy, I will give a brief treatment of the two other conser- 
vation laws for the sake of completeness. For a more thorough treatment with applications 
of each of the conservation laws you should consult a book on mechanics. To find the origin 
and meaning of the law of conservation of momentum, recall Newton’s second law in the 
original form, 


_ 4 
~ dt” 


TH 


(1.39) 


Now, if the left side is zero, then we immediately get 
if F =0 then 


That is, if external force is absent or cancels out at any instant, then the rate of change 
of momentum at that instant will be zero. If this happens at each instant of an interval, 
t; < t < th, then momentum over that interval will not change. This conclusion is known 
as the principle of conservation of momentum. The fundamental basis of this principle 
can be traced to the fact that laws of mechanics are invariant with respect to translation in 
space. 

For a system that has only one particle of constant mass, this law gives the same infor- 
mation as Newton’s first law of motion. That is, in the absence of external force, the velocity 
of a particle will remain constant. 

For a system that has more than one particle this law becomes very useful. Thus, in a 
collision of two particles, one particle can change the momentum of the other, but their 
combined momentum after the collision will be the same as before the collision, 


Pi t+ Po =P, + D5. (1.40) 


The conservation of angular momentum also follows from the second law of motion. The 
angular momentum L of a particle of momentum # and position 7 is defined by 


L=7xp. (1.41) 
Let us take a derivative of both sides of this equation with respect to time ¢, 


a ee Lee ee dan 
7 ae Ree UxptrxF. : 


TL 


The first term on the right side will be zero since @ || p. Therefore, 


dL 
dt 


TL 


=7xF. (1.43) 
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The quantity 7 x F is called the torque of the force F about the origin. Torque on a particle 
will be zero if force is radially directed, either towards the origin or away from the origin, 
for instance, the torque of the force of gravity on Earth about the Sun. The torque will also 
be zero if no force acts. Whenever torque is zero, the rate of change of angular momentum 
will be zero, 


if PPR ten, 20, (1.44) 
at 
That is, if torque is zero at any instant, then the rate of change of angular momentum at that 
instant will be zero. If this happens at each instant of an interval, 4) < ¢ < t, then angular 
momentum over that interval will not change. This conclusion is known as the principle 
of conservation of angular momentum. The fundamental basis of this principle can be 
traced to symmetry of space under rotation. 


1.2 Complex Numbers 


Complex algebra is very useful in vibrations and waves. In this chapter we will review some 
basic aspects of calculations involving complex numbers. A complex number is a number 
that contains the number /—1, which is denoted by the letter 7 or the letter j. Multiples of 
7 or j by real numbers are called imaginary numbers. Although no physical measurement 
gives /-1 or its multiples as an outcome, we use complex numbers in physics because they 
make calculations simpler and help with physical insights. 

A complex number c can always be written as an ordinary sum of a real number and 
an imaginary number, c = a+ 1b, where a and b are real numbers. We can also think of a 
complex number c as an ordered pair of two real numbers, (a, b). The real numbers a and b 
that make up a complex number c = a + 7b are called the real and imaginary parts of the 
complex number, respectively. We often indicate them as follows: 


c=atib, a=Re[c], b=Imf[c]. (1.45) 


Two complex numbers that are related such that replacing all 7 in one number by -7 gives 
the other number are called the complex conjugates of each other. For instance, the 
complex conjugate of 3 + 74 is 3-74 and vice versa. We will denote the complex conjugate 
of a number by placing an asterisk next to it. For example, the complex conjugate of a 
complex number c will be denoted by c*. Clearly, the complex conjugate of the complex 
conjugate will give back the original complex number, 


(c*)* =e. (1.46) 


1.2.1 The Complex Plane 


When you add two complex numbers, the real parts add independently from the imaginary 
parts, as the following calculation of the sum of two complex numbers c; = (a; + 7b,) and 
C2 = (az + ib2) shows: 


C=C, +02 = (ay + 1b)) + (@ + tbo) = (ay + a2) + 1(b; + dp). (1.47) 


The real part of the sum is the sum of the real parts of the summand, and similarly for the 
imaginary part of the sum. This addition follows the same rule as the addition of components 


of vectors in a plane. Therefore, it was realized very early on that a good way to visualize a 
complex number is to think of the real and imaginary parts as x- and y-components of a 
fictitious vector (Fig. 1.5). The fictitious vector representing the complex number a + 7b is 
from the origin to the point (a, 6) in the xy-plane. Such a picture of a complex number is 
called its Argand diagram. 

Note that this xy-plane is an abstract plane and should not be confused with the real 
space plane. The abstract plane of complex numbers is called the complex plane. An 
arbitrary point in the xy-plane of the Argand diagram is usually denoted by the letter z, 


z=xt+ Ly. (1.48) 


Just like real two-dimensional planar space, we can also introduce polar coordinates in the 
complex plane. In polar coordinates, the point (x,y) is give by the radial distance r and the 
angle @ of the vector with the positive x-axis, 


r=Vx2 +52 (1.49) 

tan? ifx > 0. 

=| dies (1.50) 
tan (y/x) +7 ifx <0. 

The magnitude r of the vector representing a complex number is called the amplitude 
or absolute value of the complex number. We denote the absolute value of a complex 
number by placing vertical bars around the symbol for the complex number, e.g. |z| for 
the complex number gz. It is obvious from the construction that the absolute value of a 
complex number is a non-negative number. It can also be written in terms of the complex 
number z and its complex conjugate 2*, 


jz) =Ve%¥z=Vx2 43°, forz=x+iy. (1.51) 


The “direction" 6 of the vector in the complex plane is also called the argument or phase 
of the complex number, usually denoted by Arg[z] for the complex number z, 


Arg[z] = 9 = tan! (>) : (1.52) 


Thus, we have two equivalent representations of a complex number: rectangular, i.e. the 
Cartesian representation in terms of its real and imaginary parts (x,y), and the polar repre- 
sentation in terms of its absolute value and argument (7, @). Both representations are useful. 
We will find that adding complex numbers is easiest in the rectangular form and multiplying 
or dividing is easiest in the polar form. 


A Note on Arctangent and Quadrants 


Beware of the complexities associated with the arctangent in the domain [0, 27], as given 
in Eq. 1.50. For instance, points (1,1) and (-1,-1) will both give the same value of the 
angle when calculated by tan™!(y/x) in a calculator, but one makes an angle of 45° coun- 
terclockwise from the positive x-axis, and the other makes an angle of 180 + 45 = 225° 
counterclockwise from the positive x-axis. Similarly for (1,-1) and (-1, 1). Therefore, you 
must be careful when interpreting the value you obtain by taking arctangent in a calculator; 
interpret your answer based on the quadrant in which the point (x, y) is located as indicated 
in the definition given in Eq. 1.50. 
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Imaginary [y] 


c=atib 


+ Real [x] 


Fig. 1.5 The complex plane and the Argand 
diagram. The complex number c = a + ib ts 
shown as a vector in the complex plane. The 
length of the vector is the absolute value of 
the complex number |c| and the angle the 
vector makes with the positive x-axis is the 
argument of the complex number. 
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37/4 


Fig. 1.6 Example 1.10. 


Multiple Values of 6 


The argument @ of a complex number 2 refers to a direction in the complex plane. The 
direction angle in a two-dimensional plane of the physical space is restricted to the range 
0 <8@ < 27 or 0 < @ < 360°. But, unlike the direction in space, the angle 6 of a complex 
number can take any real value, 


Argument of complex number: -—0o < @ <0. 


Since any value 6 = 6), where 9p is restricted to the 27 range, and the value 6 = 6) + 2nm 
with 7 any integer, positive or negative corresponds to the same direction in the complex 
plane, both will represent the same complex number, 


@ = 6) and 6 = 6) + 2nmz same complex number. 


Example 1.10 a Complex Number in Polar Form 


Find the polar form of 1-7. 


Solution 


Here x = 1 and y = -1. Therefore, 
r=J/P? +1)? = v2, 


and 


3 
6 = tan! (-1/1) + 2nm = ; + 2n7 , 


where v = 0, +1, +2,.... Figure 1.6 shows the vector diagram of this complex 
number, where only the primary value of 6 is shown. 


1.2.2 The Exponential Form 


Recall that the polar representation of a complex number consists of the absolute value r 
and the argument 0. By using the Argand diagram, we can easily see that the real part of 
the complex number is (r cos @) and the imaginary part is (rsin@). Euler showed that these 
trigonometric functions of the real and imaginary parts can be combined into a very useful 
exponential form, 


gare’, (1.53) 


which can be shown to be identical to (r cos 6) + 7(rsin@), or, 


e” =cos@ + ising. (1.54) 


You can prove this equation by expanding both sides in a Taylor series about 6 = 0. The 
complex conjugate of Eq. 1.54 gives another identity, 


é” =cos@ — ising, (1.55) 


which can be used to write the trigonometric functions in terms of complex exponentials, 


10 10 20 10 


é ; é 
cos(@) = » sin@) = 


(1.56) 


Box 1.1 summarizes various relations between the rectangular and polar representations of 
complex numbers. 


1.2.3 Complex Algebra 


The addition, subtraction, multiplication, and division of complex numbers follow the 
usual rules of algebra familiar from real numbers. We have already talked about add- 
ition of two complex numbers: the real parts add to the real parts, and the imaginary 
parts add to the imaginary parts. For example, the sum of 2+73 and 4+75 is equal to 
(2+ 4) +73 +5) =6+4+78. Subtraction works the same way, subtracting 7 + 73 from 4 + 75 
gives (4-7) +7(5-3) =-3 +72. 

The multiplication of two complex numbers written in the rectangular form follows the 
usual rule of distribution, 


(a, + 1b,) (az + 1b2) = aa + 1a, b2 + ibyan + 17b, bo, (1.57) 
which can be simplified by using i? = -1 and summing the two imaginary numbers, 
(a + 0b) (az + tbr) = (ayaz — by bz) + 1(ayb2 + by a2), (1.58) 


which gives the real and imaginary parts of the product. For example, the product of the 
two numbers 2 + 73 and 4 +75 gives (2 x 4-3 x 5) +72(2x 54+3 x 4) =-7 +722. 

As announced above, the multiplication is more easily done in the polar form. The 
exponents simply add when two numbers with the same base are multiplied, 


(rie) (re) = (ry re Ort?a) (1.59) 


The absolute value of the product is the product of the absolute values of the two numbers 
and the argument of the product is the sum of the arguments. Note that any angle greater 
than 27 or less than —27 can be brought in the range [0, 277] by adding or subtracting an 
appropriate integral multiple of 27. 

The division of a complex number by another complex number is tricky. If the numerator 
and denominator are given in the rectangular form, we first try to convert the denominator 
to a real number by multiplying the numerator and denominator by the complex conjugate 


of the denominator, 
a 
22 22 23 


This trick makes the division into multiplication of two complex numbers 2; and 23. We 
illustrate this important case with an example. 


(1.60) 
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Box 1.1 Rectangular and polar repre- 
sentations of complex numbers 


Z=xt+y 
r= Vx? +2 
Q= | tan7! (y/x) 


tan! (y/x) +2 
x = rcos(0) 


y=rsin(@) 


ifx> 0. 
ifx <0. 


re’ =rcos(@) +7 rsin(@) 
é? = cos(0) + isin(6) 


é = cos(6) -isin(0) 


oO 4 gO 
cos(@) = 
(@) 3 
lO — ¢i0 
in(0) = 
sin(@) Gy 
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Example 1.11 Division for Complex Numbers 


Find the real and imaginary parts of (2 + 75)/(3 -74). 


Solution 


We follow the suggestion given in the text. The trick is to multiply both the numerator 
and the denominator by the complex conjugate of the denominator, 


2455 (24+i5\ (3 +14 

3-74 3-14) \34i4 

(2 +15)(3 +74) 
25 


1 
— (14 + 123 
35 ¢ 123) 


(1.61) 


Therefore, the real part is -14/25 and the imaginary part 23/25. 


The division of a complex number by another is simpler if the numbers are given in 
the polar form. The amplitude of the resultant is obtained by dividing the amplitude of 
the numerator by the amplitude of the denominator; and the argument of the resultant is 
obtained by subtracting the argument of the denominator from that of the numerator, 


i) : 
Ale Ae (=) gil 82). (1.62) 


2 1, 2 2 


For example the division of 10e? by 2e!? would give 5e%?. Watch out for the common 
mistake here: do not divide both the amplitudes and the arguments; amplitudes divide but 
arguments subtract. 

The exponential form is also very useful when calculating complex numbers raised to 
powers. Thus, a complex number z raised to a power p can be easily found to be 


2 = (rel®)? = Pei? (1.63) 


For instance, we can evaluate the (3 + 74)° by first writing the complex number in the 
exponential form, and then raising the power by 5, 


B34 i4y5 =(5 gitar? 4/3)y5 = 875 gitan! 4/3), 


On the other hand, exponentiating a real number by a complex number is done more easily 
by expressing the complex number in the rectangular form first, 


Ca CVA Mag Lr@, (1.64) 


Therefore, the complex number a’ with a real and z = x+ zy has magnitude a* and argu- 
ment yIn(a). While exponentiating as in Eq. 1.63, one must be mindful of the fact that 6 is 
not restricted to [0, 277) but is multiple valued with 6 = 69 + 2mm with 4 in [0, 277) range as 
Example 1.12 illustrates. 


Example 1.12 Complex Roots of 1 


Find the values of z for which 2° = 1. This problem finds application in systems with 
six-fold symmetry. 


Solution 


The exponential form of z is useful in solving this problem. Let z = re’ and write 1 as 
le?" for n integer, 


r® 6? = 1el2" 
Therefore, r = 1 since r > 0, and 
n 


06=-n. 
3 


Now, we list the unique angles in the range 0 to 27 since any angle 6 and 6 + 2nz 
for n integer are identical points in the complex plane. The six solutions are placed 
symmetrically on the unit circle in the complex plane, as shown in Fig. 1.7 and listed 
in Table 1.2. 


1.2.4 Complex Exponential Function of Time 


Complex exponentials of time appear frequently in physics. In this section, we will exam- 
ine them graphically. As a concrete example, consider the following complex exponential 
function of time: 


2(t) = el, (1.65) 


where w is some constant with unit of 1/time so that the argument of the complex num- 
ber is dimensionless. We have set amplitude to a value 1 to focus on the time behavior in 
the exponent only. The complex function z(t) in Eq. 1.65 has the following rectangular 
expansion: 


z(t) = e = cos(wf) + isin(w?). (1.66) 


Note that due to the presence of 7 we cannot plot the complex function directly. Instead, 
we plot the real and imaginary parts of this complex function, which would be cos wt and 
sin wt. A plot for these functions for w = 1 sec”! is shown in Fig. 1.8. 

Alternately, we can draw the arrow representation of the complex function e”’. At each 
instant the complex function will be a complex number. With the real and imaginary parts 
of the complex number we can draw the arrow in the Argand diagram. The arrow will point 
in some direction at instant t. The function e““’ is special in the sense that the length of the 
arrow is always 1. So, with time, the arrow changes direction only. 

At t = 0 the vector is pointed along the x-axis since 2(0) = 1. The vector then rotates 
counterclockwise with increasing time at a uniform angular speed w such that the vector 
makes an angle wt with the positive x-axis at time t, as shown in Fig. 1.9(a). This way 
of “plotting” the function e”’, is called the rotating vector or the phasor notation. The 


twill rotate clockwise with time as shown 


complex conjugate of z(t), that is the function é¢ 
in Fig. 1.9(b). 
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Imaginary [y] 


A\ Real [x] 


Fig. 1.7. The Argand diagram of the complex 
solutions of z° = 1. 


Table 1.2 The complex solutions of 2° = 1. 


n 0 Solution 
0) 0 1 
1 1 V3 
1 > = +i— 
3 2 2 
2n 1 3 
2 = -= +1 
3 2 2 
3 cia -1 
An 1 3 
4 a -= -1— 
3 2 2 
By 1 V3 
5 — =-i— 
3 2 2 
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Fig. 1.8 The real and imaginary parts of 
the complex function e". 


Fig. 1.9 The rotating vector plot of the func- 
tion (a) et! and (b) €*'. The magnitudes 
of these complex functions do not change with 
time, only the direction in which the vectors 
point changes uniformly in time. 


Cos(t) or Sin(z) 
1.0) 


0.5) 


Imaginary Imaginary 


(a) (b) 


1.2.5 Vibrations and Complex Functions 


The sinusoidal vibration of a one-dimensional oscillator of angular frequency w with amp- 
litude A is given by x(t) = Acos(wt + #), where ¢ is the phase constant. This vibration can 
be written in complex notation by using the Euler formula and replacing the cosine by an 
exponential function, 


x(t) = Acos(wt—¢) = Re[4e*"@-®], (1.67) 


where Re[-] stands for the real part of the complex number within the bracket. The choice 
of sign in the exponent of the complex number in Eq. 1.67 is arbitrary. Conventionally, in 
physics the negative sign is chosen. Therefore, we write Eq. 1.67 as follows: 


x(t) = Acos(wt—) = Re[Aet@-”], (1.68) 


It is customary to combine the amplitude and phase constant into a new complex amplitude 
D defined as 


D=Ae*. (1.69) 
Using the complex amplitude D we see that the sinusoidal vibration is written in a 
simple form, 


x(t) = Re[De“*"]. (1.70) 


Note the complex amplitude D keeps track of two real constants of the motion, namely the 
amplitude A and the phase constant @. 


1.2.6 Adding Two Sinusoidal Vibrations—Beat 
Phenomenon 


The beat phenomenon is often observed when two vibrations with similar frequencies over- 
lap. For instance, when you play two notes that are close in frequency you can hear beats. 
In this section we will illustrate the power of the complex representation of sinusoidal vibra- 
tions by applying complex representation to the addition of two vibrations. For simplicity 
we will set the amplitudes of the two vibrations the same and the phase constants of two to 
zero. Therefore, consider two vibrations x; and x2 that differ in frequency only, 


x1(t) = Acos(a@;2), (1.71) 


x2(t) = Acos(a@2t). (1.72) 


Here @ and w2 are angular frequencies. Let us denote the corresponding frequencies by /; 
and fo, 


@, =2mf,, w2 = 2mhf. (1.73) 
We wish to determine the sum of these vibrations, 
x(t) = x1 (2) + x2 (0). (1.74) 


Note that complex exponentials are not the only way to perform the following calculations; 
as a matter of fact, the sum formula of two cosines works out just as easily with the following 
answer: 


x(t) = Acos(“* t) cos (— t). (1.75) 


We will use the complex exponential here as an illustration of the applications of complex 
exponentials. It turns out that we will find it useful to write the two angular frequencies in 
terms of their average wo and their difference Aw, 


0 = wy + Aw/2, (1.76) 
@2 = wy - Aw/2. (1.77) 


Denote the average frequency by fy and the difference by Af, 


_fith _ _ __ Aw 
5 Fae Af=h-h ae (1.78) 


fo 


Now, we first replace x; and x2 by their corresponding complex forms, as suggested in Eq. 
1.70, and then sum them. Then, we will extract the desired result x(2) from the sum by 
separating the real part of the sum. Let us use the symbol z for the complex form of x, 


21 (t) + 29(t) = Ae?!’ + Agi@2! 


Z(t) 


. F : : Aw 
Ael0! [e'A0t/2 4. eAA0H2) = 2 Ae"! cos (=) ‘ (1.79) 
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Fig. 1.10 The beats as a result of superpos- 
ition of two vibrations. The plot was made 
with fy = 261.63 Hz and f2 = 277.18 Hz, 
corresponding to C4 and Ct /Di musical 
notes. The upper graph is the signal at fre- 
quency f;, the middle at frequency f2 and the 
bottom graph ts the sum of the two. The peaks 
and troughs of the beats are separated by one 
beat period as shown. 


Therefore, the physical vibration is 
Aw 
x(t) = Re[z(Q)] = 2A cos (=) cos(wot). (1.80) 
Think of this result as 
Aw 
x(t) = Bit) cos(@ot), Bt) = 2A cos (=) : (1.81) 


In this way of thinking about x(7) we see that the sum of the two vibrations is another vibra- 
tion at frequency the average of the two frequencies, but whose amplitude changes slowly 
with time if the difference in the frequencies is small. We say that the net vibration consists of 
oscillations at the average frequency w) modulated by a slowly varying cosine, as shown in 
Fig. 1.10. The amplitude of the oscillations is not constant in time but rather varies between 
-2A and 2A. The oscillations with the largest amplitude occur at both the peak and trough of 
the slowly varying modulating function cos (420), since intensity of sound is related to the 
square of this function. If the working frequencies /, and /; are in the audible range (20 Hz to 
20 kHz), then both the peaks and the troughs of the slowly varying modulation correspond 
to the loudest sound; the sound is faintest when the modulation function is smallest. Thus, 
sound from two sources of nearby frequencies appear to go loud and soft periodically—the 
loud sounds are called beats. Since both the troughs and peaks of the function cos (4¢2) 
correspond to the loudest sound, there are two beats in one period of this function. 
Therefore, the beat period is half of the period of the modulating function cos (2 t), 


1 20 20 
Toe = ={——)=—. 1.82 
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Writing this result in terms of frequency rather than angular frequency we get 


1 
Toeat = Af (1.83) 


Therefore, the beat frequency fpeat is the difference in frequencies of the two component 
vibrations, 


ocat = Af = |fi -—fal- (1.84) 


1.2.7 Complex Exponentials and Equations 
of Motion 


Complex exponential functions sometimes make solving equations of motion an easier task. 
In this method of solving differential equations, the equation is replaced by a complex dif- 
ferential equation which is solved by using a complex exponential function of time. The 
use of a complex exponential of time converts the differential equation into an algebraic 
equation, thus reducing the complexity of the problem considerably. In this section we illus- 
trate the use of complex exponential functions in solving equations of motion for harmonic 
oscillators. 

Simple Harmonic Motion 

Recall the equation of motion of a simple harmonic oscillator of angular frequency w is 


given by 


a 
= = ~w? x, (1.85) 


We start with complexifying the equation by replacing real x with complex z, 


SSL aye. (1.86) 


We now try an exponential solution, 2(2) = C e®’, in Eq. 1.86, which results in an algebraic 
equation for a, 


a? Cel = -w* Ce. (1.87) 
Since C is not zero, we can divide out Ce” from both sides, and solve for a, 


a = +io. (1.88) 


Thus, a general solution of Eq. 1.86 is 
z(t) = Ciel + Coe, (1.89) 


where C; and C, are arbitrary complex constants. Now, we can recover the original 
displacement from z(t), 


x(t) = Re[z] = Re[C,e@! + Cpe"). (1.90) 
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How is this solution the same as x(t) = Acos(wt) + Bsin(wt), where A and B are real 
constants? Let us write C; and C) in their real and imaginary parts, 


Cy = Cirtt Cyr, (1.91) 
Cz = Cir +t Cr, (1.92) 


and expand the exponentials in Eq. 1.90, 


x(t) = Re[Cy ei! + Cpe] 
= Re [(Cir +7 Cyz) (cos(wt) + isin(wt)) + (Cor +t C27) (cos(wt) —7sin(w2))] 
= (Cir + Cop) cos(@t) + (Ca; -— Cy) sin(@t). (1.93) 


We can rename the arbitrary real constants (Cip + Cor) and (C2;- C,;) as A and B and 
write the solution as 


x(t) = A cos(wt) + B sin(at). (1.94) 


Steady State of Damped Driven Oscillator 


Next, we illustrate the method of using complex exponentials for the steady state of 
a damped driven oscillator. A damped driven oscillator obeys the following differential 
equation: 


dx dx 
re 


Te + ah + wx = Do cos(@t), (1.95) 


where we are using the symbol w for the driving frequency rather than wg. We replace the 
real amplitude x by the complex amplitude z and use z = Ce in the differential equation, 
where C is constant. Furthermore, we replace cos(wt) by ¢ to obtain the following 
equation: 


(a? +Tat @) C& =Doe™. (1.96) 
From the time dependence in the exponentials, we deduce that 
a=-io. (1.97) 


Putting this back in Eq. 1.96, we solve for the amplitude C, 


Do 
C = —————_... 1.98 
-w -iTw + a ( ) 


Therefore, the complex displacement is found to be 


Do 


eg, 1.99 
-w? -iTo+ we ( ) 


2) = 


The real displacement is then deduced from 2(¢) by extracting its real part, 


x) = Relz(] 


Do —iwt 
= Re - € 
-o* -iTw+ op 


Do ee 
= id —iwt 
Re ee 2 


\/ (@ —w?)? + (To)? 


iB 
6 =tan? [=]. 
w-@ 


Therefore, the real displacement is 


where 


Do 


| (we — w*)? + (To)? 


x(t) = 


cos(wt— 6). 


This answer can also be obtained without resorting to the complex method but the 


calculation is more messy. 


Summary of Steps in Solving Equations of Motion 


Below is the list of steps involved in the method. 


(1) Replace the displacement x(t) by a complex displacement 2(t). 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 


Replace sinusoidal functions of time by an exponential function of time as 
follows: 


(a) cos[A()] =>  e#O 
(b) sin[@(2)] = cos((t)-—2/2) = 1-7/2) 


Note. If there are cosines or sines in the equations that are not functions of time, 
we do not replace them; these cosines and sines are left in their original form. 


Assume exponential form for 2: 2(t) = C e“', where C and a can be complex. With 
this assumption C and @ are the unknowns in the problem. If we can figure out C 
and a, we have the solution. 


Insert the assumed solution form for zg into the differential equation. This trans- 
forms the differential equation into an algebraic equation for C and a. Solve for C 
and a. 


If the differential equation is homogeneous in x, then C cancels out and becomes 
arbitrary, and the equation can be solved for the allowed values of a that must be 
used in e*’ to construct the general solution for z(t). 


Each a value gives its own e®’. Their arbitrary sums are also solutions. Therefore, 
we multiply e*’ for each allowed a with an arbitrary complex constant and sum 
them to obtain the general solution. For instance, if there are two allowed values of 
a, say @, and q@, the solution may look like 2(4) = C,e%!' + Cye*!', where C; and 
C2 are complex constants. 

Recover the original displacement from 2(t) by extracting its real part: x(t) = 
Re[z(a)]. 

Rewrite or combine the arbitrary constants where possible so that x(t) looks the 
simplest or as desired. 
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Example 1.13 Solving a Differential Equation 


Find the steady state solution of the following equation: 


dx 9 dx - 
ny + rae + 25x =5 cos(42). 


Solution 


As explained in the text, we will replace the cosine by a complex exponential and x by a complex amplitude z. This would give us 
the following equation to solve: 


@z 9 dz Lae 
—~ +— —+25z=56e"", 
di? 4 dt 
Now, we let 
z= ze, (1.100) 
where 20 is a complex number independent of t. After canceling out e““’ from every term we get 


-162 —1929 + 2520 = 5. 


Therefore, 


This can be written in the exponential notation as 


iF +i2n0 
= > 
9/2 


where 7 is any integer. Using this in Eq. 1.100 gives the following for 2: 


20 = 


5 


= gi(4e- § -2nr) 


9/2 
The real part of this gives x, 


5 
AO Se 


cos(4t—7/4), 


where I have used cos(@ + 2n7r) = cosé@. 


EXERCISES 


(1.1) A particle moves on the x-axis of a Cartesian coordinate system so that its position 
varies as x(t) = by + bp t? + b3 cos(b4 t), where 61, b2, 63, and by are constants. Find 
the velocity and acceleration of the particle at ¢ = tT. 

(1.2) A particle moves on the x-axis of a Cartesian coordinate system so that the 
x-component of its acceleration is given by a, = b; + b2 t? + 63 cos(by £1), where 
b,, bz, 63, and 64 are constants. At ¢ = 0 the particle was at rest at x = 0. Find the 
position and velocity of the particle at ¢ = tT. 


(1.3) 


(1.4) 


(1.5) 


(1.6) 


(1.7) 


(1.8) 


(1.9) 


(1.10) 


A charged particle of charge g and mass m is placed in an electric field E (CAL ea 

Eos where Eo is a constant vector. At t = 0 the particle was released at rest at the 

origin. Find the position and velocity of the particle at t = T. 

A particle of mass m moves along the x-axis of a Cartesian coordinate system. The 

particle is subject to the following force: F=b cos(x) x, where X is the unit vector 

pointed towards the +x-axis, and x is the position of the particle at time t. Find the 

work done by the force when the particle moves a distance D from the origin on the 

positive x-axis. 

A particle of mass m is subject to a force whose magnitude changes with time but 

the direction is constant. With the +x-direction the same as the direction of the 

force, the force is given by Fact x, where X is the unit vector pointed towards the 

+x-axis. At t = 0 the particle was released at rest at the origin. 

(a) Find the position and velocity of the particle at t = T. 

(b) What is the instantaneous power of the force? 

(c) Find the work done by the force when the particle moves a distance D from 
the origin. 

A particle of mass m moves along the x-axis of a Cartesian coordinate system. The 

particle is subject to the following force: F= mg [1-—e“']X, where X is the unit vector 

pointed towards the +x-axis, and g and c are constants. At ¢ = 0 the particle was 

released at rest at x = 0. 

(a) Find the change in the velocity of the particle during the time interval from 
t=, toh. 

(b) Find the displacement of the particle during the time interval from ¢t = t; to fh. 

(c) Find the average power of the force during the time interval from ¢ = t; to h. 

A rocket in space with an average mass burn rate a moves towards the positive 

x-axis with instantaneous velocity v, given by 


oh = 4 lam |: 


where wu is the constant speed of the burnt fuel with respect to the rocket and M 
is the initial mass of the rocket. What is the displacement of the rocket during the 
interval from t = ft; to f2? 

Two blocks of mass m each are connected by a spring of spring constant k and 
unstretched length /, and placed on a frictionless table. While holding one block the 
other block is pulled in the direction that stretches the spring and both blocks are 
released. Set up a coordinate system so that the spring is along the x-axis. Let x; 
and x2 be the x-coordinates of the two blocks at instant t. Deduce the equations of 
motion of the two blocks. [You do not need to solve them.] 

A block is attached to two springs with spring constants k; and k2, and the other 
ends of the springs are attached to two rigid supports so that the springs and the 
block are aligned in a straight line. Let the origin of the coordinates be at the point 
where the block is in equilibrium and the positive x-axis points towards one of the 
supports. The block is pulled along the x-axis and let go. Afterwards, the block 
moves along the x-axis only. Figure 1.11 shows the block at an arbitrary instant. 
Find the x-component of the equation of motion of the block. 

A block is attached to two springs with spring constants k; and k2, and the other 
ends of the springs are attached to two rigid supports so that the springs and the 
block are aligned in a straight line. Let the block be placed on a frictionless surface 
so that it can move in a plane which we will take to be the xy-plane of a Cartesian 


Fig. 1.11 Exercise 1.9. 
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y 
2 >x 
is > % (1.11) 
< >< > 
Fig. 1.12 Exercise 1.10. 
(1.12) 
>x 
Fig. 1.13 Exercise 1.12. 
’ 1.13 
A (1.13) 
> x 


(xy) 


(1.14) 


Fig. 1.14 Exercise 1.14. 


(1.15) 


Fig. 1.15 Exercise 1.15. 


coordinate system. Let the origin of the coordinates be at the point where the block 

is in equilibrium and the positive x-axis points towards one of the supports. The 

block is pulled along the y-axis and let go. Afterwards, the block moves along the 
y-axis. Figure 1.12 shows the block at an arbitrary instant. Find the y-component 
of the equation of motion of the block. 

Consider the problem above in Ex. 1.10. 

(a) What is net potential energy stored in the springs when the block is at an 
arbitrary y on the y-axis? 

(b) Use the relation between potential energy and force to find the y-component 
of the force on the block from the expression for the potential energy. 

(c) Compare your answer for the force here to the expression for the force 
obtained in Ex. 1.10. 

A block is attached to two springs with spring constants k; and k2, and the other 

ends of the springs are attached to two rigid supports so that the springs and the 

block are aligned in a straight line. Let the block be placed on a frictionless surface 
so that it can move in a plane which we will take to be the xy-plane of a Carte- 
sian coordinate system. Let the origin of the coordinates be at the point where the 
block is in equilibrium and the positive x-axis points towards one of the supports. 

Figure 1.13 shows the block at an arbitrary instant. 

(a) Find the equation of motion of the x-coordinate of the block. 

(b) Find the equation of motion of the y-coordinate of the block. 

Consider the problem above in Ex. 1.12. 

(a) What is the net potential energy stored in the springs when the block is at an 
arbitrary (x,y)? 

(b) Use the relation between potential energy and force to find the x- and y- 
components of the force on the block from the expression for the potential 
energy. 

(c) Compare your answer for the force here to the expression for the force 
obtained in Ex. 1.12. 

A pendulum of length / is hanging from a fixed support as shown in Fig. 1.14. Use 

a Cartesian coordinate system with the origin at the support, the positive x-axis to 

the right, and the positive y-axis vertically up. Let the pendulum move in the xy- 

plane and the position of the bob at an arbitrary time t be given by (x,y), as shown 

in Fig. 1.14. 

Show that, for small oscillations, the equation of motion for the x-coordinate of 
the bob can be written as 
ax ak 
rr ia 

where g is the acceleration due to gravity. 

Two pendula of length / are hanging from a fixed support, as shown in Fig. 1.15. 

The two bobs are connected by a spring with spring constant k. The spring is in 

the relaxed state when the bobs are hanging vertically. Use a Cartesian coordinate 

system with the origin at the support of the pendulum on the left, the positive x-axis 
to the right, and positive y-axis vertically up. Let the pendula move in the xy-plane 

and the positions of the bobs at an arbitrary time t be given by (x1, 1) and (x2, 2). 

For small oscillations, you can assume that the y-coordinates do not change much 

with time. 

(a) Find the x-component of the equations of motion of the x-coordinates x; and 
x2 in the small oscillation approximation. 


(1.16) 


(1.17) 


(1.18) 


(1.19) 


(1.20) 
(1.21) 
(1.22) 


(1.23) 


(1.24) 


(1.25) 


(b) 


Suppose x, = x2 —J). The coordinates x, and x’, refer to the displacement of 
the bobs from their equilibrium positions. What are the equations of motions 
of x; and x4? 


Express the following complex numbers in the polar form and show them on an 
Argand diagram: 


(a) 
(b) 
(c) 
(d) 
(e) 
(f) 


14+i 
-5 
-1-i 
-12 

V3 +12 
24+ iJ/3 


Express the following complex numbers in the rectangular form and show them on 


an Argand diagram: 


(a) 
(b) 


(1, 0) 

(1, 2/2) 
(1, 7) 
(1, 37/2) 
(1, 27) 
(2, 7/3) 


Give the polar and rectangular forms for the results: 


(a) 
(b) 


(1 + i/3)(1 + iV3) 
(1 + iV3)(1 -iV3) 
(-1 + i/3)(1 + iV3) 
(1+a/A-i 

(1, 0°) (2, 30°) 

(2, 90°) (3,—-30°) 

(4, 32/2) (2,-31/2) 
(4, 7)/(2, 2/2) 

(6, 32/2) /(25-32/2) 
(5, /6)/(2, 7/6) 


A complex number 2; = 7,e is multiplied by another complex number 


22 = e!2, Draw 2; in an Argand diagram and show what happens to the vector 
upon multiplication if (i) 62 > 0 and (ii) 62 < 0. 

A complex number zg = re’? 
Argand diagram and show what happens to the vector upon multiplication if 
(i) a> Oand (ii) a < 0. 


is multiplied by a real number a. Draw z in an 


If z = a+ 1b, what is the rectangular form of 1/z? 
Prove that (cos@ + 7sin@)” = cos 6 + 7sinn@, where n is an integer. 
Prove that if z, = r(cosa@ +7sinq@) and 22 = s(cos 8 +7sin B), then 


(a) 
(b) 


2122 = rs[cos(a + B) +7sin(a + B)], and 


21/22 = (r/s) [cos(a— B) + 7sin(a- B)]. 


Let Roots be the set of all n” roots of 1 with n an integer. Show that 


(a) 
(b) 


If z = 1+73, find the rectangular and polar forms of 22° and z 


if z; € Roots and z2 € Roots, then 2122 € Roots, and 


If z € Roots, then 1/z € Roots. 


1000 and show them 


on an Argand diagram. 
Find all the solutions of 


(a) 
(b) 
(<) 


z=0, 
B= 15 
gai. 
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(1.26) 


(1.27) 
(1.28) 


(1.29) 


(1.30) 


(1.31) 


(1.32) 


(1.33) 


(1.34) 


Find the polar and rectangular forms of the following complex numbers and show 
them in an Argand diagram: 

(a) vi, 

(b) 7. 

Beware of multiple answers. 

With z = x + iy, express ./z in the polar and Cartesian forms. 

Prove the following identities: 

(a) cosé = 4 (e” + e), 

(b) sind = x (e? -e"), 

Using the complex exponential representations of cosine and sine prove the 
following trigonometric identities: 

(a) cosA + cos B = 2 cos (444) cos (452), 

(b) cosA-cos B = 2sin (424) sin (454), 

(c) sinA + sin B = 2sin (4%) cos (452), 

(d) sin A-sin B = 2sin (452) cos (444). 

Two sound waves of frequencies 240 Hz and 260 Hz simultaneously vibrate your 
ear drum. 


(a) What is the frequency of the sound you would hear? 

(b) What would be the beat frequency you would hear? 

(c) How many oscillations of main sound will occur in the duration of one beat? 

(a) Add the three vibrations y(t) = cos(wt), W2(t) = cos(1.1 wt), and w3(4) = 
cos(1.2 wt). 

(b) Would the combined vibration have beats? If so, what would be the beat 
period? 

(a) Add N + 1 vibrations Wo(t) = cos(wt), Wi (t) = cos(wt + €2), W2(D) = cos(@t t+ 
2€t),..., WN(@ = cos(wt + Net). Hint: The algebra using complex numbers 
is easier. 

(b) Would the combined vibration have beats? If so, what would be the beat 
period? 

(c) Plot the result for N = 10, wm = 27, € = 0.1 a, from t = 0 to t = 5. Give an 
interpretation of your plot. 

Solve the following equations of motion by complex exponential method: 

(a) £* =-25x, 


ae 
(b) 44 =-25x-6%, 
(c) as =-25x- & + 3 cos(2071), 
(d) es = -25x-— de + 3sin(20z71t). 


A charged particle of charge g and mass m is placed in a magnetic field Bx, Vy Zt) = 

Bo 2, where Bo is constant and 2 is a unit vector pointed towards the positive z-axis. 

At t = 0 the particle was released at the origin with velocity vp pointed towards the 

+x-axis. 

(a) Find the position and velocity of the particle at an arbitrary time f. 

(b) Show that the path of the particle is a circle and find the location of the center 
of the circle. 
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Free Oscillations—One 
Degree of Freedom 


Chapter Goals 

This chapter deals with fundamental aspects of vibrations by focusing attention on 
a simple system of a mass attached to a spring. You will learn to set up and solve 
the equation of motion of the ideal one-dimensional simple harmonic oscillator. Other 
one-dimensional systems will also be discussed. You will also learn how to incorporate 
damping in oscillating systems. 


2.1. Basic Characteristics of an 
Oscillatory Motion 


Oscillatory motion is ubiquitous in nature. You can find it in the swaying of branches of 
trees, rocking of boats, the back and forth motion of pendulums, vibrations of atoms in 
molecules, vibrations of a guitar string, current in an LC circuit, to name just a few. In this 
chapter, we will study in detail the oscillatory motion of a mass attached to an ideal spring 
that moves in only one dimension. The displacement of the mass from the equilibrium point 
is called the dynamical variable of the system. 

The one-dimensional motion of a mass/spring system is an important example of a class 
of motion called simple harmonic motion. A simple harmonic motion is characterized by 
a single frequency. Suppose x(t) is the dynamical variable of a system that executes a simple 
harmonic motion about the equilibrium value x = 0 with frequency f, then x(t) can always 
be written as 


x(t) = A cos(27ft- 9), GW) 


where A is the largest displacement of x from the equilibrium, called the amplitude of the 
motion, and ¢ is called the phase constant. The x-component of the velocity of the oscillator 
will be 


v= ie = —2rf sin(27ft—@). (2.2) 


The phase constant depends on the choice of the zero of time. For instance, if the zero of 
time is chosen so that at ¢ = 0, the oscillator is at rest, then @ = 0. 


Ifv=0att=0, then ¢@ = 0, making x(t) = A cos(27/ft). (2.3) 
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We can also write the displacement of a simple harmonic motion using both sine and cosine 
functions as 


x(t) = C, cos(2z7ft) + Cy sin(27/ft), (2.4) 


where C, = A cos@¢ and C; =A sing. 
The frequency of the motion refers to the number of cycles executed by the oscillatory 
motion in a unit time. Therefore, frequency / is just the inverse of the time period T, 


1 
rT (2.5) 


If the time period is expressed in seconds per cycle, the frequency would be cycles per 
second, which is also called Hertz (Hz), named after the German physicist, Heinrich Ru- 
dolf Hertz (1857-1894), who was the first person to produce and study radio waves in the 
1880s. Often in our calculations we will use angular frequency w rather the frequency /, 


@ = 2nf. (2.6) 


Using the angular frequency makes the formula for the displacement of a harmonic 
oscillator simpler since it hides away the factor of 27, 


x(t) =A cos(@t—¢). GM) 


Although f is the frequency, which counts the number of cycles of motion per unit time, and 
@ is radians per unit time, we will often call w itself frequency and hope that the meaning 
will be clear from the context. 


Example 2.1 Vibrations of a Tuning Fork 


Tuning forks are special devices that vibrate at a particular frequency, when struck. 
They are often used to tune pianos and other musical instruments. Consider a tuning 
fork that vibrates at 256 Hz, what is the time period of its vibrations? 


Solution 
The period and frequency of an oscillation are the inverse of each other. Therefore, 
1 1 


T=—= = 3.91 x 107% s = 3.91 ms. 
f  265Hz 


2.2 Stable Equilibrium and Restoring Force 


The concept of mechanical equilibrium is important for understanding oscillatory motion. 
An object is said to be in mechanical equilibrium if no net force acts on any point of the 
object. For instance, if a marble is sitting at rest at the bottom of a bowl, the normal force 
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on the marble from the bowl balances the weight of the marble. The marble at rest at the 
bottom of the bowl is said to be in a mechanical equilibrium, and the bottom of the bowl is 
referred to as the equilibrium position of the marble (Fig. 2.1). 

Similarly, a boulder at the top of a hill is also in a mechanical equilibrium since the 
net force on the boulder is zero when it is at rest at the top of the hill. However, these 
two examples of mechanical equilibrium differ drastically when the object under study is 
displaced from the equilibrium position. When the marble is released at rest from a point 
anywhere in the bowl except at the bottom, the marble tends to return to the bottom, while 
when the boulder is let go similarly at rest from a point other than the equilibrium point, 
it runs away from the equilibrium. We say that the marble has a stable equilibrium at the 
bottom of the bowl and the boulder an unstable equilibrium at the top of the hill. 

Oscillatory motion 1s possible only near a stable equilibrium. The fundamental reason for 
the oscillatory motion can be traced to the presence of a restoring force when a system is 
near a stable equilibrium point. When the system is at a stable equilibrium there is no net force 
on it, but when it ts displaced from the equilibrium a restoring force acts on the system (Fig. 2.2). 
The direction of the restoring force is always towards the equilibrium point. The restoring 
force causes the system to slow down when moving away from the equilibrium and speed 
up when moving towards the equilibrium point. As a result, when the system returns to 
the equilibrium point, it overshoots and goes past the equilibrium point due to the motional 
inertia. Once the system is on the other side of the equilibrium, the restoring force acts again 
but this time in the opposite direction. In this way, a back and forth or oscillatory motion 
takes place when a system is released at a point that is away from a stable equilibrium point. 


2.3 Free Oscillations of a Mass/Spring 
System 


The simplest type of restoring force occurs when the magnitude of the restoring force is 
proportional to one power of the displacement from the equilibrium point. This type of 
force is called Hooke’s law force or linear force. The force by a spring is an example of a 
Hookean force, 


Frestore ~ displacement from equilibrium. 


To be concrete, consider a block of mass m attached to a spring with spring constant k. To 
complete the system, place the block on a frictionless table, and attach the other end of the 
spring to a fixed support, as shown in Fig. 2.3. When you pull the block a little distance 
from the equilibrium position and let go, the block begins to oscillate, accompanied by the 
contraction and expansion of the spring. Note that the net force on the block is in the 
horizontal direction, since here, the vertical forces, which are the gravity and normal forces 
on the block, cancel out. Let us choose the coordinate system such that the origin is located 
at the equilibrium position and the positive x-axis is pointed in the direction which leads to 
the extension of the spring, as shown in Fig. 2.3. With the choice of this origin, the extension 
or contraction of the spring is equal to the absolute value of the x-coordinate of the block. 
Therefore, the x-component of the spring force on the block is equal to the negative of the 
product of the spring constant & and the x-coordinate of the block, 


F, =-kx. (2.8) 


(a) 


(b) 


Fig. 2.1 (a) A marble at rest at the bottom of 
a bowl—stable mechanical equilibrium. (b) A 
boulder at rest at the top of a hill—unstable 
mechanical equilibrium. 


Restoring force 
| 


Equilibrium 
position 


Restoring force 


Fig. 2.2 The restoring force from the spring 
on the mass. The restoring force changes both 
in magnitude and direction since its magni- 
tude depends on the amount of displacement 
from the equilibrium and its direction is al- 
ways towards the equilibrium position. 


Fig. 2.3. The oscillations of a mass attached 
to a spring. The origin of the x-axis will 
be taken at the equilibrium shown with the 
dashed position of the block when the spring 
is in the relaxed state. 
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Let us verify that the negative sign is correct here. We see that when x > 0, the spring would 
be stretched, therefore, the spring force would be pointed towards the negative x-axis and 
the x-component of the force, F, will be negative. Similarly, when x < 0, the spring would 
be compressed, and therefore, the spring force would point to the right, giving /, > 0 for 
x < 0, which is correctly given by Eq. 2.8. Thus, on both sides, the restoring force is pointed 
towards the equilibrium at the origin, as expected for a restoring force. 

Newton’s second law then gives us the following x-component of the equation of motion 
for the block: 


mM ay = —-k x, (2.9) 


where a, is the x-component of the acceleration of the block. We see that the acceleration 
of the block is proportional to the displacement of the mass. Therefore, acceleration is not 
constant in this system: it depends on where the block ts at the time. To solve Eq. 2.9, we find it 
helpful to write the acceleration as the second derivative of position with respect to time, so 
that the dependence of x on time is more clearly displayed, 


=—— =f x. (2.10) 


Thus, the equation of motion of the block is a second-order ordinary differential equation. 
The solution of this equation will give us the position of the block at a particular time. When 
we specify the initial position and velocity we can obtain a unique solution of Eq. 2.10. The 
solution, written as position as a function of time, x(f), gives us the position of the block at 
all times. 


2.3.1 Solving the Equation of Motion 


It is helpful to combine the parameters m and k in Eq. 2.10 into one parameter w given by 


k 
a=. (2.11) 
m 


The equation of motion, Eq. 2.10, can now written more compactly as 


— =-w' x. Cal) 


The square on w ensures that k/m would be positive since both k and m are positive. We 
will see below that |@|/2z is the frequency of the oscillator and w itself is the angular 
frequency. 

Note that Eq. 2.12 shows that the displacement from equilibrium x(t) is a function whose 
second derivative gives us back the function itself, multiplied by a negative constant. You 
may know from calculus that there are two functions with this property: sine and cosine, 


a 

a) = -w* cos(wt), (2.13) 
dt? 

a’ si 

a ee (2.14) 


dt? 
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Since Eq. 2.12 has only one power of x in both terms of the equation, any linear combination 
of sine and cosine with constant coefficients will also work, as you can easily verify for the 
following function f(t) where C,; and C2 are constants: 


f@ = C, cos(wt) + Cy sin(wt) 


@ ? 
gpl =-w f(t). (2.15) 


Thus, a general solution of Eq. 2.12 can be written as 
x(t) = C; cos(wt) + Cz sin(wt), (2.16) 


where C; and C2 are arbitrary constants. Different values of these constants correspond 
to different initial positions and velocities of the block, i.e. different ways the motion of 
the oscillator could be started. The solution given in Eq. 2.16 can also be written in the 
following form: 


x(t) =A cos(wt-¢@), (2.17) 


where A and ¢ are constants, which are related to constants C, and C2, 


A=,/C?+C}, tang =C2/C\. (2.18) 


In the form of Eq. 2.17, the solution explicitly displays the range of displacement: the 
displacement x will be between —A and A, since the cosine will be between -1 and +1. Thus, 
|x| = A is the maximum displacement from the equilibrium on either side, as shown in 
Fig. 2.4. The constant A is called the amplitude and ¢ the phase constant, whose physical 
meaning will be discussed below. 


Fig. 2.4 Plot of x versus t for ¢ = 0 shows 
that the amplitude A is the largest displace- 
ment from the equilibrium in either direction. 
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2.3.2 Specifying Initial Position and Velocity 


The initial position and velocity of the block determine the amplitude and phase constant 
of the motion as we now show. Let the initial position and velocity be denoted by xo and vo 
respectively, 


x(0) = x93 v(0) = %. (2.19) 
By setting t = 0 in Eq. 2.17 we obtain the following equation for xo: 
xo =A cos@. (2.20) 


To use the initial condition on the velocity, we first take the derivative of x with respect to ¢ 
and then set ¢ = 0. This gives the following equation for vo: 


dx 


vo = v(0) = ah 


=Aw sing. (2.21) 
t=0 


Equations 2.20 and 2.21 can be solved for A and ¢ in terms of xo and v, 


A= Vx? + (vp /@)? ; o = tan! (vp/wxo) . (2.22) 


2.3.3 Physical Meaning of w 


The solution x(t) in Eq. 2.16 or Eq. 2.17 is periodic in time since it describes the periodic 
motion of the block attached to the spring. Let T be the time to complete one cycle of mo- 
tion. We expect both position x(t) and velocity u(t) to be periodic functions of the variable 
t with period 7, 


x(t+T)=x(t) and v(t+ T) = v(t). (2.23) 


Demanding the periodicity in x(t) given in Eq. 2.17, we find that w is related to the period, 


Acos(wt + wT —) = Acos(at- ¢), > wT =2nn, n=0,+1,4+2,::-, (2.24) 


Clearly = 0 is not the solution since that would mean time period T = 0, which is not 
the case here. The n = 1 case refers to a situation after one time period, and n = -1, toa 
situation one time period earlier. The constant w is therefore 27 over the time period, or 27 
times frequency /, 


2 
Oe = = 2nf. (2.25) 


Analogy to Circular Motion 


Some aspects of a particle moving in a circle provide useful tools for visualizing simple 
harmonic motion in another way. If a particle is moving in a circle of radius r about the 
origin and it is at an angle @ at time ¢, then x- and y-coordinates of the position are given by 
rcos(@) and rsin(@) respectively. 

We found above that simple harmonic motion is given by a cosine function of time. 
Therefore, we can represent a simple harmonic motion by the x-component of the motion 
of a fictitious particle moving uniformly in a circle, as shown in Fig. 2.5. In this picture of 
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Fig. 2.5 The cyclic process of oscillatory mo- 
tion of the block represented as a point moving 
on a circle. The angular frequency w corres- 
ponds to the angle in radians covered by the 
point on the circle per unit time; so that the 
angle covered in time At is wAt. Here R QO, 
R, S are successive positions of the block as it 
executes simple harmonic motion. 


a simple harmonic motion, w refers to the angular speed of the fictitious particle. Since the 
fictitious particle moves uniformly, its angular displacement A@ in time interval At would 
be given by 


AO = wAt. (2.26) 


2.3.4 Physical Meaning of Phase Constant, ¢ 


The phase constant ¢ is related to the relative position of the block in its cycle if the cycle 
is represented by a rotation by 27 radians of a fictitious particle in a circular motion, as 
explained above. To get a feel for the physical information contained in the phase constant, 
we examine two oscillators with ¢; = 0 and ¢2 = m/2 radians respectively, as shown in 
Fig. 2.6. Notice that the second oscillator is always ahead of the first by a quarter of a cycle: 


x(t) 
1.0 


0.5 


Fig. 2.6 Oscillators started in two different 
ways such that they have the same ampli- 
tude but different phase constants. We plot 
their position in time for w = 1 rad/sec and the 
following initial conditions: (1) x= A= 1 m, 
v=0, and (2) x=0,v= —Aw= -—1 m/s. The 
relative phase difference is 1/2 radians or 1/4 
cycle. 


0.0 


—0.5 


-1.0 
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for instance, x = A is reached by oscillator 2 before oscillator 1 in any cycle. In terms of 
2m radians in one cycle, this corresponds to a phase difference of 2/2 radians. Thus, the 
phase constant @ represents a measure of time in the cycle of the oscillator as measured in 
terms of the angle of the fictitious particle moving in a circle. You may practice drawing 
displacements of two oscillators of the same frequency and amplitude but differing in phase 
by z radians or 2/3 radians. 


2.4 Energy of a Simple Harmonic Oscillator 


The energy of a simple harmonic oscillator consists of the kinetic energy of the moving 
block and the potential energy in the extended or compressed spring. The kinetic energy of 
the block is given by 


1 
KE = zm (2.27) 


and the potential energy stored in a spring with spring constant k and deformation (either 
extension or compression) x is given by 


1 
PE = 5 hes (2.28) 


with the reference for the potential energy set at zero when the spring is in the relaxed state. 
Now, since the position and velocity of a harmonic oscillator oscillate between two values 
sinusoidally, the kinetic and potential energies of a simple harmonic oscillator would change 
with time. However, the total energy EF of the oscillator remains constant since the spring 
force is a conservative force, 


1 1 
= KE PE = 5me ap she = constant. (2.29) 


This statement of the conservation of energy can be taken as an alternative way to study 
the motion of a system that executes a simple harmonic motion. In the expression for the 
energy of a simple harmonic oscillator, there are two terms: an inertial term that is quad- 
ratic in velocity and an elastic restoring term that is quadratic in displacement. We can use 
Eq. 2.29 to deduce the frequency of the oscillator. Note that the ratio of the constant (k/2) 
multiplying the square of the displacement and the constant (m/2) multiplying the square 
of the velocity is equal to the square of the angular frequency, 


2 _ Coeff. of x? in PE _& 
Coeff. of 2 in KE om 


o (2.30) 


When the block approaches the extreme points of the motion, the displacement from equi- 
librium |x| approaches the maximum and the speed approaches zero. Thus, at the turning 
points, there is no kinetic energy and all the energy is in the potential energy. When the block 
approaches the equilibrium point the displacement x goes to zero, and hence, the potential 
energy goes to zero. When the block is at the equilibrium point, all of its energy would be 


in the kinetic energy. Therefore, the speed of the block would be greatest when it is passing 


the equilibrium point. We can rewrite Eq. 2.29 to include these observations, 


1 1 1 
E = =mv? + —kx? = =kA? = =mv? 
2 2 2 


max? 


where Vax is the speed when the block passes the equilibrium point. 


(2.31) 


Example 2.2 Conservation of energy of a harmonic oscillator 


(a) 


(b) 


A block of mass 0.6 kg is attached to a spring with spring constant 180 N/m and 
negligible mass compared to the mass of the block. The block is placed on a frictionless 
horizontal table, pulled horizontally 3 cm from its equilibrium position, and let go from 
rest. Evaluate the speed of the block at the time (a) it crosses the equilibrium position, 
and (b) it is 1.5 cm from the equilibrium. 


Solution 


Since no friction acts on the block, the energy is conserved. Let us denote the 
original position as point A, the equilibrium as point B and 1.5 cm from the 
equilibrium as point C (see Fig. 2.7). When the block is at point A it is not moving, 
therefore all energy is the potential energy stored in the spring, 


1 
E, kx? = 5 (180 N/m) (0.03 m)? = 0.081 J. 


a! 
“2 
When the block is at point B, the spring is neither stretched not compressed, 
therefore there is no potential energy and the entire energy is contained in the 
kinetic energy, 


1 1 
Ep = 5M = 5 (0.6 kg) vp. 


Equating the energy at B to the energy at A we find the speed of the block when 
it is moving past the equilibrium point B, 


0.3 vm = 0.081 > vp = 0.52 m/s. 


When the block is at point C, which could be on either side of the equilibrium a 
distance of 1.5 cm away from it, the spring is either compressed or stretched. 
Therefore, there will be potential energy stored in the spring. But, the stored 
potential energy is less than the starting energy, hence, the rest of the energy will 
be in the form of kinetic energy of the block, 


tn lo 2 
Eco= aie + 3 XG = 0.3 ve + 0.02 J. 


Equating Ec to Ey, and solving for vc we find the speed when the block is 1.5 cm 
from the equilibrium to be 


0.3 vg + 0.02 = 0.081 > ve = 0.45 m/s. 
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Fig. 2.7 Example 2.2. 
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mg 


Fig. 2.8 A plane pendulum oscillates in a 
plane, rotating about an axis through the 
point of suspension O and perpendicular to 
the plane of the pendulum motion. The angle 
6 that the cord makes with the vertical line 
gives the displacement of the pendulum from 
a stable equilibrium. 


2.5 Other Examples of Simple 
Harmonic Motion 


Simple harmonic motion appears in a wide variety of physical settings. The fundamental 
requirement for a motion to be a simple harmonic motion is that when the system is dis- 
placed from a stable equilibrium, the restoring force is proportional to the displacement. In 
this section, we study some commonly encountered systems that exhibit simple harmonic 
motion if the displacement from the equilibrium is small enough. 


2.5.1 Plane Pendulum 


A pendulum consists of a bob of mass m suspended from a light, inextensible cord of 
length /. If the physical dimension of the bob is much smaller than the length of the cord, 
we can treat the bob as a point mass. A pendulum has a stable equilibrium position when 
the mass is hanging vertically down from the suspension point. The displacement of the 
bob from the equilibrium is given in terms of angle @ that the cord makes with the vertical 
line, as shown in Fig. 2.8. The displacement angle is positive for a counterclockwise change 
in the angle and negative for a clockwise change in the angle. Because we wish to study the 
angular displacement, it is more convenient to treat the pendulum problem as a rotation 
problem—the rotation of the point mass m about an axis through the point of suspension 
O and perpendicular to the plane of oscillation. Therefore, the pendulum bob obeys the 
following equation: 


d’0 


= — 
. dt2 


(2.32) 
where Tt is the torque and J the moment of inertia. 

There are only two forces acting on the mass, the weight of the mass and the tension of 
the string. Since the force of tension goes through the point of suspension O, it does not 
exert any torque about an axis through O. The torque about O comes only from the weight 
which we can easily find to be 


Tt =—megl sind, (2.33) 


where the minus sign ensures that a counterclockwise sense torque will be positive since the 
counterclockwise rotation has been taken as positive angle here. The moment of inertia of 
the bob about the axis is 


T=mP. (2.34) 


Therefore, the equation of motion of a pendulum is 


= 2 == Sint), (Geb)) 


Here, the acceleration of the angular displacement is not proportional to the angular dis- 
placement. Instead, the acceleration is proportional to the sine of the displacement. Since 
the acceleration of the dynamical variable is not proportional to one power of the dynamical 
variable (9), a simple pendulum will not execute a simple harmonic motion. Here is a sys- 
tem that oscillates but its motion is not a simple harmonic motion. However, we note 
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Table 2.1 Linear approximation of sine. 


Angle (deg) Angle (rad) Sin(angle) Percentage difference 
0 0 0 0.0 
5 0.087266463 0.087155743 0.1 

15 0.261799388 0.258819045 1.0 

20 0.34906585 0.342020143 1.8 

25 0.436332313 0.422618262 2.9 

30 0.523598776 0.5 4.3 

35 0.610865238 0.573576436 5.9 

40 0.698131701 0.64278761 7.9 

45 0.785398163 0.707106781 19.9 


that for small angles, the sine of the angle can be approximated by the angle itself when the 
angle is expressed in radians, 


sin(@) © @ (small angles in radians). (2.36) 


How good is this approximation? Just to give you an idea, the difference between sin(@) and 
@ for 8 < 15° is less than 1%, as illustrated in Table 2.1. The last column in the table gives 
the percentage difference, 


| sin(@) — 6 (rad) | 


Percentage difference = , 
sin(@) 


With the small angle approximation given in Eq. 2.36, the equation of motion of a 
pendulum, Eq. 2.35, good for small angles of oscillations, can be written as 


CO g 


mo -79 (@ in radians) (2.37) 


where we have replaced the approximation sign (*) with the equals sign (=). The modified 
equation of motion, Eq. 2.37 shows clearly that, if the oscillations are kept to small angles, 
the acceleration (two-time derivatives of 9) is proportional to the displacement (@) and is 
opposed to the displacement. This is the same situation as the mass/spring system. There- 
fore, for small-angle displacements, a pendulum will execute a simple harmonic motion 
similar to that of the mass/spring system. Comparing the approximate equation of motion 
for a pendulum with the equation for a block attached to a spring, we immediately discover 
the following correspondence in symbols: 


xe> 6 (2.38) 
(k/m) ==> (g/l). (2.39) 
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Fig. 2.9 The x and y motions of the plane 
pendulum. 


Exploiting this analogy, we can easily deduce the formula for the angular frequency of the 
plane pendulum: 


Re <; (2.40) 
which gives the period of the pendulum to be 
20 1 
PS SS] 227 .|] > (2.41) 
@ & 


The formula for the period shows that the period of the small oscillations of the pendulum 
does not depend on either the mass of the pendulum bob or the amplitude of oscillation, 
but only on the length of the pendulum cord and the acceleration due to gravity. Galileo 
appears to be the first person who noticed this aspect of pendulum motion, when he made 
the observation that different chandeliers of equal length had the same period regardless 
of their amplitude of swing or weight. The solution of the equation of motion (Eq. 2.37) 
for the small-angle pendulum can be written by analogy to the equation of motion of the 
mass/spring system, 


6(t) =A cos(wt-¢@). (2.42) 


The Energy Picture 


The energy of a pendulum can also be written such that it contains two terms, one having 
the square of the velocity and the other the square of the displacement, similarly to that of 
the simple harmonic oscillator. Let x and y denote the x- and y-coordinates of the pendulum 
bob at an arbitrary time ¢ with respect to the axes shown in Fig. 2.9. Then, in the small angle 
approximation, we have 


x=/sind +16, (2.43) 


1 
y=l-1cosé © 518", (2.44) 


where we have dropped terms which are cubic or higher powers in 6. The velocities are 


d dé 
y= a1 &, (2.45) 
dt dt 
a rag (2.46) 
Oy at at" ; 


Using the components of the velocity, we find the kinetic energy of the bob to be 


1 1 do\? 
KE= = (x t v;) x sme (4) is (2.47) 


where we have dropped the term with four powers involving 6 and d6/dt. The potential 
energy is 


l 
PE = mgy = mg 8°. (2.48) 
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Therefore, the energy of the pendulum in small angle approximation is 


1 do\? 1 
B= sm? (=) + sld°, (2.49) 


which has the required form for a simple harmonic motion. Hence, we can determine the 
angular frequency also from the ratio of the coefficients of the restoring and inertial terms, 


1 
= Coefficient of 6? _ amet Sy 1 (2.50) 
Coefficient of (d6/dy? 1” P , 
2 


which is identical to the expression we obtained from an application of the second law of 
motion as given in Eq. 2.40. 


2.5.2 Torsion Pendulum 


A torsion pendulum consists of a solid body, usually a dumbbell or a bar, suspended by a 
torsion wire from a fixed support, as shown in Fig. 2.10. A torsion wire is essentially a wire 
that could be twisted easily about its axis. The twisting of the wire applies a restoring torque 
on the supported solid that tends to bring the solid back to the configuration when the wire 
was not twisted, i.e. to the equilibrium. The restoring torque t on the bar about the vertical 
axis is proportional to the angle of twist for small angles, 


T=-KO, @.41) 


where x (read: kappa) is the torsional constant of the wire, which is analogous to the spring 
constant. The rotational motion of the bar is then given by the following equation of motion: 


0 
Ia =-K0, (2.52) 
where J is the moment of inertia of the bar. This equation is analogous to the equation for 
a plane pendulum in small angle approximation. Hence, the angular frequency w of the 
oscillating motion of the torsion pendulum is given by 


w= /-. (2.53) 
Torsion pendulums are often used for time-keeping purposes, e.g. in the balance wheel 


of a mechanical watch. A torsion pendulum is also used in the Cavendish experiment for 
determining the value of Newton’s gravitational constant. 


Example 2.3 Torsion Constant of a Wire 


A thin copper wire is tied to the center of a rod of mass 100 g and length 20 cm 
and hung from a fixed platform. When the copper wire is twisted and let go, the rod 
rotates about the wire with a time period of 10 seconds. What is the value of the torsion 
constant of the copper wire? Assume the moment of inertia of the wire itself about the 
axis of rotation to be small compared to that of the rod. 


continued 


Fig. 2.10 The torsion pendulum. 
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Fig. 2.11 A physical pendulum. 


Example 2.3 continued 


Solution 


From the given time period, we will find the angular frequency, and from the given 
geometry and masses, we will find the moment of inertia. Then we will use the formula 
for angular frequency to find the torsion constant of the wire. Angular frequency: 


20 20 
o= — = —— = 0,63 radjsec. 
T 10 sec 


Moment of inertia: 


1 
f= — Mroalva = 3.3 x 107+ kg.m?. 


1 2 TO 
Therefore, 


k =I? =1.3x 107Nm. 


2.5.3 Physical Pendulum 


A rigid body hung from a post swings just like a pendulum. Such oscillating bodies are 
called physical pendulums. Almost anything can be a physical pendulum. An illustration is 
given in Fig. 2.11. The torque responsible for the oscillations comes from gravity acting at 
the center of mass of the body. 

Let M be the mass and D the distance between the axis of rotation and the center of 
mass. From the torque due to gravity we obtain the following equation of motion: 


I— =-MgDsiné, (2.54) 


where J is the moment of inertia about an axis through O and perpendicular to the plane 
of the drawing. The mathematical situation here is identical to that of the plane pendulum. 
Once again, we restrict our studies to the domain of small angles and use the small-angle 
approximation. For small-angle oscillations, using sin@ ~ 6 in Eq. 2.54 yields the following 
approximate equation of motion of a physical pendulum: 


oo eo a (2.55) 


Now, by analogy with the plane pendulum, we find that the angular frequency of oscillation 
of a physical pendulum would be given by 


MeD 
= — ; (2.56) 


2.5.4 Oscillations of Freely Floating Objects 


Buoyancy can provide restoring force to a freely floating object in a fluid. Recall that the 
Archimedes principle states that the force of buoyancy is pointed up and is equal to the 


Other Examples of Simple Harmonic Motion 49 


weight of the displaced fluid. A consequence of the Archimedes principle is that a compact 
object whose density is less than that of the fluid will float in the fluid. Even an object with 
density more than that of the fluid can be made to float in the fluid if the object can be 
shaped such that the displaced fluid has more weight than the weight of the object itself. 
This is the principle by which a boat made of steel floats in water even though the density 
of steel is approximately eight times that of water: the boat is shaped such that the weight of 
displaced fluid is more than the weight of the boat itself. 

Consider a compact object of density o floating in a fluid of density po, as shown in 
Fig. 2.12. For simplicity, let the object be shaped in the form of a rectangular box of cross- 
sectional area A and height h. Let ho be the height of the submerged part of the box from 
the bottom when it is in equilibrium, i.e. when the weight of the box is balanced by the force 
of buoyancy, 


mg= FR = > Ahpg = Ahopog (Equilibrium). (2.57) 


Now, we push the box into the fluid by an amount B so that the submerged part has a 
height 4p + B. When we let go of the box from this position, we find that the forces on the 
box are no longer balanced, since the force of buoyancy on the box will be greater than the 
weight of the box. As a result the box will accelerate upward. Once the box has risen so that 
the submerged part is less than i, the weight will be greater than the buoyancy, and the 
box will then accelerate downward. Thus, we see that the difference of the weight and the 
buoyancy provides a restoring force on the box. 

Let us see if the motion will be a simple harmonic motion by working out the equation 
of motion. To find the equation of motion we will consider an arbitrary instant when the 
forces on the box are not balanced. Such an instant can be either when the height of the 
submerged part is greater than fp or less than ho: 


If the submerged height > io, Fp > mg, (2.58) 
If the submerged height < fo, Fp < mg. (2.59) 


For our calculations we will point the y-axis upward with origin at the level of the fluid, 
assumed to remain at the same height regardless of the degree of submersion of the box in 
the fluid, which will be true if the fluid container is large and the box small. Let us mark the 
place on the box that is at the height of the fluid when it is in equilibrium; we will use this 
mark to follow the motion of the box. Let y be the coordinate of the mark on the box at an 
arbitrary time, as indicated in Fig. 2.12(b). The y-component of the equation of motion of 
the box is found to be 


dy 


dt? 


ma, = Fy, => Ahp = —-Ahpg + A(ho -y) pog. (2.60) 


Using the equilibrium condition in Eq. 2.57, we simplify Eq. 2.60 and find that 


dy pos 


rey. 2.61 
i oh? (2.61) 


Since the acceleration in yy is proportional to y with a negative proportionality constant, the 
box will oscillate in a simple harmonic motion with angular frequency, given by 


oa | 208. (2.62) 
ph 


Area, A 


(b) 


Fig. 2.12 The oscillation of a floating ob- 
ject. (a) The box is partially submerged and 
in equilibrium. (b) The box is not in equilib- 
rium since the force of buoyancy on the box ts 
not equal to the weight of the box. 
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I(2) 


+q(o) 
Vi(o| EBL soa 


t=0 


Fig. 2.13 An oscillating LC circuit. The 
circuit is started with a charged capacitor. 
Thereafter the current in the circuit oscillates 
sinusoidally. The current I(t) is shown at a 
time t when the charges are building up on 
the capacitor. 


2.5.5 Electromagnetic Oscillations in LC Circuits 


The voltages and currents in an electric circuit containing a capacitor and an inductor (an 
LC circuit) oscillate just like the displacement of a simple harmonic oscillator. Since current 
and voltage in a circuit are easier to measure than the displacement of a block, an LC circuit 
provides a convenient practical device for studying simple harmonic motion. 

To study the oscillation of an LC circuit consider, connecting a charged capacitor of 
capacitance C and initial charge go to an inductor of inductance L at t = 0, as shown in 
Fig. 2.13. 

Let Vo be the potential difference across the capacitor at time t = O. For the sake of 
concreteness we will write the equation of motion of the circuit by examining the circuit at a 
time when charge on the capacitor is building up. At this instant we will take the direction of 
the current to be towards the positive plate of the capacitor. This convention is convenient 
since it gives the following relation between the current into the capacitor and the rate at 
which charge builds up: 


dq 
f= =2. 2.63 

a (2.63) 
Note that at t = 0 the current would point away from the positive plate since the capacitor 
would be discharging. Therefore, at ¢ = 0 the current will be negative, which is consistent 
with dq/dt < 0 at t = 0. The voltage drops across the capacitor and inductor at the instant t 


are given by 


Ve@ = S (2.64) 
dI 
Vi) = ao (2.65) 


The Kirchhoff’s loop equation for the EMF around the circuit yields the following equation: 
+L— =0. (2.66) 


‘Taking a time derivative and using Eq. 2.63 yields the following equation of motion for the 
current in the circuit: 


-—+—J=0. (2.67) 


This equation for the current J is analogous to the equation of motion for a simple harmonic 
oscillator, 

dx Dit as 

Rm t+a°x=0. (2.68) 
The oscillating mass/spring system and the oscillating LC system give rise to the mechan- 
ical/electrical analogies which are summarized in Table 2.2. 

Following this analogy the solution /(¢) of Eq. 2.67 will have the same form as the so- 

lution of Eq. 2.68. In particular, the current in the circuit will oscillate, given by the simple 
harmonic formula, 


I(t) = Ip cos(wt- 9), (2.69) 


Simple Harmonic Motion Near Potential Minima 


Table 2.2 Analogy between mechanical and electrical quantities. 


Mechanical system Electrical system 
Mass, m Inductance, L 
Spring constant, Rk Inverse capacitance, 1/C 
Damping constant, b Resistance, R 
Displacement from equilibrium, x Charge on capacitor, g 
Velocity, v Current, I 
Kinetic energy, 1/2 mv” Magnetic energy, 1/2 LI? 
Potential energy, 1/2 kx? Electric energy, 1/2 q?/C 


with the angular frequency given by 


O= 


1 
Vie’ (2.70) 


2.6 Simple Harmonic Motion Near 
Potential Minima 
From our discussion in this chapter, you know that a restoring force that is proportional 


to the displacement from the equilibrium gives rise to a simple harmonic motion. Now, a 
conservative force F is related to potential energy U as follows: 


(2.71) 


B=-(Si dU, =f), 
Ox ay Oz 


where i, h and & are unit vectors pointed towards the positive x-, y- and g-axes respect- 
ively. If the motion is only along the x-axis we work with the x-component only. Then, the 
x-component of the conservative force is related to the x-derivative of the potential energy, 
which is a function of x, 


F, =-—. (2.72) 


Therefore, a potential energy that is quadratic in x will give the linear restoring force appro- 
priate for a simple harmonic motion. This is obviously the case with the potential energy in 
an ideal spring. In general, consider a potential energy function U(x) that has a minimum 
at x = x9, then we can make a Taylor series about x = x9, 


Ue =UGis (<) ae 
x 


X=XQ 


1 (S 


(x— x9)? +ee+. (2.73) 
2! \ dx? da 
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Fig. 2.14 The quartic potential energy, 
U(x) = (x + 1? (x— 1°, shown as solid line, 
can be approximated by a quadratic potential 
energy, U(x) = 4(x— 1), shown as a dashed 
line, near its minimum at x = 1. Similarly, 
near the minimum at x = —1, the potential 
energy function can be approximated by the 
quadratic function, U(x) = 4(x + 1°. As a 
result, the motion near x = 1 and x = -1 will 
be simple harmonic. 


Since U(x) has a minimum at x = xo, the first derivative is zero there, and the leading 
non-constant term is quadratic in the displacement from the equilibrium, x — xo, 

@U 
dx? 


U(x) = U(x) 4 5 ( ) (x—x9)? +--+. (2.74) 
m x=xXQ 


The value of the second derivative of the potential energy function for x = xo is a constant. 
Denote this constant by k, 


2 
k= (< >| : (2.75) 
x=xQ 


dx? 


Choosing the potential energy to be zero at the equilibrium, and placing the origin at the 
equilibrium point, we find that near a potential energy minimum, the leading behavior of 
the potential energy function is quadratic, 


1 2 
UQ) = she te (2.76) 


The quadratic potential energy will dominate the behavior near the potential energy min- 
imum unless the potential energy function is so flat at the minimum that even the second 
derivative is zero. The quadratic potential energy function gives a linear restoring force of 
Hooke’s law and leads to simple harmonic motion, 


dU 
F(x) = ae =-kx + higher powers in x. (2.77) 
x 


Figure 2.14 illustrates how a quartic potential function can be approximated by a quadratic 
potential function for motion near a potential minimum. The double-well potential energy 
in the figure is 


U(x) = (x + 1)?(x- 1)’, (2.78) 
1.5} J 
1.04 F 4 
\ I 

a \ I 
Ray ‘ i 
» \ 1 

0.5+ 

0.0+ 

1.5 1.0 0.5 0.0 
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which has minima at x = —1 and x = 1, with a local maximum at x = 0. The motion close to 
the minimum x = 1 can be approximated by the potential energy function, 


U(x) = 4(x- 1)’, (2.79) 
as shown by the dashed curve. Similarly, the motion close to x = —1 can be approximated 
by the potential energy function, 

U(x) = 4(x+ 1)’. (2.80) 
These potential energy functions will give rise to linear restoring forces near x = +1. There- 


fore, if the displacements from the minima are not large, we can ignore the original potential 
and pretend that the potential is quadratic. 

The plane pendulum uses this approximation near the potential minimum, which we 
have seen previously in the observation that a plane pendulum is not a simple harmonic 
oscillator unless the angle of oscillation is small. We can understand this from the perspective 
of a quadratic potential energy function. The potential energy of a pendulum when it is 
displaced at angle 6 is 


U = mgl(1-—cos6). (2.81) 


This is clearly not a quadratic function of the dynamical variable 6. Now, expanding cos(0) 
for small 6, we find 


_ Lia, tag 
OSG) Sa Ee Meri tee, (2.82) 


If we keep only the leading term, namely, 1, we lose all physics information associated with 0. 
Therefore, we will keep two terms in this expansion. This gives the following expression for 
the potential energy near @ = 0: 


1 
us 6", (2.83) 


which is quadratic in the dynamical variable 9. Hence, for small angles we expect simple 
harmonic motion for the pendulum. 
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Example 2.4 Motion Through the Center of Earth 


Imagine drilling a hole through the center of the earth. When you drop a ball in the hole, it will execute a simple harmonic motion if 
the density of the earth is assumed to be uniform. What will be the frequency of oscillation? 


Solution 


We will use a result from Newton’s law of gravitation that for spherical masses such as the earth, the force on the ball will depend on 
only the mass from the ball’s current location to the center of the earth. Let us examine the expression of the force at some arbitrary 


continued 
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Example 2.4 continued 


time when the ball is at a distance r from the center of the earth. The mass of the earth inside the radius r is 


4 
M = -—nxr'p, 
a Tro 
where p= is the density of Earth. Therefore, the force on the ball at this instant will be 
Gm 4 4 
F=- = trp = (Fx0Gm) rs 


where minus is placed to indicate that the force is pointed towards r = 0 or the center of the earth. This force is a linear restoring 
force in the displacement variable r. Therefore, the constant k here is 


4 
k= ~=1pGm, 
3 ‘m 


[4 
=,/=7pG. 
o 37 


It is interesting to note that the frequency of oscillation does not depend on the properties of the ball. All objects dropped in the hole 
will oscillate at the same frequency. 


and the angular frequency of oscillation will be 


2.7 Damping of Oscillations 


So far we have studied the motion of ideal simple harmonic oscillators. We have found 
that the amplitude of oscillations of an ideal system never decreases with time. However, 
we know that real physical systems, such as sound in air or a pendulum in a grandfather 
clock, lose energy due to friction and other viscous forces. Therefore, the amplitude of the 
oscillations of a real system would decrease with time unless fresh energy were continually 
fed into the system. We say that the system is damped. In this section we will study the 
effect of damping without any additional energy supplied to the system. Systems which 
receive additional energy are called driven systems. We will study driven oscillators in a later 


chapter. 


To study the damping phenomenon we subject our mass/spring system to a viscous force. 
Any viscous force will damp the motion, but a particularly simple case of a viscous force 
whose magnitude is proportional to the velocity of the oscillator has many applications and 


will be discussed here, 


Fyise =—-bd (b> 0), (2.84) 


where 0 is the proportionality constant that depends on the viscous medium and the geom- 
etry of the oscillating body. The minus sign makes sure that viscous force is pointed in the 
opposite direction to the velocity, thus slowing the object. Viscous forces of this type act on 
objects moving in a fluid if their speeds are not too great. For instance, the viscous force on 


a sphere of radius R moving in a fluid of viscosity 7 is given by Stoke’s force, 


Fyige = 60 R 3. (2.85) 


Pictorially, it is customary to represent the damping force by attaching a dash pot to the 
oscillating block, as shown in Fig. 2.15. The dashpot has a piston that moves in a fluid. The 
net force on the oscillator now would be a vector sum of the restoring force by the spring 
and the viscous force. 

Once again, we place the origin at the equilibrium position, and point the +x-axis in 
the direction that corresponds to the extension of the spring. Then the x-component of the 
second law of motion gives the following equation of motion: 


& a 
hy ee 


"ap di’ 


(2.86) 


Dividing both sides by m reduces the number of parameters in this equation just as it did 
for the undamped case. We introduce new constants, [ and wo, as follows to denote the 
resulting ratios, 


@ = Vk/m, T = b/m. (2.87) 


The damping in this system is characterized by the parameter I’ called the damping par- 
ameter or damping constant. Note also that we have introduced a different symbol wo 
for /k/m here than what we did when we studied the undamped oscillator, since the actual 
frequency of the damped oscillator will be different from the undamped case, as we will see 
below. The frequency wp is the frequency of the system when the damping is absent. With 
these new parameters, Eq. 2.86 can be written as 


ad?x dx 2 
+P — +a@px = 0. 


— 2.88 
dt? dt ( ) 


You should notice that the reduction of parameters from three (m, 6, k) to two (I, wo) is as 
a result of reparameterization. Thus, oscillators with different (m, b,k) that have the same 
(IT, wo) will have similar dynamics. 


2.7.1 Solving the Equation of Motion 


You already know how to solve the simpler equation when T = 0 in Eq. 2.88. Therefore, 
the trick is to make a variable change so that we obtain a new equation without the velocity 
term. The following change of variable achieves that objective. Let 

x(t) = & 2" u(t), (2.89) 


where u(t) is a variable of time t that will be determined from a simpler equation, as we now 
derive. Using this form for x(¢) in Eq. 2.88, we obtain the following equation for u(t): 


a? 1 
os + (03 T) u=0. 


The solution of Eq. 2.90 depends on whether the multiplier of wis positive, zero, or negative, 


(2.90) 


i.e. on the relative values of wo and 5V. The three cases are given different names since they 
correspond to quite different physical behaviors, 
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Restoring spring 


Dashpot damper 


Fig. 2.15 A harmonic oscillator with a 
dashpot. The dashpot has a piston that 
moves through a liquid providing a velocity- 
dependent damping force. 
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Under-damped: a > $0 
Critically damped: wo = iT (2.91) 
Over-damped: wo < 50. 


Under-damped Oscillator 


Since @ > ir for an under-damped oscillator, let us replace the positive quantity in 
parenthesis in Eq. 2.90 by another symbol wr, 


1 
wy = a2 - ae > 0. (2.92) 


This changes Eq. 2.90 to the equation for a simple harmonic oscillator of natural 
frequency @), 


eu 
as -wru. (2.93) 


Therefore, it is easy to write down the solution for u(t), 
u(t) = Cy, cos(@,t) + Cz sin(@;1), or, A cos(@,t-¢), (2.94) 


where C; and C2 or A and ¢ are arbitrary constants that are fixed by the initial conditions 
on u(t), or, equivalently, on the initial conditions on x(t). Putting this u(t) in Eq. 2.89 we 
find that the displacement of the under-damped oscillator is given by 


Ao) = e2tt [C; cos(@,t) + C2 sin(@;2)], o>) 
or, equivalently, as 


x(t) = [4 eat] cos(«t—). (2.96) 


The under-damped oscillator oscillates at the angular frequency of @, = ,/ @2 - 40? 
with decreasing amplitude, given within the square brackets, [---]. Note that the pres- 
ence of damping decreases the frequency of oscillation from the natural frequency wo to 
frequency @). 


Critically Damped System 
A critically damped system has wo = 3°. Putting this condition in Eq. 2.90 shows that w(t) 
obeys a different differential equation than the under-damped oscillator, 

Pu 


ap =o (2.97) 


The general solution of this equation is 
u(t) = Cy + Cat, (2.98) 


where C, and C) are arbitrary constants. Therefore, the displacement of a critically damped 
system is given by 


x(t) = € 29" (Cy + Cot), (2.99) 


which shows that the critically damped system is not an oscillator at all, although it is com- 

monly referred to as a “critically damped oscillator”. Even though the factor (C; + C22) will 

-lry 
2 


grow with time for a positive C2, the exponentially decreasing factor ¢ will always force 


1 . 
the product & 2!" (C; + Cot) to zero over a long enough time. 


Over-damped System 


Since @ < 50 for an over-damped oscillator, let us replace the negative quantity in 
parenthesis in Eq. 2.90 by another symbol, w?, to obtain 


— =au, (2.100) 


where a is given by 


fl 
a= qh? (2.101) 


Here we take only the positive radical for a@ since the negative w does not contain any new 
information. The general solution of Eq. 2.100 is 


u(t) = Cye™ + Cye*™. (2.102) 
Thus, the displacement of an over-damped oscillator is given by 


x(t) = & 2" [Cye*! + Coet®], (2.103) 


Since 50 > a, as is evident from Eq. 2.101, the exponentially decaying multiplier outside 
of the bracket in Eq. 2.103 dominates, even for the exponentially increasing part e*’ inside 
the bracket, and the overall behavior is an exponentially decaying displacement. As a result, 
the over-damped “oscillator” will not oscillate, and therefore, the word “oscillator” should 
not be used when we refer to this case. The only case that has oscillations is the under- 
damped case. 
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Initial Conditions 


The constants C; and C; in the three solutions given above are determined by the known 
position and velocity at some particular time, usually the initial time, as we show below. Let 
the initial position and velocity be xo and vo respectively, 


x(0) = x05 (2.104) 
v(O) = vo. (2.105) 


I will work out a complete calculation for the under-damped case and leave the calcula- 
tions for the critically damped and over-damped cases to the student. The under-damped 
oscillator has the following displacement, given in Eq. 2.95: 


x(t) = eat [C, cos(@,t) + Cz sin(@,1)]. (2.106) 


The time derivative of the displacement will give the velocity, more appropriately the 
x-component of the velocity, 


d 1 
v(t) = = zi e® t oer Cy, sin(@,t) + Cz cos(@;1)]. (2.107) 


Setting ¢ = 0 in Eqs. 2.106 and 2.107 and using the initial conditions in Eqs. 2.104 and 
2.105 we obtain 


1 
Xo = C1, Vo = 5x0 +@,Co. (2.108) 


Therefore, in the case of the under-damped oscillator: 


Under-damped: C; =x), C2 = 2 : (2.109) 


where we have replaced @, by its definition in terms of more fundamental parameters of 
the oscillator. Similar calculations for critically damped and over-damped cases give the 
following expressions for C; and C2 which a student should verify: 


1 
Critically damped: C; = x9, C2 =v. + 3 xo (2.110) 
1 1 1 1 
Over-damped: C; = a a ae Xo -Uo}, Co= Sy a + a xo tuo]. 
(2.111) 
Plotting Solution 


Figure 2.16 displays plots of x versus ¢ for the three types of damped motion, starting 
with the same initial conditions, x(0) = 1, v(0) = 0. The under-damped case is the only 
one that oscillates with time. The critically damped system damps more smoothly than 
the over-damped case. In practical use of damping, as in shock absorbers for cars, you 
would want the car to relax gently whenever it hits a bump in the road. Therefore, shock 
absorbers are built with the characteristics of critical damping. However, with wear and tear 


1.0 


0.5 + 


% 0.0 i ile tet ook 
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----— Over—damped 
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t 
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the damping gives way to an under-damping and you find cars bounce up and down a few 
times whenever they hit a bump in the road, as if they were under-damped oscillators. 

The displacement of an under-damped oscillator provides a physical meaning for the 
damping parameter I’. We see from the graph in Fig. 2.17 that it takes a time of 2/T for 
the envelope of the oscillations to decrease by ¢! of its original value, where e is the Euler’s 
number with value e = 2.71828---. The time to relax to 1/e of the original amplitude is 
called the time constant of the oscillator, which is denoted by the Greek letter r, 


(2.112) 


The larger the damping constant, the shorter the time constant, and consequently, the faster 
the damping. 
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Fig. 2.16 The displacement as a function 
of time for the wunder-damped, 
damped, critically damped 
Only the under-damped case is an os- 
cillator. To plot the figures, the following 
values were used: Underdamped case, 
T =2 rad|sec, wp = V101 rad|sec; Critically 
damped case, T=2 rad/sec; Overdamped 
case, T=2 radlsec, wo=V0.96 rad|sec. 
The initial conditions for all cases were 
x(0) = 1 cm, v(0) = 0. 


over- 


and cases. 


Fig. 2.17 The dynamics of an under- 
damped oscillator shows oscillations with de- 
creasing amplitude. Here A=1 cm, T = 
2 radlsec, and wy = V'101 rad|sec. 
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2.7.2 Dissipation of Energy and the Quality 
of an Oscillator 


Under-damped oscillators oscillate with decreasing amplitude and eventually come to rest. 
A better oscillator would swing for many more cycles than a poorer oscillator before losing 
its energy. For an arbitrary damped oscillator, energy is a complicated function of time. But 
for a lightly damped oscillator, i.e. an oscillator that oscillates many times before running 
out of energy, the energy decreases exponentially. We will define a lightly damped oscillator 
by the following condition between the damping constant (I") and the natural frequency 
(wo) of the oscillator: 


Tl <a (Lightly damped oscillator). (2.113) 


Since a lightly damped oscillator is an under-damped oscillator the displacement x(t) would 
be given by 


x(t) = A&2" cos(wit—9), (2.114) 
where we leave A and ¢ unspecified. The velocity is obtained by taking a time derivative of x, 
_1p,| 1 : 
v(t) =Ae2 ae cos(@,;t-—) —a@, sin(@,t-¢) |. (2.115) 
Now, the energy of the oscillator at instant ¢ is 
1 2,l,2 
E(t) = =mv* + =kx*, (2.116) 
2 2 
Using x from Eq. 2.114 and v from Eq. 2.115 we get a very messy expression, which can be 


simplified by using [ < a of the lightly damped oscillator condition. After some algebra, 
you can show that 


1 
E() © mop are™. (2.117) 


Put another way, 
E(t) = Epe™; (2.118) 
where Eo stands for the energy at ¢ = 0. 


That is, the energy decreases exponentially with time with rate constant 1/T. The larger the 
value of I’, the faster the energy dissipation. We define a time constant tg of the dissipation 
of energy by asking: how much time would it take for the energy to drop to ¢! of its value, 
i.e. before about two-thirds of the energy had dissipated? From Eq. 2.118, the answer is that 


t= x. 2.119 

B= ( ) 
Note that the energy of the oscillator does not decrease at the same rate as the envelope of 
the amplitude: it takes a time equal to 1/T for the energy to decrease by 1/e, while it takes 
twice as long, 2/T’, for the amplitude of the oscillator to decrease by 1/e. The reason for the 


energy decreasing twice as fast as the amplitude is that energy is proportional to the square 
of the amplitude. The same effect shows up in the rate at which sound fades compared to 
the rate at which a tuning fork loses vibrations. Since the intensity of sound generated by the 
vibrating tuning fork is related to the energy, the intensity of the sound will decrease faster 
than the amplitude of oscillations of the tuning fork itself. 

The time tg for the oscillator to lose about two-thirds of its energy can be compared 
to the time period of the oscillations to get a sense of number of oscillations the oscillator 
will execute before a significant fraction of the energy has dissipated. For a lightly damped 
oscillator, the natural frequency wp is very close to the actual frequency 1, therefore we will 
use wo to get the time for one oscillation. From wo we get the time T for one oscillation to be 


20 
T=—. (2.120) 
@o 
Therefore, the number WN of oscillations in the time tz will be 
TE Wo 
==, 2.121 
T 2xnT ( ) 


The larger is N the better the oscillator. The physically meaningful part of N is the ratio of 
@o to I, which is called the Quality or Q factor of an oscillator, 


Oa, (2.122) 


The larger the value of Q the better the oscillator. Good oscillators, such as tuning forks and 
guitar strings, have O values in the thousands. Laser cavities have much higher Q values, 
exceeding 10’. Of course, the undamped oscillator has zero I’, and hence infinite Q. There 
is no QO for critically damped and over-damped systems since they do not oscillate. 


Example 2.5 An Under-damped Harmonic Oscillator 


A copper block of mass 1.5 kg is attached to a spring of stiffness 450 N/m, and hung 
from a platform above a beaker that contains a thick liquid so that the block oscillates 
entirely in the liquid with a damping constant of 3.0 kg/s (see Fig. 2.18). (a) How 
many oscillations will the block make before its amplitude drops by 90%? (b) What is 
the quality of this oscillator? 


Solution 


(a) We will first calculate the oscillation frequency w; and the damping constant 
for the damped oscillator. Since the peak of the displacements in successive cy- 
cles drops as ¢2'’, we can find the time for a 90% drop in amplitude from the 
value of . We will obtain the required number of oscillations by dividing the time 


continued 
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Fig. 2.18 Example 2.5. 
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Example 2.5 continued 


required for the 90% drop in one time period, 


b _ 3.0 kg/s 
m 1.5kg 


k 450 N/s 
ao = = = 17.32 rad/sec. 
m 1.5 kg 


Therefore, the angular frequency of oscillation is 


1 
| = | we a qv = 17.3 rad/sec, 


which gives the time period for oscillations to be 


P= = 2.0 rad/sec, 


2 
T -  ~ 0,363 sec. 
Q1 


Now, we use the decay of the amplitude envelope to find the time for the amplitude 
to drop by 90%, 


Amplitude left 
Original amplitude 


Therefore, 


Lry 
@2)'=0.1=> 5 t=2.3 sec. 


Hence, the number of cycles in which the amplitude drops by 90% will be 


2.3 sec 


Number of cycles = — = ———— = 6.4 cycles. 
umber of cycles = = = 535 cycles 
(b) The Q factor of the oscillator is 
@ 17.32 
= — = — =8.66 
2 r 2 


2.8 The Damped AC Circuit 


We have discussed the pure LC circuit without any resistance or source. The current in 
such a circuit can be started using a charged capacitor. When the circuit is closed, the 
capacitor starts to discharge. With an increasing flow of current through the inductor, the 
induction effect of L gives rise to a back EMF and eventually, current switches direction, 
which charges up the capacitor again. Thus, a pure LC circuit is just like an oscillator, 
oscillating between charging and discharging of the capacitor. 

Without the resistance in the circuit, the LC circuit is an ideal oscillator. The resistance 
in the circuit causes the dissipation of energy. Thus, the RLC circuit is a damped oscillator. 


The equation of motion of the RLC circuit can be obtained by voltage loop law as we did 
for the pure LC circuit. Consider a series RLC circuit without a power source, as displayed 
in Fig. 2.19. 

The equation of motion for the charge on the positive plate of the capacitor g(t) can be 
easily shown to be 


dq dq 1 
L—+R—+—=q=0. 2.123 
ae a of eile 


Dividing out by L we get a two-parameter equation, which in analogy to the damped 
oscillator we label as T and @, 


@q _d 

= +ra + w2q = 0, (2.124) 
= R Bite 1 
he 


The underdamped oscillator will have 


Therefore, we need the following for the oscillator to be an under-damped oscillator: 


R — 
ap = = R<2/L/C. 
The charge on the capacitor will oscillate in time according to 


—Tr/2 


q(t) = qoe * cos(at), 


where go is the charge at t = 0 and a = op —T?/4. The current in the circuit will be 


dq 
I@®=—. 
= = 


For a lightly damped oscillator we need even more stringent conditions on PF and a, 
T<o = R«K2/L/C. 


The Q of the oscillator will be 


o= ee vIC (2.125) 
Cc RC 
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Ia R 


+q(t) 
L -q(t) 4— © 


t=0 


Fig. 2.19 An RLC circuit started at t=0 
with a charged capacitor. 
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Example 2.6 Q ofan Electrical Oscillator 


We need an electrical oscillator at frequency 20 kHz with a O of 10,000. We have 750 pF capacitance in the circuit. What should be 


the values of the inductance and resistance in the circuit? 


Solution 

From the frequency requirement and C we can figure out L. Then by using the QO we can find the R needed, 
1 L= a 

t/LC 4n2f2C° 


Putting in the numerical values we get L = 0.084 H. Now, the requirement of QO gives 


OSS 


Putting in the numbers we get R = 1.06 Q. 


EXERCISES 


(2.1) A harmonic oscillator of mass 200 g is attached to a spring with spring constant 
100 N/m. Find the angular frequency, frequency, and time period. 

(2.2) Two oscillators of mass 200 g and 400 g oscillate with the same frequency. They 
move such that the displacement from their equilibrium positions are given by the 
following two functions x; and x2 respectively: 


x, = 2 cos(t) 


x2 = 2 cos(t+7) 


where ¢ is in seconds and x; and x2 in cm. Note the arguments of cosines are in 
radians. 
(a) What are the angular frequencies, amplitudes, and phase constants of the two 
oscillators? 
(b) What are their positions and velocities at the initial time t = 0? 
(c) Plot the positions of the two oscillators versus time on the same graph, and 
interpret which oscillator is ahead, and by how much. 
(d) What are the kinetic and potential energies of the two oscillators at t= 0? 
(2.3) An oscillator of frequency 20 Hz starts 3 cm from the equilibrium with an initial 
velocity of 10 cm/s pointed towards the equilibrium point. Find x(2). 
(2.4) Find C; and C2 in terms of A and ¢ when x(t) = C;cos(t) + C2sin(t) is used instead 
of x(t) = Acos(t-@). 
(2.5) Find C; and C) in terms of x9, vp, and w when x(t) = C,cos(wt) + C2sin(wt), where 
Xq = x(O) and vp = v(0). 
(2.6) Consider a simple harmonic oscillator of mass m, amplitude A, and frequency /. 
(a) What fraction of its energy is in the potential energy when the oscillator’s dis- 
placement is half the amplitude? Give an expression for the potential energy 
in terms of the parameters given above when the oscillator is at this point. 


(2.7) 


(2.8) 


(2.9) 


(2.10) 


(b) What fraction of its energy is in the kinetic energy when the oscillator’s dis- 
placement is half the amplitude? Give an expression for the kinetic energy in 
terms of the parameters given above when the oscillator is at this point. 

(c) What is the lowest speed of the oscillator and where in the oscillation does the 
oscillator have the lowest speed? Why? 

(d) What is the highest speed of the oscillator and where in the oscillation does the 
oscillator have the highest speed? Why? 

A disk of mass m and radius R is suspended from a thin string of torsion constant xk. 

The string passes through the center of the disk and is perpendicular to it. When 

the disk is rotated by a small angle about the equilibrium, there is a restoring torque 

due to the twist in the string, which tends to bring the disk back to the equilibrium. 

Set up an equation for the rotational motion of the disk, and find the frequency of 

small oscillations about the equilibrium. 

A block of mass 5 kg is hung from a spring whose original length is 50 cm and 

spring constant 1.0 N/cm. As a result of the weight of the block, the spring now 

has a different length at equilibrium. The spring is attached to a ceiling which is at 

a height 2 m from the ground. The block is then hit with a hammer giving it an 

instantaneous velocity of 40 cm/s pointed downward. You may assume that, at this 

instant, the block is more or less still at the equilibrium position although it is now 
moving. 

(a) Where is the equilibrium position of the block with respect to the floor? 

(b) What is the potential energy of the block at the time it was hit by the hammer? 

(c) What is the kinetic energy of the block after being hit by the hammer? 

(d) How much work did the hammer do? 

(e) What is the frequency of the oscillations of the block? 

(f) What is the phase constant of the motion of the block? 

(g) Write a function y(t) for the y-coordinate of the block, stating clearly your 
choice for the origin. 

Two springs with spring constants k; and k2 are attached on the two opposite sides 
of a block of mass m and the free ends of the springs are attached to two fixed sup- 
ports such that the springs are taut and stretched. The block rests on a frictionless, 
flat horizontal surface and can move along the line of the two springs. When the 
block is pulled a little along the length of the springs from the equilibrium position 
and let go, as shown in Fig. 2.20, it executes a simple harmonic motion whose fre- 
quency depends on the spring constants of the two springs and the mass of the 
block. 

(a) By looking at forces on the block at an arbitrary point in time, find the equation 
of motion of the block. 

(b) From the equation of motion, show that the angular frequency of oscillation is 
given by w = 0? + 03, where w? = ky /m and w3 = kp/m. 

(c) Show that the system of two springs connected in parallel to an object has an 
effective spring constant equal to Reg = ky + Ro. 

(d) Deduce the formula for the frequency by examining the expression for the 
energy of the system. 

A block of mass m is attached to two springs with spring constants k; and 2 that 

are glued together and the free end is fixed to a rigid support, as shown in Fig. 2.21. 

The block can move freely on a frictionless flat horizontal surface. 

(a) Let /, and 4 be the equilibrium lengths of the springs. Let x; and x2 be the 
x-coordinates of the glue and the block. By examining the forces on the block 
deduce the equation of motion of the block. 
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Fig. 2.21 Exercise 2.10. 
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ho 


Fig. 2.22 Exercise 2.11. 


Fig. 2.24 Exercise 2.12. 


(b) Write the equation of motion of the glue at the junction of the two springs and 
simplify the equation by setting the mass of the glue to zero. 

(c) Combine the two equations to show that the frequency of oscillation of the 
block is given by w = 22, where w? = ky /m and w} = k2/m. 


wo +02 2 

(d) Show that the system of ‘wo springs connected in series to an object has an 
effective spring constant that obeys veed = 7 a 

(e) Deduce the formula for the frequency by examining the expression for the 
energy of the system. 

A U-tube of uniform cross-section of area A is filled by a liquid of density p up to 

a height 4p on both sides (see Fig. 2.22). Let w be the distance between the necks. 

The liquid on one side is pushed in by a small height A/ and let go. After that the 

liquid executes a simple harmonic motion about the equilibrium level io. For this 

problem ignore the effects of resistance and viscosity. 

(a) Find an expression for the potential energy of water at an arbitrary time when 
the displacement from the equilibrium height is y < io. Express your answer 
in terms of y and use the equilibrium as the zero reference for the potential 
energy. 

(b) Find an expression of the kinetic energy at an arbitrary time when the displace- 
ment from the equilibrium height is y < ho. Note that all liquid in the U-tube 
will be moving. That is, water in a total length 2/9 + w of the tube will be mov- 
ing at the same speed. Express your answer in terms of dy/dt, the velocity of 
the top at one side of the U-tube. 

(c) Find the frequency of oscillation. 

Suppose the areas of cross-section of the two arms in problem (2.11) are differ- 

ent. Let the right side be area A and the left side area aA with a > 0, as shown in 

Fig. 2.23. Let the area of cross-section of the joining arm be wA and length w. The 

U-tube is then filled to the same height 4p as above. The fluid is then set in oscil- 

lation. What will be the frequency of oscillations now? Note: The incompressibility 

of the fluid means that the speed of flow in the two arms of different area will be 
inversely proportional to the area. 

Investigate problem (2.12) in the case of a U-tube with different cross-sections in 

the two arms and the radius of the joining tube varying from one end to the other, 

as shown in Fig. 2.24. For simplicity, let the two arms be circular in cross-section 
with radii R and bR. Suppose the radius at different points on the joining arm of 

length w vary from R at one end to 5bR at the other end linearly with distance, i.e. 

the radius r of the joining tube at a distance x from the end with radius bR will be a 

function of x given by 

r(x) = bR 


5) 


1-5)R 
_ uk ) x 
w 


where x is the horizontal coordinate from left. 


If the tubes on the two arms are filled to the same height /p and set oscillating, prove 
that the angular frequency of oscillations is 


(1+ bg 
o = ,| ——_—__.. 
bw + (1 + b?)ho 


Note: the velocity of flow will change in the joining arm, and therefore, the kinetic 
energy will now involve an integration. 


(2.14) (Adapted from A.P. French, Vibrations and Waves, MIT, 1971.) Sloshing mode in 


a tank. You may have noticed that it is hard to carry a pan of water without spilling. 
What happens is that, as you carry the pan, you inadvertently shake the water and 
excite modes of oscillation in the water. The lowest mode of oscillation is called the 
sloshing mode. In this mode water just wobbles back and forth. In this problem you 
will be able to find a formula for the frequency of this mode by a simple analysis. 

Suppose you have water in a rectangular tank of base L x 6 and the height of 
water in the tank is H, as shown in Fig. 2.25. To study sloshing in the xy-plane we 
will ignore the z-axis which is along the side of dimension b. Let (X, Y) denote the 
CM at an arbitrary time ¢ when the height on the right side wall is y,, above the 
equilibrium level, as shown in the figure. Assume the potential energy to be zero 
when the water surface is flat. Note: the actual shape of the water surface will be a 
sine or cosine function, but here, for simplicity, we assume it to be flat. 

(a) Find the x- and y-coordinates of the CM in terms of the height y,, and show 
that the CM moves in a parabola. 

Show that the potential energy is given by U = é pbLgy?.. 

You can find the horizontal velocity of the fluid at any point in the tank by 
finding how the height of the fluid changes within a small slice of the tank at 
a particular x during the interval t and t+ At. Consider a slice between x = x 
and x = x + Ax, as in Fig. 2.26. 

Let the x-component of the velocity at x be v and pointed into the slice, and 
let the velocity at x + Ax be v+ du and pointed away from the slice. The height 
H +4 of the slice will change by Ay during an interval At due to more liquid 
flowing into the slice than leaving the slice. Show the following relation: 


(b) 
(c) 


In the infinitesimal limit this equation will become the following differential 
equation: 


dv 1 dy 


dx H dt’ 
(d) Let dy/dt at the right wall, ie. when x = L/2, be denoted by dy,,/dt. Find 
dy/dt in the equation in terms of x of the slice and speed of the movement at 


the edge dy,,/dt. 


(e) Show that 
@) = 00) - = Be 
vx) = 00) — FF 
With v(L/2) = 0 we get 
L dyy 
so= == 

4H dt 
(f) Write an expression for the kinetic energy of the fluid between x and x + Ax. 
(g) Show that the kinetic energy of the fluid at an arbitrary instant will be 


_ 1 pbL? 
- 60 H 


dw 
dt 


. 
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Fig. 2.25 Exercise 2.14. 
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Fig. 2.26 Exercise 2.14. 
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(h) Based on the expression of the total energy, deduce the frequency of 


oscillations. 
Note: An exact calculation will involve the water wave on the surface of the tank, 
 O; which gives a frequency of f = /gH/2L. 


(2.15) The Kater’s pendulum consists of a long metallic rod R with a slidable weight on 
the rod, as shown in Fig. 2.27. The pendulum has two knife edges at two ends that 
q are used to suspend the pendulum from a support, with a hole over which the knife 
edge rests. By adjusting the pivot points and the mass distribution over the rod, it 
is possible to obtain a configuration such that the time periods of oscillations about 
y the two suspension points O; and O, are equal. Let k be the radius of gyration of 
the pendulum and /; and /, be the distances from the center of gravity to the sus- 
l, pensions O; and QO, respectively. Let 7, and 7> be the time periods of oscillations 
when Kater’s pendulum is hung from knife edges O; and O; respectively. 
Oz (a) Find the time periods 7; and 7> in terms of /,, k, g, and h. 


(b) Prove that when the time periods are equal, the period is given by T = an/t 5 
where L = J; + h, the distance between the two knife edges. 
(2.16) The potential energy of a particle of mass m moving along the x-axis is given as 
U(x) = ax(x- 1), where a is a constant. 
(a) Find the location of the minimum of the potential energy function. 
(b) Find the angular frequency of oscillation about the minimum of the potential. 
(d) Are there any restrictions on the displacement for the particle to oscillate about 


Fig. 2.27 Exercise 2.15. 


the minimum? Explain. 
(2.17) A block of mass m is attached to a spring with spring constant k. When the block 
moves there is a drag force on the block whose magnitude is equal to bv, where b is 
a constant and v is the velocity of the block. Decide what type of damping is in the 
following systems: 
(a) m=0.2kg,k=10N/m, b= 6kg/s, 
(b) m=0.2 kg, k= 20 N/m, b= 8 kg/s, 
(c) m=0.8kg, k = 32 N/m, b= 8 kg/s, 
(d) m=0.8kg, k= 80 N/m, b= 16 kg/s. 
(2.18) If x(@O) = 1, and v,(0) = 0 for the systems in problem (2.17), find x(4) for each 
block. 
(2.19) Find the OQ factor for the following underdamped oscillators. Here x is in cm and t 
in sec: 
(a) x(t) = 2exp (-0.12) cos(271), 
(b) x(t) = 2 exp (-0.022) cos(2), 
(c) x(t) = 2 exp (-0.252) cos(2007 2), 
(d) x(2) = 2exp -0.015#) cos (200021 + 3). 
(2.20) The position of a 250 g lightly damped oscillator is given by the following function 
of time, x(t) = 2 exp (-0.12) cos(27t), where ¢ is in seconds and x in meters. 
(a) Plot x versus ¢. 
(b) How long does it take for the envelope of oscillations to drop by +? 
(c) How long does it take for the envelope to drop by a factor 5? 
(d) What is the QO factor of the oscillator? 
(e) What is the rate in J/s at which the energy of the oscillator is dissipated at t = 0? 
(f) What is the frequency of oscillations? 
(g) How many oscillations will the oscillator make before 90% of the energy is 
dissipated? 


Fig. 2.28 Exercise 2.22. 


(2.21) The displacements of two oscillators are given by x; = 2cos(2mt) and x2 = 
2e°! cos(2m1). 


(2.22) 


(2.23) 


(a) 
(b) 
(<) 


Plot x; on the x-axis and dx;/dt on the y-axis for ¢ = [0, 5]. 
Plot x2 on the x-axis and dx2/dt on the y-axis for ¢ = [0, 5]. 
Compare the plots. 


Consider the graph shown in Fig. 2.28 of the displacement x of an oscillator 


subject to a viscous damping force, where the dashed line is the exponentially 


decaying envelope. You will deduce various properties of the oscillator from this 


“simulation” data. 


(a) 
(b) 
(c) 


(d) 


What is the approximate value of the period of oscillations? 

What is the approximate value of I of the oscillator? 

What is the QO of the oscillator? State any approximations you may have made 
to get the numerical value of Q. 

How much time would elapse for the energy to decay to a value that is 4 of 
the initial value? State why is this value not equal to the time it takes for the 


amplitude of the oscillations of x to decay to i of the initial value? 


A rectangular block of mass m is suspended from a support by a spring with spring 
constant k. The block with area of cross-section A at the bottom is then partially 
submerged in a fluid of density p, as shown in Fig. 2.29. The block is in equilibrium 
when a height / of the block is under the fluid. When the block is pushed into the 
fluid further by a small amount and released, it is found to oscillate. 


(a) 
(b) 


Assuming no loss of energy in the drag or friction, find the period of oscillation. 
If the drag force on the block is given by —bv, where v is the vertical component 
of the velocity and 6 is a constant, what would be the frequency of oscillations 
in the case of under-damped oscillations? 


Fig. 2.29 Exercise 2.23. 
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Fig. 3.1 Some normal modes of guitar 
strings. In each normal mode every particle 
of the string vibrates up and down with the 
same frequency. 


Coupled Oscillations—Two 
Degrees of Freedom 


Chapter Goals 


In this chapter we will start our study of the motion of coupled systems with simple 
systems in which only two bodies are coupled. You will learn how to find normal modes 
and how to use the normal modes to study arbitrary motion. 


In the last chapter we laid the foundation for studying oscillations of a body with a single 
degree of freedom. We found that there is a natural frequency at which the body oscillates. 
This fundamental observation that there are natural frequencies, also called normal mode 
frequencies, at which a body oscillates is also true for more realistic systems that have many 
degrees of freedom. 

For instance, when you pluck a guitar string just right, the string can be made to vibrate 
at a particular note or frequency. They are normal modes of the plucked string. The con- 
figuration of the string for some of the lower frequency modes are illustrated in Fig. 3.1. An 
arbitrary vibration of a guitar string is more complicated than these normal modes but we 
will find that they can be understood as a superposition of these normal modes. 

The analysis of oscillations in a coupled system of two or more bodies relies on the 
method of normal modes. In this chapter we will use simple examples in which we can 
explore the discovery and usage of normal modes for understanding the complete dynamics 
of such systems. A good understanding of normal modes in two-variable systems will help 
us generalize the analysis to more complicated systems, which we will take up in the next 
chapter. 


3.1 


Many important physical systems involve two or more variables whose dynamics are 
coupled in the sense that the dynamics of one variable affects the dynamics of the oth- 
ers. Figure 3.2 illustrates some coupled systems in which two oscillators, each with one 
dynamical variable, are coupled. 

The equations of motion of the dynamical variables in all three systems shown in the 
figure have the following linear form: 
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a 
— =ax4+bxpz, (3.1) 
a 
a =cxgtdxp, (3.2) 


A First Course in Vibrations and Waves. First Edition. Mohammad Samiullah. 
© Mohammad Samiullah 2015. Published in 2015 by Oxford University Press. 


(b) 


Xa XB 


Equilibrium Equilibrium 


(<) 


ma 


Equilibrium Equilibrium 


for some constants a, b, c, and d. Here 6 and c arise due to the coupling of x4 and xg. Note 
that a < 0 andd < 0 so that in the absence of coupling the two system are independently 
oscillatory. These systems are called linear systems since every term in their dynamical 
equations has only one power of a dynamical variable. 

The solution of the equations of motion of linear systems can be written as a superpos- 
ition of special solutions, called normal modes or simply modes. A system has as many 
normal modes as there are degrees of freedom in the system. For each system displayed 
in Fig. 3.2 there are two normal modes. It is often possible to guess the normal modes by 
utilizing fundamental characteristics of normal modes which I will illustrate in the following 
section for the coupled pendulums system in Fig. 3.2(a). But for now, I will list the special 
features of normal modes. 


(1) Ina normal mode all oscillators oscillate with the same frequency, which is one of 
the normal mode frequencies of the system. 

(2) In a normal mode the ratios of the amplitudes of different oscillators remain 
constant with time. 

(3) Ina normal mode the motions of different oscillators have either the same phase 
or the opposite phase. Suppose you have two normal modes in the system with 
amplitudes x4 and xg. Then, in one of the normal modes both xy and xg will be 
positive or both negative, and in the other normal mode one will be positive and 
the other negative. 


(4) There are as many normal modes as there are degrees of freedom in the system. 


3.2 Two Coupled Pendulums 


As an example of coupled systems, consider identical pendulums of mass m and length / 
coupled by a spring with spring constant k, as in Fig. 3.3. The displacement of a pendulum 
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Fig. 3.2 Examples of coupled systems with 
two degrees of freedom. (a) Two pendulums 
coupled by a spring, (b) two pendulums cou- 
pled by a suspension point of one pendulum 
controlled by the motion of the other pendu- 
lum, (c) two mass/spring systems coupled by a 
spring between them. 
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Fig. 3.3. Small oscillations of coupled pen- 
dulums. Separately, the two pendulums os- 
cillate at their natural frequencies. When the 
two pendulums are coupled by attaching the 
coupling spring between them, the “natural 
frequencies” would now be the normal mode 
frequencies which we will work out in this 
section. In small angle approximation, we 
will ignore the vertical displacements of the 
pendulums. 


is usually studied by the angle that the string makes with the vertical, but here, we will use 
the x-coordinate of the bobs instead since this is more directly related to the change in the 
length of the coupling spring. You may wish to check that, for small angles, the x-coordinate 
and the angle 6 of a pendulum are related by the arclength-angle formula 


x= 16. 


We will denote the displacements of the two bobs by x, and xz. In this section we will first 
work out the normal modes and then use them to obtain the general solution in detail so 
that we will have a good understanding of the various concepts involved and how to work 
out the calculations. 

Recall from the last chapter that when a pendulum is not coupled it will oscillate at the 
free pendulum frequency given by 


wy = Ve/l. (3.3) 


In the system of Fig. 3.3, the two pendulums are coupled by the spring. When the spring is 
not there, each will oscillate at this natural frequency wo. With the coupling spring between 
the pendulums we expect that the motion of one bob will affect the motion of the other. For 
brevity in writing formulas and equations below, we will introduce another frequency-like 
parameter associated with the coupling, 


O, = VR/m. (3.4) 


Note the notation for frequencies here—we are not using wo for ./k/m, but for ./g/I, since 
the latter is the natural frequency of the uncoupled system. We will use this general guide 
for notation when deciding which frequency we denote by a. 

It turns out that, if you start the pendulums in special ways, which will be described 
more fully below, then the two pendulums oscillate at the same frequency. There are two 
special frequencies in this system. In one of the two modes, the two bobs move together in 
the same direction, and in the other, the two move in opposite directions. Now, it is possible 
to look for these special motions using a brute force systematic procedure starting from the 
equations of motion of the two pendulums, but it is also instructive to see if we can guess 
these modes based on intuition and symmetry. We will do the systematic procedure after we 
first have some practice with the guessing. 


3.2.1 Guessing the Normal Modes 


Sometimes it is possible to guess the normal modes if there are enough symmetries in the 
system. Based on our guess, we can work out not only the motion of each of the bobs in the 
modes but also their corresponding frequencies. 


Lower Frequency Mode 


Suppose you pull the two masses by an equal amount in the same direction and then let 
go of them from rest, as shown in Fig. 3.4. Since you don’t stretch or compress the spring, 
the two pendulums should move independently thereafter. That is, we should see the two 
masses move by the same amount and in phase with each other, as illustrated in the figure, 
with the connecting spring remaining undisturbed. 

The frequency of the mode is just the frequency of either of the two pendulums without 
the spring attachment. We will label the modes by the mode number and denote the mode 
frequencies by a subscript, e.g. w; for the (angular) frequency for mode 1, and w2 for 


\ (mode 1) \ (mode 1) 
\ i \. — 
\o comm -8 =0 k 
_@ amm-® 
XA 
7 rr i 
(mode 1) | (mode »/ 


lv, =0 lvp =0 
v4 UB X4 XB 


mode 2. For the mode just described, we have the frequency equal to the natural frequency 
when not coupled, 


Frequency of mode 1: @ = @ = Vg/l. 


Additionally, we will denote the displacements of the two bobs when they are moving in 
a particular mode by attaching the mode number to their symbols, e.g. x41 and xg for 
the displacements of bobs A and B, respectively, when they are in mode 1. Let the initial 
displacements of the two masses be C, then the initial conditions for Fig. 3.4 would be 


d. d. 
xa(0) = C, xp(0) = C, ( 4) =0, ( 2) =0. 
dt t=0 dt t=0 


For this initial condition, the displacements of the two bobs would all be cosines, 


x41 (t) = Ccos(@;t), xpi (t) = Ccos(a@;2). (3.5) 


Can you figure out why sines are missing? [Hint: check the initial velocity.] These expres- 


sions for the displacements give the correct phases of the two pendulums: they move in syne 
with each other and oscillate with the same frequency. 


Upper Frequency Mode 


The second normal mode of the coupled pendulum system can be excited if you pull the 
two masses to equal distance from the equilibrium but in the opposite direction and then let 
go from rest, as shown in Fig. 3.5. In this mode the masses oscillate with the same frequency 
but in opposite directions with respect to each other. 

We can figure out the frequency of this mode by examining the equation of motion of 
either of the two masses, since they both oscillate at the same frequency. For our work we will 
choose bob B, the mass to the right. You are encouraged to carry out a similar calculation 
on bob A. The forces on B are the tension, weight, and spring force, as shown in Fig. 3.6. 

The spring force will be proportional to the change in the length of the spring, which is 


given by |xg—x,]|. In this mode we have xg = —x4. 
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Fig. 3.4 The lower-frequency mode of two 
coupled pendulums with equal mass and 
length. When the pendulum bobs are dis- 
placed to the same amount in the same direc- 
tion and let go from rest, the two bobs oscillate 
with the same frequency and phase. 
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Fig. 3.5 The upper frequency mode of two 
coupled pendulums with equal mass and 
equal length. When the pendulum bobs are 
displaced to the same amount in the oppos- 
ite direction and let go from rest, the two bobs 
oscillate with the same frequency and opposite 
phase. 


| (mode 2) 
/ (xp = x4) 


Fig. 3.6 The forces on the mass on the right 
are the tension in the string, the weight of 
the bob, and the spring force. At the instant 
shown in the figure, the spring 1s stretched 
by 2xp, therefore the magnitude of the spring 
force is 2kxp. 
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That means that the change in the length of the spring at any instant is 2|xg|. Therefore, 
the magnitude of the spring force would be 2k|xg|. Now, putting in the sign so that when 
the spring is stretched, the bob B is pulled towards the negative x-axis, we will get the 
following for the x-component of the spring force on this bob: 

Fy = —2kxp. (3.6) 
In the small angle approximation the vertical component of the tension is approximately 
equal to the magnitude of the tension. In this approximation, we also ignore the vertical com- 
ponent of the acceleration. Thus, in the small angle approximation, we get the magnitude 
of tension equal to the weight of the bob, 


Tp © mg. 
Now, the x-component of the tension equals 


Tp, = -Tp — =-— xp. 3.7) 


Using Eqs. 3.6 and 3.7 in F = ma for this bob, we get the x-component of equation of 
motion to be 


We now divide both sides by m and write the constants in terms of wo and w,, previously 
defined. Then, the equation of motion can be written as 
@xp 
dt? 


=-(a5 + 2 w?) XB. 


This equation is the same as the equation of a harmonic oscillator with frequency 
op +22. Therefore, we obtain the frequency of the second mode, w2, 


Frequency of mode 2: 2 = Vor +202, 


which we can write down in terms of the original physical parameters / and m, as 


| k 
Frequency of mode 2: @2 = 7 +2—. 
m 


The displacements of the two bobs when moving in this mode, x42, and xg2 that conform 
to the condition x4(0) = —D, xg(0) = +D, and velocities zero at t = 0 can also be obtained 
readily with the following result: 


x42(t) = -—Dcos(@2t), xg2(t) = +Dcos(a2t). (3.8) 


Here, we gave a different initial amplitude for mode 2 than for mode 1 since they are inde- 
pendent experiments. With these x4 and xg the two pendulums move in opposite directions 
and oscillate at frequency w2. The following is a summary of the two normal modes we 
found for the coupled pendulums with equal mass and the same length. 


Mode 1: Frequency, @; = wo; (3.9) 
Displacements, x4; = Ccos(@,f), xp, = Ccos(a@;2), (3.10) 
Initial conditions: x4; (0) = C = xg; (0), v4, (0) = 0 = vg1 (0), (3.11) 
Mode 2: Frequency, 2 = ,/@? + 202, (3.12) 
Displacements, x42 = Dcos(w2t), xg2 = —Dcos(a@2), (3.13) 


Initial conditions: x42(0) = —D, xg2(0) = D, v42(0) = 0 = vp2(0). (3.14) 


3.2.2 General Motion Using Normal Coordinates 


The equations of motion of the two pendulums can be readily obtained by examining the 
forces on the bobs. First, note that the difference |xg —x,| gives the change in the length 
of the spring, therefore, the spring force will have magnitude k| xp -x,4|. Making use of the 
directions of the spring force and the x-component of the tension in the strings, we obtain 
the following equations of motion: 


ax, 2 2 

m i = -Mw XA — Mw; (x4 — XB)> (3.15) 
a 

m — = muon Xxp mo? (xp XA4)5 (3.16) 


where wp = g// and wo = k/m, as previously introduced. Dividing by m and rearranging 
terms we get 


ax, 


ia (a) + w2)x4 + w2xp, (3.17) 
ax 
ms = (a t w2) xp w2x4. (3.18) 


It is hard to solve these two interdependent equations without some special trick. The nor- 
mal mode provides just such a trick. Let us construct two new variables g; (t) and q2(1) from 
weighing x4 and xz by the ratio of the coefficients in the two normal modes, 
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qi = X4 + (ratio of amplitudes of xg to x4 in mode 1) xz, (3.19) 


q2 = x4 + (ratio of amplitudes of xg to x4 in mode 2) xz. (3.20) 


In mode 1, the amplitudes are in a 1 : 1 ratio and in mode 2 the amplitudes are 1 : -1. 
Therefore, we introduce composite variables q(t) and qg2(t) here by 


MN =X4at XBy (3.21) 
q2 = XA— XB. (3.22) 


The variables q; and q2 are called normal coordinates. Note that particular expression of 
qi and q2 in terms of x4 and xg will depend upon the details of the given problem since the 
coefficients come from the normal modes. Warning: You cannot use Eqs. 3.21 and 3.22 as 
a general definition of q1 and g2; for each system, you will have to work out the ratios of 
amplitudes in the modes first, and then use Eqs. 3.19 and 3.20 to obtain g; and q2 for that 
system. 

Now, we take two derivatives of g; and q2 and replace the second derivatives of x4 and xg 
using the equation of motion, Eqs. 3.17 and 3.18, 


dqy = dx4 4. a’ xp 
de dt? dt? 


= (a + w;) x4 + @2 xp — (wh + 2) xp + 02% 


= 0 (x4 + Xp) = -w5d15 (3.23) 
ad qn - d*x4 d*xp 
de de® de 
- (a + w;) x4t wo XB + (we + w2) xB - w?X4 


(we + 22) (x4 —xp) = —(@2 + 2?)qo. (3.24) 


This is amazing; how various terms have conspired and given us one equation for gq, and 
another for q2! Unlike the equations of motion for x4 and xg, which are inter-dependent, 
the equations for q, and gz are independent. We say that while x4 and xg were coupled, q; 
and q2 are decoupled. The variable q, obeys a harmonic oscillator equation of motion with 
the frequency of mode 1 and the variable g2 of mode 2, 


aq, 2 

ae = 1415 (3.25) 
d?qo 

ae = -05,42. (3.26) 


Now, you can appreciate why the variables g, and q2 are called normal coordinates: these 
variables oscillate at the normal mode frequencies. Since g; and q2 are not coupled, a change 
in one does not affect the other. The general solutions of Eqs. 3.25 and 3.26 are easy to write 
down from our studies is the last chapter, 


q(t) = Cy cos(@1 2) + S; sin@12), or, A; cos(@1t— $1); (3.27) 
q(t) = C2 cos(@2t) + S2 sin(@22), or, Az cos(wzt — ¢2). (3.28) 
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Here the coefficients C,, S,, C2, and S2 (or, alternatively A;, 6,, A2, 2) are determined by 
the initial conditions on the oscillators. For instance, 


If velocities are zero att =O: S,; =0, Sp, =0. 
Then, the solution will have only the cosine terms, 
q(t) = C; cos(w 2), 
q2(t) = C2 cos(wat). 
To appreciate the use of g; and q2, note that you can set up any problem in x, and xg 
or q; and g2. But the calculations using g, and q2 will be far easier since we can work on 


them independently. Once we have found g; and q2, we can obtain x4 and xz by inverting 
Eqs. 3.21 and 3.22, 


+ 

x4 = Se (3.29) 
2 

ig a (3.30) 


Using the general solutions of g; and q2, the original coordinates x, and have the following 
general solutions: 


1 
x4= 5 [C, cos(@,1) + S; sin(@;,2) + Cz cos(w21) + S2 sin(@22)] (3.31) 


1 
xB = 3 [C, cos(@,t) + S; sin(@;,1) — C2 cos(w2t) — S2 sin(w21)] . (3.32) 


Alternatively, the general solution could be written in terms of the amplitudes and phases of 
each mode as 


x4 = A; cos(@,t— $,) + Az cos(w2t - d2); (3.33) 
xB = A, cos(@,t- $1) — A2 cos(w2t— d2). (3.34) 


In this form, the constants A, ¢;, A2, ¢2 are determined from the initial conditions. The 
sign multiplying A2 in the second equation has come from the mode amplitude ratios. In a 
general motion of degrees of freedom without any symmetry you would get the mode ratios 
B/A having more factors than just +1 or -1. The general solution will use these ratios and 
will be given by 


x4 = Aj cos(@,t— $1) + Az cos(w2t — 2), (3.35) 


B B 
xp = [Fz] A, cos(@1t- 1) + [=] A> c0s(@2t — $2). (3.36) 
1 Jmode 1 2 Imode 2 


Here B,/A, and B2/A2 are already known from the normal modes and the only things that 
need fixing from initial conditions are the constants in the first equation. 
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Example 3.1 Motion Started With Zero Velocity 


A two-coupled pendulum system has normal frequencies 2 rad/s and 3 rad/s. The pendulums are started with the following initial 
conditions: 


1 
x4(0) =1, xp(0) = 3 va(0) = 0, vp(0) = 0. 
Find x4(t) and xg(t). 


Solution 


Since the initial conditions do not correspond to any of the normal modes, let us convert these conditions to conditions on normal 
coordinates. We get 


1 3 1 1 
qi) = x4(0) + xg(0) = 1+ me tise q2(0) = x4(0) —xp(0) = 1- eo 


d d 
(4). = v4(0) + vp(0) = 0, (2) = v4(0) - vp (0) = 0. 


The solution of the normal coordinates for zero velocities for these coordinates has only cosines with an argument corresponding to 
the normal mode frequencies, 


1 @ = Cy cos(2t), g(t) = Cz cosGr). 


Now, using the initial conditions we obtain the following conditions on the coefficients: 


ee Goi 
Vo 5? 25° 


Therefore, we have the normal coordinates with all the initial conditions satisfied, 
3 1 
q(t) = 5 cos(2t), q2(t) = 5 cos(3t). 


It is trivial to get back x4 and xg from these normal coordinates, 


+ 3 1 

x4 = a 5 ee q cos(2t) + 4 cos(32), 
- 3 1 

xB= EL 5 ee mt cos(2t) Pi cos(32). 


Example 3.2 Motion Started With Non-zero Velocity 


A two-coupled pendulum system has normal frequencies 2 rad/s and 3 rad/s. The pendulums are started with the following initial 
conditions: 


x4(0) = 1, xp(0) =0, v4(0) = 0, vp(0) = 2. 
We will suppress units in our calculations. Find x4(¢) and xg(t). 


Solution 


Just as in the last example, the given initial condition does not correspond to an initial condition that leads to motion in only one 
of the modes. Therefore, we will proceed by using normal coordinates. We start with obtaining the initial conditions for q, and q2 
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based on the initial conditions on x4 and xg given in the problem statement, 


q(0) = x4(0) + xp(0) = 1, 92(0) = x4(0) — xp (0) = 1, 


aay = v4(0) + vg (0) = 2, dt = v4(0) — vp(0) = -2. 
dt },-9 at J ,<0 

ga @ = C; cos(22) + S; sin(2t), q2(t) = C2 cos(32) + S2 sin(32). 
Now, using the initial conditions on q; and q2 we obtain the following conditions on the coefficients: 


1=C;), 1=C), 2=28;, -2 = 38). 


Therefore, we have the normal coordinates with all the initial conditions satisfied, 
. 2. 
qa (@ = cos(2t) + sin(24), g2(t) = cos(3h) - 3 sin(3t). 


It is trivial to get back x4 and xg from these normal coordinates, 


+ 1 2 

x4 = ieee Ce cos(2t) + sin(2t) + cos(3) sin(32) |, 
2 2 3 
- 1 2 

xB= a = = 5 [cose + sin(2t) — cos(3t) 4 3 sin) 


Now, both q; and q2 have initial velocities. Therefore, we will have both cosine and sine in their solution, 


3.3 Systematic Method for Normal Modes 


The problem of coupled pendulums has illustrated the central role played by normal modes 
when we want to study the dynamics. The problem is stated in the physical variables such 
as x4 and xg of the two coupled pendulums we have studied above. In a coupled system, 
this leads to inter-dependent equations which are difficult to solve directly. We have solved 
the problem of coupled oscillators indirectly by first casting the problem in terms of the 
normal coordinates and then extracting the information about the original coordinates from 
the solution in terms of normal coordinates. To implement the normal coordinate route we 
need information about normal modes of the system. 

That means the crucial first step in solving coupled systems is to figure out the normal 
modes. We need both the frequencies of the normal modes and the relative amplitudes and 
signs for the displacements in each mode. In Examples 3.1 and 3.2 we guessed the normal 
modes using our intuition based on the symmetry in the systems. That is not always possible. 
Therefore, we seek a more systematic approach. I will illustrate the systematic approach by 
working out the normal modes and normal coordinates of a classic system called the double 
pendulum. 


3.3.1 The Double Pendulum 


A double pendulum has one pendulum hanging from another pendulum, as shown in 
Fig. 3.7. The figure also shows the free-body diagrams of the two bobs. 
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Fig. 3.7 The double pendulum. The second 
pendulum is tied to the bob of the first pen- 
dulum. The free-body diagram of the forces is 
shown on the right side, where T4 and Tp are 
the tensions in the two strings. In the text, we 


use m4 mB m, 14 lp 1, and the 
small-angle approximation, sin(0) © 0. 


m4g TR mpg 


Before we even do the problem, you should try to guess at least one normal mode of this 
problem. [Hint: in one mode they move together and in the other they move in opposite 
directions.] You can check whether your guess was right when I work out the normal modes 
below. 

For simplicity, let the motion of the pendulum bobs be restricted to the same plane, their 
masses be equal, m4 = mg = m, and the length of the pendulums also be equal, /4 = Jp = I. 
We assume small angles for the pendulums, and work out the x- and y-components of 
Newton’s equations of motion of the two bobs. Let x4 and xg be the x-coordinates of the 
two bobs, and yy and vz be their y-coordinates at some arbitrary time ¢. 

The free-body diagrams of the forces on the two bobs, as given in Fig. 3.7, can be used 
to deduce their equations of motion. We find that the x- and y-components of the equation 
of motion for the bob A in the small-angle approximation are given as follows: 


dx4 XA (xB - Xa) 
=-T, + T; P 3.37 
ma 45 a (3.37) 
aya _ 
ma = T4-mg—Tp. (3.38) 


Similarly, x- and y-components of the equation of motion for the bob B in the small-angle 
approximation are found to be 


dx (xB - Xa) 

Mag Te 7% (3.39) 
a yp 

m 77 = Tgp-meg. (3.40) 


In the small-angle approximation, the y-displacements are considerably smaller than the 
x-displacements, and we can make the following assertions: 


dy, 

5 3.41 
de Ks (3.41) 
d’ yp 
— ; 3.42 
am <* (3.42) 


That is, we can neglect the y-acceleration of the masses compared to the acceleration due 
to gravity. With this assumption, we find that the tensions in the strings simplify: 


T4 = 2mg, (3.43) 


Tp = mg. (3.44) 


Using these relations you can arrive at the following equations of motion in the small 
oscillation approximation: 


d@2 

7 = -3w2x4 + o2xp, (3.45) 
dxp 

re = woXA - DXB; (3.46) 


where 


wo = V/I/g. 


At this point in the solution we are not concerned with satisfying any initial conditions, 
but rather, we wish to determine only the frequencies of the normal modes and the ampli- 
tude ratios of the displacements in each mode. Once we have this information, we can build 
the most general solution in terms of the normal coordinates and satisfy any initial condition 
of the system that we like, as previously explained. 

To start the process, we note the following fundamental characteristic of a normal mode: 


In a normal mode all particles oscillate at the same frequency. 


Therefore, in a normal mode both xy and xg will oscillate with some (as of this point un- 
known) frequency w. They may oscillate with different phase and different amplitude, but 
their frequency will be same. We then seek a solution of Eqs. 3.45 and 3.46 that has the 
following form: 


x4 = Acos(wt), (3.47) 


xp = Bcos(t). (3.48) 
A more general calculation that works, even for damped systems, starts with a complex 
exponential time part, 


x4 = Ae, (3.49) 


xp = Be’. (3.50) 
Since we will be working here with undamped cases, we will use the cosine and do our 
calculations with real functions only. The question now is: are there A, B, w for which 
Eqs. 3.45 and 3.46 can be satisfied? Let us plug these assumed forms of x4 and xg into 
Eqs. 3.45 and 3.46 and see what happens. After canceling out the common factor of cos(wt) 
we find 


-—w’A =-30,A + w2B, 3.51) 


—w’B = w2A-wB. (3.52) 


Note that if A is zero, then B must be zero, and vice versa, which would be a trivial solution 
of these algebraic equations. We are not after this solution and will ignore this possibility. 
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Now, note that we have two equations in three unknowns, A, B, w. Therefore, we cannot 
get all three of them. However, we really do not need all three to construct the normal 
coordinates. We just need w and B/A for each mode, which we can get from these equations. 
Dividing by A and rearranging, we get two different expressions for B/A, one from each 
equation, 


Bo 3a@2-w? 

ane. ox) 
0 

B op 

A” aha ate 


For these two equations to be consistent, the right sides must be equal to each other. This 
gives a condition on the unknown a, 


This gives 


which has two solutions, 


‘Taking square roots will again result in two solutions of each, but only the positive root 
is the physical solution since w, and w2 are positive frequencies. Thus, we find that w in 
the assumed solution of Eqs. 3.47 and 3.48 has two possibilities—these are the two normal 


mode frequencies, 
1 = oy V2-V2, (3.55) 


2 = oy ¥2+ V2. (3.56) 


How about B/A? Equations 3.53 and 3.54 tell us that B/A depends upon w. Therefore, for 
each allowed a, that is, for each normal mode frequency, we will get a particular B/A, which 
we will label with the mode number. Thus, 


B 3 Dy xy aD 

When in mode 1, w = on( ) seo eed =14+¥V2, (3.57) 
A}, Or 
B 2 De i De 

When in mode 2, w = a, ( ) pias! 5 ee a, (3.58) 
A}, ai) 


Clearly, one simple way to start mode 1 motion will be to pull the two pendulum bobs to 
the right, with xg being 1 + s/2 times larger than x,4, and releasing them from rest. To start 
mode 2 motion we will pull them in opposite directions by different amounts: if x4 is one 
unit of distance to the right from vertical, then xg will be /2 —1 unit to the left of the 
vertical, and then releasing them at rest. The modes of the double pendulum are shown 
in Fig. 3.8. 


Mode 1 


3.3.2 Summary of Steps for Obtaining 


Normal Modes 


The following steps summarize the general approach to solving coupled systems. 


Q) 


(2) 
(3) 


Identify the dynamical variables. These are the variables that are appropriate for 
following the displacement of the system from equilibrium. 


Deduce the equations of motion for the dynamical variables. 


Search for the normal modes by assuming that every variable oscillates with the 
same frequency and same phase constant (modulo z radians), even though we do 
not know the specific values of the common frequency or the relative phases or 
amplitudes at this point of the calculation. We do this by assuming a form of the 
normal mode solution, 


x4(t) = A cos(wt), (3.59) 
xp(t) = B cos(at), (3.60) 


where the relative sign of the constants A and B could be different, i.e. A and B 
both positive or both negative, or, A positive and B negative, or vice versa. 

For damped motions the damping term involves only one derivative of x with 
respect to t. This results in both cosine and sine in the equation and you cannot 
cancel out cosines from every term. Therefore, when dealing with damped systems, 
it is better to work with the complex representation in which cosine is replaced by 
a complex exponential, 


xa(t) =Ae, xp(t) = Bel. 


Since we will study the undamped motion here we will stay with the cosine 
representation. 
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Fig. 3.8 The modes of the double pendulum. 


84 


Coupled Oscillations— Two Degrees of Freedom 


(4) We input the assumed solution form Eqs. 3.59 and 3.60 into the equations of mo- 
tion and cancel out the common factor cos(wt). This gives two equations in three 
unknowns, A, B, and w. 


(5) These equations are solved for possible values of w. These are the normal mode 
frequencies. 


(6) For each allowed value of w, we find the ratio of the amplitudes B/A. If B/A is 
positive, then the two masses move in the same direction, and if B/A is negative, 


then they move in the opposite direction. 


Example 3.3 Normal Modes and Normal Coordinates 


A coupled system of two oscillators has the following equations of motion: 


Pay PB 

qe AT XB qe. + Xa. 

(a) Find the normal modes. (b) Write normal coordinates and show that the equations 
of motion of normal coordinates are decoupled. 


Solution 
(a) We start with assuming the following form for x4 and xp: 
x4 = Acos(wt), xg = Bcos(at). 


When we use these in the given equations of motion we get the following equation, 
after canceling out the common factor of cos(wt): 


-w°A=-9A+B, -w B=-9B+ A. 
This gives two expressions for B/A, which must be equal to each other, 


B 2 1 
= t+9= : 3.61 
A - -w? +9 ( ) 


Therefore, 


-w? +9=H41, 
This gives the following for the squares of the two normal frequencies: 
wo; = 8, w5 = 10. 
Keeping the positive root only, we obtain the frequencies of the normal modes, 
@, = 2V2, @2 = 10. 
From Eq. 3.61 we get the amplitude ratios corresponding to the two modes, 
(B/A), =-o7 +9=1, (B/A), =-03 +9 = -1. 
(b) Using B/A of each mode we have the following normal coordinates: 


M1 =XaAt xB, 92 =XA- XB. 


‘Taking two derivatives and using the equations of motion gives the following: 


dqy ax, dxp 9 9 
= t = x4 + X, XB t+ xX. 
de d@ de Gin te San 


= -8(x4 + xp) = 8415 


a qo _ xy, axz 
dt? dt? dt? 


=-9x4+xpt9xp-—x4 


= -10(x4 = xB) = -10q2. 
Recapping, we find the equations for gq, and gz are decoupled, 


a @ 
Ne Bai) = 10g, 


3.4 Matrix Methods 


We have seen that normal coordinates play a pivot role in solving the equations of motion of 
a coupled system. The way we got the normal coordinates from normal modes was not ex- 
plained. I claimed that if you superpose the regular coordinates with appropriate weighting 
coefficients you would get normal coordinates in which equations decouple. Matrix methods 
provide another way of obtaining normal coordinates and normal mode frequencies. 


3.4.1 Ejigenvectors and Eigenvalues 


To illustrate the matrix method for finding the normal coordinates let us work out the ex- 
ample of the coupled pendulum once again. Recall that the equations of motion of the 
dynamical variables x4 and xg for this system are 


axa aN?) 2 

ae (wo + @2) x4 + WF xB; (3.62) 
da 

7 = w2x4 —(w% + 02) xp. (3.63) 


To deduce the normal coordinates, we demand that both x4 and x z oscillate with the same 
frequency w in a normal mode and assume the following form for x4 and xg when in a 
normal mode: 


x4 = C; cos(wt), : 
(when in a normal mode) (3.64) 
xp = C2 cos(wt). 


This assumed form of the solution transforms the equations of motion into two algebraic 
equations, 


@, +.@,2) C, -—w? C2 = w* Cy, (3.65) 
( 0 Cc 


— 7 Cy + (w5 + a7) Cz = w? Cp. (3.66) 
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We can write these equations in the matrix notation as 


2 2 2, 
Wp + W 0% Cr] 2] GC 
es we + wall a ee Cr : en 


We usually write the square matrix on the left as A, the column matrix of C’s as vector x, 
and w? as A, 


(3.68) 


The allowed values of A are called the eigenvalues of the matrix A and the corresponding x 
the eigenvectors of A. This equation is also called the eigenvalue/eigenvector equation. 
Here, the eigenvalues give the square of the normal mode frequencies and the eigenvectors 
give the coefficients Cy and C2 in a normal coordinate. Therefore eigenvalues are also called 
eigenfrequencies and eigenvectors are referred to as eigenmodes. 

Bringing Ax to the left side we obtain the following equation: 


(A-AD =0, (3.69) 


where J is a 2 x 2 unit matrix that has 1 along the diagonal and O for the off-diagonal 
entries. For a non trivial solution of this equation, i.e. where both C, and C3 are not zero or 
the vector X is not a null vector, the determinant of the square matrix A —AJ must be zero. 
This gives the following equation called the characteristic equation: 


|A-al| =0, (3.70) 


which yields the following explicit expression for the example above: 


op + a -0 -w? 
2 


2 2 
Ww, Wp + We" — @ 


> |=0 => (ef +02-07) =(02)?. — B.71) 


Solving this equation for w we find the following equation for w?: 


wo = wo +0. Fo. (3.72) 


The minus and plus signs correspond to the two eigenvalues which give the two normal 
mode frequencies w; and w2, 


1 = a2 + @2-@2 = a; (3.73) 
@2 = joe +02 + w2 = joe + 2,2. (3.74) 


Eigenvectors and Ratio of Amplitudes 


We can now work out the eigenvector for each eigenvalue by replacing w in Eq. 3.67 by that 
particular eigenvalue and solving for the C2/Cj ratio. Note that we cannot determine both 


C, and C; since the equations of motion are homogeneous in x4 and xg; we can only get 
their ratio. The column matrix with entries C; and C2 corresponding to each eigenvalue 
represents the eigenvector that goes with that eigenmode, 


Eigenvector : Ct i (3.75) 
C2 


Let us now work out eigenvectors for each eigenmode. 


(1) When we set w = @ in Eq. 3.67 we get 


2 2 2 
@ + W, -W; Qy 2 Cy 
= : 3.76 
Be wm omlbe| ale ci 


which gives us the following equations: 


4g a2 Baie wi 50 
(wp + w2) Cy -@F Cz = wh Ch. 


—02 C, + (a + @2)Cz = wf C2 (3.77) 
They are identical and you can use either to deduce: 


C 

21, (3.78) 
Cy 

Thus, if C; = 1, then C, = 1 also. As a column matrix this eigenvector takes the 

following representation: 


1 
Eigenvector # 1: [* ‘ (3.79) 


Often we write this column vector so that its length is 1. This is called normalizing 
the eigenvector. Recall that the length of a column vector is obtained by multiplying 
the vector with its transpose. Thus, the square of the length / of a vector with 
components a and b is 


P=[a alls =a +P, 


Therefore, the normalized eigenvector corresponding to the eigenvector in Eq. 3.79 
will be 


ie (3.80) 


Normalized Eigenvector # 1 : 


1//2 

The eigenvector can be used to write the normal coordinate gq; in terms of 

x4 and xg. We can get qg; up to an overall factor, which we will set to 1 for simplicity, 
gq = x4 + [(C2/C1) this mode] XB = X4 + XB. 3.81) 


This is the same formula we have obtained above. 
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(2) A similar calculation from putting @ = qm in Eq. 3.67 gives the eigenvector 
corresponding to the eigenvalue wo. 


. . 1/V2 
N lized E tor #2: 3.82 
ormalized Eigenvector E / “| ( ) 
This eigenvector gives the normal coordinate q2 in terms of x4 and xg. 
q2 = X4 + [(C2/C1) this mode] XB = XA — XB. (3.83) 


This is the same formula we have obtained above. 


Example 3.4 Eigenvalues and Eigenvectors 


Find the eigenvalues and eigenvectors of the following matrix: 


Solution 


The eigenvalue/eigenvector equation we try to solve is 


1 1 CQ; = Qy 
I dlal-la] a 


First we determine the eigenvalues from the characteristic equation, Det[A — AI] = 0. In the case of the given matrix A this becomes 


1-A 1 
=0. 
i 3 
This gives 
M=-A-1=0. 


Solving for 4 gives the following values for the two eigenvalues: 


1 V5 1 V5 

De 2 . 

Now, we work out the eigenvectors corresponding to the two eigenvalues by going back to Eq. (3.84). 
Eigenvectors: We set 4 = A; in Eq. 3.84 and solve for the ratio C2/C;, 


: adlal-*[é] 


We get two equations from this equation, both of which will give us the same C2/C,, 


Cy + Cz =A1C), 
Cy =)1,C>. 
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The amplitude ratio is Cz/C, = 1/A,. Therefore, the eigenvector 1 will be 


| 
Eigenvector #1: 2 ; 
L1-v5 
A similar calculation using A = 42 in Eq. 3.84 gives the following for eigenvector #2: 
[ro 
Eigenvector #2: 2 : 
14+/5 


3.5 Longitudinal Vibration Modes 


Longitudinal vibrations are of particular interest in sound and vibrations of solids. The 
particles of air vibrate along the line of the flow of sound when sound passes through air. 
In this section we will study a simple two-mass system connected by springs in which the 
two masses vibrate along the line of the springs. In analogy to sound we will also call these 
vibrations longitudinal vibrations. In a later section we will study the motion of two masses 
when they are displaced perpendicularly to the line of the springs. That motion will be called 
transverse vibration. 

The system we have in mind here is shown in Fig. 3.9, with the motion restricted to the 
straight line joining the masses. You can think of this system as two mass/spring systems, 
one with mass m, and spring ky and the other mass mg and spring kg, coupled by the 
coupling spring ,. 

To simplify the treatment, we will consider the case when m4 = mg = mand the spring 
constants of the springs connected to the supports are equal, k4 = kg = k, while we keep the 
spring constant &, of the coupling spring unrestricted. You should verify that the equations 
of motion of the two masses in terms of the displacement of each mass from its equilibrium 
position will be 


@ 
m 2 kx4 t+ R.(xB-Xa)5 (3.85) 
dt? 
a es ) (3.86) 
m de XB c(XB—- XA). . 
Let us introduce the following frequency parameters: 
k k, 
we, oF =<, (3.87) 
m m 


The frequency wo is the natural frequency of the separate oscillators and w, arises due to 
the coupling. Dividing Eqs. 3.85 and 3.86 by m, we can rewrite the equations of motion 
using these frequencies, 


ax 
= (02 + w2) x4 + w2xp, (3.88) 
a 

= (aj + @2) xp t+ oon. (3.89) 


Equilibrium Equilibrium 


Fig. 3.9 Two masses attached to three 
springs. The dynamical variables are the 
displacements of the two masses from their 
corresponding equilibrium positions. For 
longitudinal oscillations, these variables are 
the x4 and xg shown in the figure. In the 
text we work with the system in which mg = 


mp = mandky=kp= k. 
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Fig. 3.10 Illustration of the two normal 
modes. (a) In mode 1, the masses move in tan- 
dem so that the middle spring in unaffected. 
(b) In mode 2, the masses move in opposite 
directions so that the center of mass remains 
fixed. 


Fig. 3.11 Two masses coupled with a spring 
and connected to supports with springs. The 
displacement of masses m4 and mg in a 
transverse direction from their equilibrium 
positions are denoted by y4 and yp. At 
equilibrium, the length of each spring is l, 
which is larger than the original length 
of the springs Ip. 
x4 = los xXB= 2lp. 


The x-coordinates are 


Mode 1 


Equilibrium Equilibrium 


Equilibrium 


Equilibrium 


These equations are identical to the equations of coupled pendulums, namely Eqs. 3.17 and 
3.18, previously studied. We can just copy the answer from that problem. Therefore, the 
normal mode frequencies and normal coordinates of our current problem will be 


Mode 1: @; =@0, 91 =X4+XB (3.90) 
Mode 2: a2 = Vo +202, go =X4-Xp. (3.91) 


We can display the normal modes by drawing arrows for the displacements. In mode 1, the 
two masses will move an equal distance in the same direction and in mode 2 they will move 
equal distances in the opposite direction, as shown in Fig. 3.10. 


3.6 Transverse Vibrations 


Transverse oscillations of coupled masses are easier to visualize and are important in 
understanding many physical phenomena, such as vibration of strings, ocean waves, and 
electromagnetic waves. Here, by transverse vibrations we mean the vibrations in a direction 
perpendicular to the line of the springs. 

To be concrete, let us consider again the case of two masses joined by a spring. The 
masses are then connected to the supports by two additional springs, one on each side, 
as shown in Fig. 3.11. When the springs are connected to the masses and the support, 
each spring is stretched to length Jp so that the distance between the supports is 3/o. Let 
the original unstretched lengths of the three springs be /o1, /o2, and Jo3 =/o1. Let k, be the 
spring constant of the spring between the masses and k the spring constant of the spring 
connected to the supports. Let (x4,v4) and (xg, vg) be the coordinates of the two masses 
with the origin at the left support. 

For simplicity, we will consider the equal-mass case, m4 = mg = m, as before. It can 
be shown that if the springs are stretched significantly compared to the transverse displacement, 
the transverse motion has a linear restoring force, which leads to a simple harmonic motion in the 
perpendicular direction. Therefore, we will implement the following assumptions to ensure 
that the y force is linear in yy as shown below: 


lya| & |xa-tor|, 
lyp-ya| K |xp-xa-ho|, 


lyB| < |lo1 + oz + 3 — xz]. 


With these assumptions, the y-component of the equations of motion of the two masses are 
given by the following equations: 


d*y4 y 

ma = ket Ya + Reg (YBa) (3.92) 
a’ yp , 

ma = Rett YB — Rese (YB —VA)s (3.93) 


where the effective spring constants are 


lh-| 
hee =k (*), (3.94) 
10) 


In -—k 
Rese = Re (= ] 2). (3.95) 
9 


We leave the derivation of these equations as an exercise for the student. Note that k(/p —J1) 
is the tension in the spring connected to the supports and k,(dy) — J2) the tension in the 
spring connecting the two masses. The equations for the y-coordinates, Eqs. 3.92 and 3.93, 
are identical to the equations of motion for the longitudinal motion, i.e. the motion along the 
line of the springs as given in Eqs. 3.88 and 3.89, if we identify the following frequency-type 
parameters here to the corresponding w9 and @, in the longitudinal case, 


wo = , (3.96) 


[RE 
@, =,{ f. (3.97) 
m 


Using these frequency-type parameters, the equations of motion for the y-coordinates 


become 
d*y4 
Ga = vA + (YB-Ia) > (3.98) 
d*yp 
Ga = 0B 2 (WB Va) (3.99) 


These equations have the same form as the equations for the longitudinal vibrations and 
the coupled pendulum problems. Therefore, we can just copy the normal mode frequencies 
and the normal coordinates, 


Mode 1: @; =@0, 41 = X4+XB (3.100) 


Mode 2: w2 = ,/a? + 202, Q2 = XA—Xp. (3.101) 


These modes are shown in Fig. 3.12. The lower frequency mode is symmetric about the 
equilibrium line, while the higher frequency mode has one place in its pattern where it 
crosses the zero displacement line, called a node. The particle of the spring at the node 
remains at rest while other particles of the mass/spring system oscillate up and down with 
the frequency w2 of the corresponding mode. 
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Fig. 3.12 The transverse modes of two 
masses coupled with a spring and connected 
to supports with springs. (a) In the lower fre- 
quency mode, the masses move together in 
the same direction with the same amplitude. 
(b) In the higher frequency mode, the masses 
move in opposite directions with a node, that 
is, y = 0, in the line connecting the two masses. 
The point at the node remains at rest during 
the oscillations. 


mp 


Equilibrium Equilibrium 


Fig. 3.13 Two masses attached to three 
springs. Here we consider the case: m4= 
mp=m, ky=k2=R. 


(b) 


3.7 Energy of Coupled Systems and Normal 
Coordinates 


The energy of coupled systems separates nicely into a sum of the energy in each normal 
mode. To see that, let us look again at the energy of the longitudinal mode problem of two 
masses and three springs, previously studied. Figure 3.13 is displayed as a quick reference. 

The energy of the system will be the sum of the kinetic energies of the two blocks and 
the potential energies in the springs, 


1 (dxg\? 1. f(dxg\? 1 1 1 
B= 5m(=) +m (3) + kx? | 5 x 3h Ge xa). (3.102) 


The normal coordinates gq, and q2 of this system are related to the coordinates x4 and xg as 
follows: 


M1 =XaAtxXB, 92 =XaA-XB- 


Therefore, 


% _~utn *f _~ 1-2 
A 2 > B 2 : 


Replacing x4 and xg in Eq. 3.102 and writing k = moe and k, = mw? gives 
1 1] (da\? 
E=_—m ca f dqp +2 dq dq2 
2 4 dt dt dt dt 
1 1) (dn\* , (da2\?_, (dar) ( daz 
m + 2 
2 4 dt dt dt dt 


1 1 1 1 
2 24 G2 4 ' 2 24 G2 ae 
3 710 ri (qj + G5 4 29192) + 3m q (qj + G5 29192) + 3 mo, 
_ 1m (dy 2 1m dq2 2 
22\ dt 22\ dt 
lm4,, 1m, 4, » 2 
+ 5 zn es (a + 202) 4g. (3.103) 
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Let us replace a by wr and ap + 2w? by wo, where @ and w2 are the two normal frequen- 
cies. We will also replace m/2 by jz, the reduced mass of the two masses in the system. 
With these replacements and by grouping the terms by modes we see that the energy of the 
system can be written as 


1 fdga\? 1 45 1 (dg\* 1 45 
k= : + + : 3.104 
[se () 5 He ria er 5 ed ( ) 


Thus, the total energy of the system is the sum of the energies in the two modes, 


fey, (3.105) 


Since the modes are independent of each other, the energies in each mode are independently 
conserved and so is their sum. 


3.8 Coupled Electrical Oscillators 


A coupled electrical circuit is shown in Fig. 3.14. By using Kirchhoff’s rules we can get the 
equation of motion of two independent currents in the circuit. We will use the convention 
that the current into the positive plate of a capacitor corresponds to positive current. This 
will give us the following relations between current and charge on the positive plates of 
capacitors in the circuit: 


= _ oe _ ice sc (3.106) 
Now, we have the following equation from the current conservation at point (a) in the 
circuit: 
Int+Ipt+Ic =0. (3.107) 
In the loop a-b-c-a we get 
ig : qa : gc = 0. (3.108) 


In the loop a-d-c-a we get 


Lp gp t+ —qc = 90. (3.109) 


Fig. 3.14 Coupled electrical oscillators with 
c two degrees of freedom. 
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Now, we take time derivatives of Eqs. 3.108 and 3.109, replace the time derivatives of the 
charges by appropriate currents, and then use the current law in Eq. 3.107 to eliminate Jc 
and arrive at the following equations for Ig and Ip: 


daly 1 1 1 
L = L Ip; 3.110 
aut (= =) at ole (3.110) 
@ Ip 1 1 1 
L = vf Iy. 3.111 
ot (= =) at ola (3.111) 


Now, we divide the first equation by Ly and the second by Lg and introduce the following 
frequency-like parameters by their squares: 


2 ! A 2 : (3.112) 
oO, = + > O,= ; x 
we IaCa LaCe a LaCc 
1 1 1 
2 2 
= f 5 7 : 3.113 
na ( LpCa  LgCc ) “He Te ( ) 
In terms of these parameters equations of motion take on a more compact form, 
Ply 
aa -w? 14 + w, Ip, (3.114) 
aI 
: —oiplp + OfaLa. (3.115) 


To look for normal modes, we assume the following forms for the two currents. (Since there 
is no resistance in the circuit, we can use the real functions.): 


I4 = Acos(wt), Ip = Bcos(at). 


This gives the following equations for coefficients A and B and the unknown mode 
frequency w: 


(w2,-@7)A = w2,B, (3.116) 
(@, — 0°) B = A. (3.117) 

Setting B/A from these two equations equal to each other gives the equation for w, 
(@ 


~ (@2, ae Op) (w) + (w2,0% — 02,05,) =0. 


The solution of this equation gives the two mode frequencies, 


1 
oO = / 5 [e8, orn ‘i (w2, -3,)” 4 403,02) (3.118) 


1 
2 = 3 oa. Opp 4 V2, w,)” 4o%,0R) (3.119) 


The B/A for each mode is obtained as before by using w, and w2 in Eq. 3.116 or 3.117, 


1 

eS Gos [et — Why + Ver, — op)’ + 403,08 , (3.120) 
ab 
1 2 

(B/A)2 = x3 ot, O}) sf (@2, - w3,)" 4 40,08 , (3.121) 
ab 


The above formulas are complicated because we have different L and C in the two coupled 
circuits. If we work with a symmetric situation with Ly = Lg = Land Cy = Cg = Cwe will 
find that 


Waa = Wbb and Wab = Wha: 


In the symmetric case, 


> 2 ay 2 
@1 77 O24 — O25 @1 = or, a ab 


(B/A); = +1, (B/A)2 =-1. 


3.9 Damped Coupled Systems 


So far our coupled systems had no dissipative forces such as friction on them. In this section, 
we examine the solution of damped systems. From the damped single oscillator system we 
know that there are three types of solutions—under-damped, over-damped, and critically 
damped. Here we will be looking at only the under-damped case. To be concrete, consider 
two blocks of the same mass m attached to two supports by identical springs of spring 
constant k; = kz = k, as shown in Fig. 3.15. Let the blocks be further connected to each 
other by one spring with spring constant k,. 

Now, suppose the two masses have a drag force on them that is proportional to the speed 
and opposite in direction to that of the velocity, with the same damping constant I. This 
gives the following equations of motion for displacements x, and xg of the two masses from 
their respective equilibria: 


& d 
+ we +o?) x4-T — wr xp, (3.122) 
& d 
= oe +00) vp T = wo 45 (3.123) 


where I have used wp = k/m and w, = k,/m as before. We wish to solve these equations for 
a given x4(0), x1 (0), xg(0), and x2(0). The following change of variable helps here. Let 


ay 
x4=e2' ug(t), 


ry 
xp=e 2‘ up(t). 


(3.124) 


(3.125) 
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Fig. 3.15 Two masses coupled with a spring 
and coupled to supports with springs. The 
displacement of the masses from their equi- 
librium positions are denoted by x4 and xp. 
The oscillations of the masses are damped 
through by viscous damping through coupling 
to dashpots. 
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Fig. 3.16 Exercise 3.2. 


With this change the equations of motion become 


Pug 2_ 72 2 2 
ae —(@5 - 1? + @2) ua + @2up, (3.126) 
dup 2_72 2 2 
sa (5 -T? + 2) up + wfua. (3.127) 


We notice that the velocity term has disappeared and these equations are similar to the 
equations without the damping term. Now, we can think of w4 and wg as coupled oscillators 
without damping and borrow the results of similar systems we have solved above. In the 
present case, the normal frequencies and mode amplitude ratios for the modes will be 


@1 = a2 -T?, mode ratio C2/C; = 1, (3.128) 


w3 = a2 +2w2-T2, mode ratio C2/C, =-1. (3.129) 
Therefore, the general solution of these w-equations will be 


ug(t) = Acos (@;t-—¢1) + Bsin (@2t- ¢2) ; (3.130) 
up(t) = Acos (@,t-—¢;) — Bsin (@2t- 2). (3.131) 


Now, we can use these solutions in Eqs. 3.124 and 3.125 to get the general solution for the 
original variables, 


x4- 62! [Acos(wt—d;) + Bsin (wt-¢>)], (3.132) 
xp - €2' [Acos (wt—-¢1) — Bsin (wot —d>)). (3.133) 


As usual, the four unknown constants here, A, B, ¢;, and ¢2, can be determined from initial 
conditions. The calculation is left as an exercise for the student. 


EXERCISES 


(3.1) Two identical pendulums A and B are coupled by a spring with parameters 
wo = /g/l = 2 rad/sec and w, = /k/m = 1 rad/sec. The small oscillations of this 
system are studied by the horizontal displacements x4 and xg of the two bobs in the 
small-angle approximation. Suppose the initial conditions at t = 0 are x4(0) = 0, 
vg4(0) =0, xg(0O) = 1 cm, vg(0) = O. Find the positions of the two pendulum bobs 
at an arbitrary instant t > 0. Assume small angles. 

(3.2) ‘Two identical pendulums each of mass m are hanging by a “massless” but rigid rod 
of length /. A spring of spring constant is attached between the pendulums at the 
half-way point of the rods, as shown in Fig. 3.16. 

(a) Derive the horizontal component of the equations of motion of the two bobs in 
the small-angle approximation and work out the normal modes of this system. 


(3.3) 


(3.4) 


(3.5) 


(b) Compare your answer here to the modes when the spring is attached at the 
masses. Are the masses in this system more or less strongly coupled than when 
the spring is attached at the masses? 

(c) What would you expect if the spring was attached at the very top, from where 
the pendulums are hanging? 

(d) What would you get for the normal mode frequencies if the spring were at- 
tached at a distance a from the suspension points with a < /? Check your 
answer for a = t that you obtained in part (a). 

Two mass two spring system. A block of mass m is connected to a massless spring 

with spring constant k and hung from a rigid ceiling. Another block of the same 

mass is hung from the first block by an identical spring. Suppose the blocks are 
displaced by y,4 and yg from their equilibrium positions at some arbitrary instant ¢, 

as shown in Fig. 3.17. 

(a) Deduce the equations of motion of y4 and yz. 

(b) Solve the equations of motion to find the normal mode frequencies and 
amplitude ratios for the modes. 

(c) Sketch the configurations of the system for the two normal modes indicating 
clearly the relative size and phase of the displacements of the two masses in the 
two modes. 

(d) Suppose you let go of the two masses such that at t = 0, the displacements and 
velocities were y4(0) = 0, yg(0) = 1 cm, v4(O) = 0, and vg(0) = 0.5 cm/s. 
What would be y4(t) and ya (1)? 

Unsymmetric longitudinal oscillations. In the text we worked out the longi- 

tudinal oscillations of two identical oscillators of same mass m attached to two 

supports by springs with the same spring constant k and coupled by a spring with 
spring constant k,. Now, we wish to make a small modification in this problem. Let 

the masses of the two oscillators be different, m4 and mpg as shown in Fig. 3.18. 
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Fig. 3.18 Exercise 3.4. 


(a) Find the normal modes now. You need to find the normal mode frequencies 
and the mode amplitude ratios. 

(b) Draw modes for the case mg = 2my. 

A block of mass m is hung from the center of a plate of mass M using a massless 

spring with spring constant k, as shown in Fig. 3.19. The plate is held by four 

identical springs with spring constant K, above a fixed table. We wish to study the 
vertical oscillations of m and M about their equilibrium positions. 

(a) Find the equations of motion for m and M. 

(b) Solve the equations of motion to find the normal mode frequencies and 
amplitude ratios for the modes for m = M and k= K. 

(c) Sketch the configurations of the system for the two normal modes, indicating 
clearly the relative sizes and phases of the displacements of the two masses in 
the two modes. You may sketch the configurations for the case M = m and 
K=k. 


Fig. 3.17 Exercise 3.3. 


Fig. 3.19 Exercise 3.5. 
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Fig. 3.20 Exercise 3.8. 


Fig. 3.21 Exercise 3.9. 


(3.6) A system of two coupled oscillators obeys the following equations of motion: 


(3.9) 


(3.10) 


(a) 


(b) 


ax, 2 
SK t+ =X, 
dt? 8 
axp 3 
=-xp + =X, 
dt? BS ge 


Use the matrix method to determine the eigenvalues and eigenvectors of the 
system. 

What would be x,4(t) and xg(2) for the initial conditions x4(0) = 1, v4(0) = 0, 
xp(0) = 0, vp(0) =1° 


Derive Eqs. 3.94 and 3.95. 
Three coupled pendulums. Three identical pendulums of mass m and length / are 
coupled by two identical springs with spring constant k, as shown in Fig. 3.20. 


(a) 
(b) 


(c) 


Find the equations of motion for the three masses. 

Solve the equations of motion to find the normal mode frequencies and 
amplitude ratios for the modes. Note: matrix method may be helpful. 

Sketch the configurations of the system for the three normal modes indicating 
clearly the relative size and phase of the displacements of the three masses in 
the three modes. 


Triple pendulum. Three identical pendulums of mass m and length / are hung end 
to end, as shown in Fig. 3.21. 


(a) 
(b) 


(c) 


Find the equations of motion for the x-displacements of the three masses from 
their equilibria. 

Solve the equations of motion to find the normal mode frequencies and 
amplitude ratios for the modes. Note: matrix method may be helpful. 

Sketch the configurations of the system for the three normal modes indicating 
clearly the relative size and phase of the displacements of the three masses in 
the three modes. 


Three blocks of the same mass m are connected with four identical massless 


springs with spring constant k to two fixed supports on the two sides, as shown 
in Fig. 3.22. 


(a) 
(b) 


(c) 


Find the equations of motion for the longitudinal (horizontal) displacements 
of the three masses from their equilibria. 

Solve the equations of motion to find the normal mode frequencies and 
amplitude ratios for the modes. Note: matrix method may be helpful. 

Sketch the configurations of the system for the three normal modes indicating 
clearly the relative size and phase of the displacements of the three masses in 
the three modes. 


Equilibrium Equilibrium Equilibrium 


Fig. 3.22 Exercise 3.10. 
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(3.11) Eigenvalue/Eigenvector Exercises. Find the eigenvalues and eigenvectors of the 
following matrices: 


4.1 Transverse Oscillations of Beads 
on a String 


4.2 The Normal Modes in the 
Continuum Limit 


4.3 Vibrations of a Taut 
String—Continuum Model 


4.4 Transverse Oscillations of a String 
Free at One End 


4.5 Longitudinal Oscillations 
4.6 Vibrations of an Air Column 


4.7 Vibrations of Two- and 
Three-Dimensional Systems 


4.8 Fourier Analysis 
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116 
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123 


126 
131 
137 


Systems with Many Degrees 
of Freedom 


Chapter Goals 


In this chapter you will learn how to generalize the normal mode analysis we studied in 
the last chapter. You will also learn how to derive the classical wave equation and how 
to solve it. The normal modes of continuous systems will be obtained from solutions 
of the classical wave equation. We will also study Fourier analysis and apply it to the 
study of general vibratory motion of continuous bodies. 


Physical bodies such as guitar strings are made up of a large number of particles, of the 
order of 107°. But, so far, we have studied systems with only one or two degrees of freedom. 
Now, we will study systems that have N degrees of freedom, with N an unspecified number. 
When N is very large we can treat it as an infinity. Just as two bodies, whose vibrations 
are coupled, have two normal modes when they move in one dimension, N coupled bodies 
moving in one dimension have N modes. Similarly to the systems of two degrees of freedom, 
the general motion of N degrees of freedom can also be studied systematically in terms of 
the superposition of the normal modes. 

In this chapter we will study a prototypical continuous system—the taut string. A taut 
string can be thought of as consisting of a large number of oscillators with the distance 
between nearest oscillators being small compared to the distances over which the string 
oscillates. Thus, by modeling a string with N oscillators and taking N to oo limit we can 
model the string as a continuous system. We will focus our attention on the transverse 
vibrations of a taut string since the transverse vibrations are easier to display and visualize. 
The transverse vibrations of a taut string have obvious applications in the music of stringed 
instruments since the modes of vibration correspond to pure tone notes of the instrument. 
Analysis of the vibration of strings is also applicable to vibrations of beams and other linear 
structures, and is indispensable for understanding the stability of buildings and bridges. 


4.1 Transverse Oscillations of Beads 
on a String 


As a prelude to discussion of oscillations of a continuous system, such as a guitar string, 
later in the chapter, we discuss here the normal modes of a system of N coupled oscillators. 
Let N beads of mass m each be placed on a “massless” string at equal intervals, denoted 
by J, and the two ends tied to fixed supports, as shown in Fig. 4.1. We will also assume that 
the tension 7’ in the string is the same throughout and that the tension is sufficiently large 
that we can ignore the force of gravity on the masses. We study a small displacement of the 
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NN) 
Ze 


Dj+1 


(b) 


masses from their equilibrium positions. Let y; be the displacement of the 7 bead from its 
equilibrium which is at y; = 0, with 7 = 1, 2,3,...,N. 

We also need to make sure that the shape of the string is consistent with the fixed ends. 
The 4; (2)’s tell us the y-coordinates at some positions of the string at a particular time. Using 
this notation, we see that yo and vy4; would represent the displacements of the points of 
the string at the supports, and since the strings are not allowed to move at these points we 
must have the following: 


Yo = 0, (4.1) 
n+ = 0. (4.2) 


We say that these equations represents boundary conditions on the variable y treated as a 
function of index j. The y-component of the Newton’s equation of motion of the beads will 
give the accelerations of the y-displacements of the beads. To deduce the y-component of 
the Newton’s equations of motion of the beads we need the y-component of the net force 
on the beads. For the sake of concreteness let us focus on an arbitrary bead labeled the j” 
bead, as shown in Fig. 4.1. The y-component of forces on this bead will be 


Fy = 7 (2) r(e), Cea es 


ar L 
= ( 7 or + (F) + Vj41)- (4.3) 


Therefore, the equations of motion for the N variables, y,, y2,...5; yn, are 


& Mi 
dt? 


= 2039; + a (yj-1 + Vi+ 1) Gg = 1,2, 3, see »N), (4.4) 


where we have introduced the following symbol for convenience: 


/T 
@o = ay (4.5) 
ml 


Therefore, our problem is to use N + 2 equations given in Eqs. 4.1, 4.2, and 4.4 and solve 
for y; for j = 0,1,2,...,N +1 with yo and yay; already known from Eqs. 4.1 and 4.2. 


Fig. 4.1 (a) N beads on a string. (b) Forces 
on the j-th mass from the tensions of the 
springs on the two sides. 
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4.1.1 Normal Modes 


Since the equations for y; are coupled, we first seek the normal modes of the system. In 
any one normal mode, every 4; will oscillate with the same frequency and phase constant, 
and will have fixed amplitude ratios among different y;’s, except for the possible presence of 
minus signs in these amplitudes. Therefore, as before, we require that in any normal mode 
we would have 


YO = Cj cos(wt—- @), G = 0, 1,2,3,...,N,N + 1). (4.6) 


Actually, keeping ¢ in the solution is not necessary when looking for normal modes. With 
this assumption in Eqs. 4.4, 4.1, and 4.2, we find the following for the coefficients: 


Co = 0, (4.7) 
w 

Cy-1 + Cpa = (-25 +2) CG G= 1,2,3,...N), (4.8) 
®o 

Cn +1 = 0. (4.9) 


Equation 4.8 says that the sum of two terms around C; in the sequence {Cj, C2,..., Cn} is 
proportional to C;. This is the characteristic of the sequence of sines or cosines, i.e. {sin(a@), 
sin(2@), ..., sin(Na@)}, or, {cos(@), cos(2a@), ..., cos(Na)} for arbitrary a, 
sin[(j- 1)a@] + sin[(j + 1)a@] = (2 cosq@) sin(ja), (4.10) 
cos[(j - 1)a@] + cos[(j + 1)a] = (2cosa@) cos(ja). (4.11) 


Since we also desire Cy = 0, the sine would be the right choice. Therefore, we make the 
following claim that the solution for C; should be in the form, 


C; =sin(ja), (7 = 0,1,2,3,...,N +1), (4.12) 


where @ is yet to be determined. This form satisfies Eq. 4.7 automatically. To satisfy Eq. 4.8, 
we need the following condition to hold: 


2 


sin[(j- 1)a@] + sin[(j + 1)a] = (-3 + 2) sin[ja], 
0 


we 

or, 2cosa = (-3 +2). (4.13) 
® 

This condition relates the arbitrary a to the unknown w of the mode. The boundary condi- 


tion at7 = N+1 helps us in finding the allowed values of a and hence, the mode frequencies. 
According to Eq. 4.9 we have for 7 = N+ 1, 


sin[(N + 1)a] = 0. (4.14) 
That is, a must have one of the following values: 


(N+Da=nn (n= 1,2,3,...). (4.15) 
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Note that 2 = 0 is not allowed, since by Eq. 4.12, all C; would become zero. The negative n 
will give negative a, which will just multiply all C; by —1 and therefore would not affect the 
relative signs of different C;. Since the overall sign is not physical, we omit m < 0 also. This 
explains m = 1,2,3,... in Eq. 4.15. Let us place an index 1 on @ to denote these distinct 
values, 


» (n= 1,2,3,...). (4.16) 


These different a, correspond to the allowed normal mode frequencies according to 
Eq. 4.13. Here, we identify the normal mode frequencies by placing a mode index on w 
also and writing them as w,,, 


‘2 
(-3 + 2) = 2cos(ap). (4.17) 
o 


Therefore, the normal frequencies of the system of N beads are 

w = 2a; (1—cos an); (4.18) 
which we can rewrite as follows using the double angle formula: 

wr = 4a sin’ (a,/2). (4.19) 


Now, we use the values of a, given in Eq. 4.16, to obtain the normal mode frequencies as 
follows: 


nme 
2(N + 1) 


w= Awe sin? > Wy = 2m sin Feo D | (4.20) 


The mode amplitudes for each mode are determined by using the @,, for the corresponding 
mode in Eq. 4.12. Therefore, we need to attach a mode index to each Cj, e.g. C,,; for the 
amplitude of bead number j when moving in mode n. From Eqs. 4.12 and 4.16 we get 


see _ ( jnm 
Chj = SIn(Jan) = sin( 7). (4.21) 
Note that the mode counter 7 is allowed to take any positive integer (1, 2,3,...). Not all 
values of 7 correspond to a mode. For instance, when n = (N + 1),2(N 4+ 1),3(N+1),...; 
all amplitudes are zero. Therefore, these values of m do not correspond to any normal 
mode. Furthermore, the following calculation shows that the mode amplitudes for n- N 
and n+ (N + 2) are the same, such that all amplitude ratios are identical in the two cases. 
Furthermore, C(,-N),; and Cyy-n),; are of opposite sign and so refer to the same mode. 


on] . [eae] 
= sin 


Cues oui 
HONS), j sin N+1 N+1 


§ gy PIN) 
mL N+1 


= Carn yj = —Cw-n,j- 
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Fig. 4.2 Transverse modes of (a) N=2, 
(b) N=3, and (c) N=4. In each case w; 
ts the lowest frequency mode. The points at 
the nodes do not oscillate; other points of 
the string oscillate up and down with the 
frequency of the normal mode. 


Table 4.1 Normal modes of transverse oscillations of N oscillators. 


Mode frequency Mode amplitudes 
@1 = 2 sin [ ats | yi @ = sin (xa) 
2 


32) = sin (x7) 
yn(d) = sin( 3%) 


@2 = 2m sin [ xan | n@Q = sin (33) 
y2(d) = sin (77) 


yn = sin (X55) 


@n = 2wo sin [Ass] wm = sin (=) 
2Na 


y2@ = sin (X55) 


é 72 
yw(@) = sin ($7) 


If all the signs of all y; are flipped at the same time, we do not get a new mode, but just 
the same mode at another time in the oscillation. Therefore, the overall sign of Cj, which 
is independent of j, does not matter. Hence, the mode m + (N + 2) is same as the modes 
n—N and N —n, both in terms of the frequency and in terms of the mode amplitude 
ratios. Therefore, there are only N modes for the y-motion of the beads with indices n from 
1 to N. For convenience, in Table 4.1 we list the mode frequencies and the corresponding 
oscillations of the beads. 

It is instructive to display the normal modes of some particular values of N. We already 
know the modes for N = 2 from the last chapter. In Fig. 4.2, we display the modes for N = 2, 
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N = 3, and N = 4. You can see that the lowest mode does not have any nodes in between 
the two ends, and each successively higher frequency mode has one additional node in its 
profile. The profiles in Fig. 4.2 show the maximum displacements of each bead from the 
equilibrium. In each mode, the beads execute vertical oscillations of the amplitudes shown 
in the figure. Only beads that have non-zero amplitude in a mode profile have harmonic 
motion. For instance, if a bead is at one of the nodes in a profile, then that bead remains at 
rest. To display the harmonic motion of the beads, one often includes the other extreme of 
the motion for each bead, as shown for a string in Fig. 4.7 later in the chapter. 


4.1.2 General Solution 


Using normal mode frequencies and mode ratios for the amplitudes of vibrations of the N 
beads we can immediately write the general solution for the movement of each bead, 


yy = A, cos(@,t— b,) + Az cos(m2t-— h2) + +++ + An cos(wnt—- On) (4.22) 


yo = BSP A; cos(w1t— $1) + BQ Ap cos(w2t — ¢2) +++» + BS? Ay cos(oyt-oy), (4.23) 


yn = BY Ay cos(@1t - $1) + BOAd cos(w2t - $2) + +++ + BN Ay cos(ont-@n), (4.24) 


where BP are the amplitude ratios in mode n, 


: (= ) 
sin 
om N+l 
(n) _ ny 
Gg a) a 
N+1 


As usual, the 2N constants {A;, ¢;} for 7 = 1,2,...,.N are determined from the 2N ini- 
tial conditions {x;(0), x;(0)}, for 7 = 1,2,...,N, where the over dot on x represents the 
derivative d/dt. 


Example 4.1 Normal Modes of a Discrete System 


Figure 4.3 shows four masses coupled with five springs. For simplicity, we take all masses equal to m and all spring constants equal 
to k. What are the normal modes for horizontal motion? 


Fig. 4.3. Example 4.1. 


Solution 


Let us introduce the frequency parameter 


@ = Vk/m. 


continued 
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Example 4.1 continued 


Using dot notation for time derivatives, the equations of motion of the four masses will be 
X4 = wp [-2x4 + xB] 
Xp = 06 [xa—2xp + xc] 
Xo = w [xp -2xc + xp] 
Xp = w [xc — 2xp] 
Now, for normal mode discovery, we express each of the displacements as oscillations at same frequency, 
x4 = Acos(wt), xg = Bcos(wt), xc = Ccos(wt), xp = Dcos(wt). 
Putting these into equations of motion results in algebraic equations for A, B, C, D, and w. For ease of writing, let 
A= 07 /@. 


We get the following in matrix notation: 


2 -1 0 0 A A 
-1 2 -1 0 By " B 
Oo -1 2 -1 G\ 1G 
0 0 -1 2 D D 
The eigenvalues, organized from lowest to highest are 
1 1 
ar = 5 3-V5), 2 = 36-5), (4.26) 
1 1 
ds = 58+ V5), Ag = 36+ V5). (4.27) 


This corresponds to frequencies 


1 = avy 5B-V3), @2 = on 56-V5), (4.28) 
03 =a) 5B+V5)» 04 = ory 565 + V5). (4.29) 


The eigenvectors are 


[A r 1 A 1 
B| _|2+4(3+5) B| _| -2+56-5) 
Cl} | 2+4034+V75) 7 | COC} | 2440545) |’ 
ee le 1 DiI, 1 

[A r 1 A 1 

B| _ | 2+4¢3-¥V5) B| _| 2-46+4+¥V5) 

C} | 2+403-V5) 7 | Cc} | -24+464V5) 
D 1 D -1 
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4.2 The Normal Modes in the Continuum 
Limit 


From the results of N beads on a taut string, we can deduce the oscillations of a taut string 
of total mass M and total length L by modeling the latter as a discrete system. The trick is 
to distribute the mass of the string into “beads” placed on a massless string. Let us divide 
the mass M of the string into N parts each of mass m = M/N. We place these masses at 
equal intervals of distance / = L/(N + 1), as shown in Fig. 4.4. Now, this system is the N 
beads on the string system, 


Nm = M, (4.30) 
(N+1)2=L. (4.31) 


As far as vibrations of finite bodies are concerned note that there are two length scales 
in the system—the elementary distance / between successive masses and the length A over 
which significant deformations of the body occur while oscillating in a particular mode. In 
regular solids / ~ 10-° m and vibration modes of interest have 4 ~ 107? m to 10 m. This 
makes 4 >> /. If A of a mode is much larger than the inter-particle separation, i.e. if A >> J, 
then the mode profile will not change much over many particles in the system, and the 
physical body will be essentially continuous. 

To obtain the modes of a continuous string we will need to decrease the distance / be- 
tween the beads indefinitely. With the length L of the string fixed this would mean the 
number of beads N would increase indefinitely. As we increase N, while keeping the total 
length L and the total mass M fixed at the given values for the string as a whole, mass m 
of each “bead” becomes smaller and the distance / between them decreases. The distance 
1 between the masses becomes infinitesimal in the limit N => oo. Thus, in this limit the 
x-coordinate of masses m on the string can be assumed to be a continuous variable. 

Now, multiplying the numerator and the denominator of the argument of the sine func- 
tion for the modes in the N-bead problem given in Eq. 4.21 by /, we can write the formula 
for the amplitudes of the displacements of the elements of the string as functions of x, 


x=jl 


om > Cy(x) = Ansin| |. (4.32) 
This shows that the space-dependence of the normal modes are a periodic function of x if 
the domain of x is extended over the entire x-axis. The repeat distance for the n mode, 
called the wavelength of the mode, will be designated by 2,,. For a string of length L fixed 
at both ends, the wavelength of the n”” mode would be 


An = —. (4.33) 


A quantity related to the inverse of the wavelength, called the wave number and denoted 
by letter &, is often used when discussing waves. The wave number &,, for the n” 
related to the wavelength i,, by 


mode is 


peace (4.34) 


L 
123 l 
x=jl em = M/N 


Fig. 4.4 A discrete model of a continuous 
string. The string is divided into N parts 
which are distributed uniformly. We assume 
that the masses are coupled by linear restor- 
ing forces for transverse displacements. In the 
text, j = 0 andj = N +1 are used for the 
points fixed at the supports. 
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Fig. 4.5 Four lowest frequency modes of vi- 
bration of a string in N = 40 parts. We see 
that the masses start to form almost continu- 
ous string and their positions fall on the sine 
function given in Eq. 4.32. 


Fig. 4.6 The tension forces on the two sides 
of an element of the taut string. The transverse 
displacements in y are exaggerated to make 
the figure clearer; in the text, we are inter- 
ested in y small compared to x. Note the slope 
Ay/Ax = tan@. 


To find the normal mode frequencies we take the continuum limit of Eq. 4.20 by taking 
N — oo with N/=L, the length of the string. 
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We can express this result as a relation between the mode frequency and the mode wave 


number, 
T 
ee ({) 2. 
bw 


The relation between w and k is called the dispersion relation of the system. Here the 
dispersion relation in the continuum limit (Eq. 4.36) is a linear relation between w and k, 
while the relation in the discrete system of finite N as given in Eq. 4.20 is nonlinear. 

To get a feel for the oscillation modes, in Fig. 4.5 we plot some of the lower modes for 
large N. The boundary condition places nodes at the ends. There is no node between the 
ends in the lowest mode. The lowest mode is symmetric about the middle. The second mode 
has one node, the third mode two nodes, etc. If we imagine extending the modes outside of 
0<x<Ltow < x < w, you will find that the lowest mode amplitude function C; (x) is 
periodic in space with the spatial period or wavelength 4; = 2L the next mode amplitude 
function C(x) will have a spatial period of 42 = 2L/2, and so on. 


nm 
4N2 


nm 
L 


(4.35) 


(4.36) 


4.3 Vibrations of a Taut String—Continuum 
Model 


In the last section, we arrived at the modes of lower frequency vibration modes of a con- 
tinuous body starting from its discrete structure. However, to study continuous bodies, it is 
not necessary to start from a discrete structure. In this section, we will present a derivation 
of the same vibration modes by treating physical bodies in a continuum way from the start. 


4.3.1 Derivation of Wave Equation 


Consider a taut string of total mass M and length L whose ends are fixed to immovable 
supports so that there is a tension T throughout. To find the equation of motion of the 
string, we focus our attention on an infinitesimal element A/ of the string at an arbitrary 
place along the string. The forces on the two sides of the mass element of the string at an 
arbitrary instant are shown in Fig. 4.6. 

The x- and y-components of forces on the element are 


F, = T cos(6 + A@)-T cos(@), (4.37) 
Fy, = T sin@ + A@)-T sin(@). (4.38) 


We can simplify these expressions for the force components in the case of a small transverse 
displacement. To implement the small transverse displacement condition we require Ay to 
be much smaller than the length A/ of the element, 


Ay < Al, (4.39) 
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which translates into the following approximations for the sine and cosine of AO when we 
keep terms up to one power of Aé in the expansion of the trigonometric functions: 


sin(A@) © Aé, (4.40) 
cos(A@) © 1. (4.41) 


Since no point of the string moves significantly away from the horizontal axis, we have the 
following additional simplifications due to the smallness of the angle 9, not just the change 
in the angle Aé: 


sin(@@) © 0, (4.42) 
cos(@) © 1, (4.43) 
(0A@) < min (6, Ad). (4.44) 


These approximations can be applied to Eqs. 4.37 and 4.38 after expanding the trigono- 
metric expressions using the sum of angles formulas, 


cos(@ + A@) = cos(@) cos(A@) — sin(@) sin(A@), (4.45) 
sin(@ + A@) = sin(@) cos(A@) + cos(@) sin(Aé), (4.46) 


to arrive at the following expressions for the x- and y-components of the force on the 
element of the string: 


Fy, © 0, (4.47) 
Fy TAO. (4.48) 


Therefore, the y-component of the equation of motion for the element under consider- 
ation is 


a 


Am 
ar 


~ TAO, (4.49) 


where Am is the mass of the element, which can be written in terms of mass per unit 
length j2, 


Am= wAL® wAx. (4.50) 


Note that, here we use partial derivatives since the displacement y depends on two inde- 
pendent variables x and 1, and therefore, y should be and is a bivariate function: y(x, 2). 
Making Ax infinitesimal, we find the following equation of motion for the y-displacement 
of the element located at x, or more specifically located between x and x + dx: 


a’y (T) 00 (4.51) 
a2 ~~ \ pw) ax’ : 
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The partial derivative of 6 with respect to x can be written in terms of y by noting that the 
slope of yy as a function of x is equal to tan 6, as shown in Fig. 4.6. 


tan(@) = = (4.52) 


‘Taking derivatives with respect to x on both sides we obtain 


sec? (0) oF 2 (4.53) 


6 ay 
ax x2" 


Now, we use the small displacement approximation to set sec?(@) = 1/cos?(@) = 1. This 
gives us 


00a? 
de i G54) 
Inserting this in Eq.4.51, we find 
a?y T\ 0*y 
a (1) aa a 


This equation is called the classical wave equation or simply the wave equation. The wave 
equation shows up in many areas of physics and it will be helpful to you if you study this 
equation in some detail. The quantity (7'/jz) in this equation is particular to the taut string. 
In other situations we will have other properties in place of (7'/j). Dimensionally, (7'/1) 
has dimensions of speed squared. It is common to denote 7/1 by v, 


il 
n= = (4.56) 
LL 


==. (4.57) 


This equation governs the dynamics of the transverse vibrations of the taut string. At the 
moment v is just a parameter in the equation with dimensions of speed. Later on we will 
find that v is equal to the speed of traveling waves on the string. The wave equation (4.57) 
is the statement of Newton’s law for the motion of the mass elements of the string which 
are coupled to their neighbors. Just as the coupled systems had special motions called the 
normal modes, the wave equation also has special solutions which we identify as the modes 
of the system. In this chapter we will solve the wave equation for three boundary conditions 
and deduce the normal modes corresponding to the system with these boundary conditions: 


(1) Both ends fixed 
(2) One end fixed, the other end free 
(3) Both ends free 
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4.3.2 Modes of a String Fixed at Both Ends 


In this section we will find oscillatory solutions of the wave equation, Eq. 4.57, for a string 
of length L that is tied to fixed posts at both ends as in Fig. 4.4. That is, we are interested in 
the following boundary conditions on the solution: 


yO, 1) = 0, (4.58) 
YL, 1) = 0. (4.59) 


To solve Eq. 4.57, we will use a technique called the separation of variables. In this 
technique we first find a particular type of solution called a product solution, 


IX 1) = fg. (4.60) 


The actual solution of the wave equation that satisfies the boundary conditions and the 
initial conditions may not be of this type. Actually, we will find that there are many solutions 
of the product type that satisfy most of the conditions of the required solution. We will label 
them by 1, 2, 3,..., etc. 


JD =AM2Os hOLO> bWs3O>-.-- (4.61) 


To obtain the solution that will satisfy all conditions, we take a superposition of these product 
solutions, and look for the coefficients {4;} so that the resulting v(x, t) satisfies all of the 
remaining conditions, 


90,0) = DO AAO. (4.62) 


Let us work out the details now for the case of the string tied at both ends. We start by using 
the product form of the solution given in Eq. 4.60 in the wave equation Eq. 4.57, 


foi. dg 


g(t) me pt® Ge (4.63) 


Note that the partial derivatives have now turned into ordinary derivatives. 


Now, dividing both sides by /g we obtain an equation where one side depends only on x and 
the other side only on 1, 


=-5 2 "8. (4.64) 


Since the two sides are functions of different independent variables, and hence independent 
of each other, they can be equal to each other only if they are each equal to some constant, 
which we will denote by the Greek letter a for now, 


aa (4.65) 
fae” 
1d? 
Sse: (4.66) 


wg de 
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Rearranging these equations we get the following: 


af 
tee af, (4.67) 
dg 
Te =av'g. (4.68) 


The second of these equations would be an equation for a harmonic oscillator if the constant 
on the right side av* were a negative quantity. Since we seek oscillatory solutions, we will 
demand that this be the case and replace a by —k*. We do not need to think in terms of a 
any more, we will instead think in terms of k, which will turn out to be the wave number, 


af 
—~ =-k’f, 4.69 
=P (4.69) 
dg 
Re = -k’v’g. (4.70) 


The general solutions of these equations are easy to write down, 


f(x) = Acos(kx) + Bsin(kx), (4.71) 


g(t) = Ccos(kvt) + Dsin(kvt). (4.72) 


The constants C and D in g(t) will be related to the initial conditions and the constants 
A and B in f(x) will be related to the boundary conditions. For instance, for the boundary 
condition (0, £) = 0 at x = 0, we must have f(0) = 0, 


0=f(0) =Acos(0) + BsinO) =A. = A=0. 


Therefore, f(x) simplifies by the boundary condition at x = 0, 


f(x) = Bsin(kx). (4.73) 


Now, we attempt to satisfy the condition at x = L, which is y(L, t) = 0 giving f(L) = 0, 


0=/f(L) = Bsin(kL) => sin(RL) = 0. (4.74) 


This places restrictions on the possible values for the constant k, 


Riv= Serre or, eSB i 3s (4.75) 


Note that we have left out = 0 since if k = 0 we will have f(x) = 0. This will correspond 
to the string not oscillating at all. We can write these solutions compactly as 


ky = —5 n=+1,42,.... (4.76) 
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The solution for the time part, Eq. 4.72, shows that the angular frequency would also be 
restricted to particular values since R is restricted to be one of the ,.’s. Writing w for the 
angular frequency for g(t) we have 


w= kv > Wy = kav, n LSE 2 ye cus (4.77) 


This gives a negative w, value for negative values of k,. However, we are interested in 
only the positive frequency values. Therefore, we will further restrict the possible values for 
kand w to 


(4.78) 


The process above has identified an infinite number of solutions of the wave equation that 
satisfy the two boundary conditions at x = 0 and x = L. We can label the constant coeffi- 
cients and the solution y with n also. We can also absorb the overall factor B into the other 
constants C and D to obtain the following possible solutions: 


Yn(x, t) = sin(k,x) [C, cos(k,vt) + D, sin(k,vt)], n= 1,2,.... (4.79) 


These solutions are also normal modes of the string, since when the string is oscillating 
according to one of these solutions every element of the string, i.e. the string at every point 
x, oscillates at the same frequency w, = k,,v. Thus, the product solution here gives us the 
normal mode frequencies. We can combine the sines and cosines in the time part and write 
them as one cosine with an amplitude and a phase constant for each n, 


I; t) = [A, sin(Rn»x)] cos(kpvt - bn). (4.80) 
In this form the solution looks like the solutions of the other discrete systems we have studied 
before. The factor [A,, sin(k,,x)] is the amplitude of the element at x. Therefore, in this mode, 


the transverse displacement amplitude ratios of elements at x = x, and x = x2 are given by 


Amplitude at x; _ sin(k,x;) 
Amplitude at x2 — sin(R,.x2) 


if sin(Rnx2) £0. (4.81) 


Shapes of Modes 


It is informative to plot some of the lowest frequency modes over a cycle to get a feel for the 
oscillations of the string. In Fig. 4.7 we plot the oscillations of the lowest frequency mode, 
n= 1, of a 1-m-long taut string. The lowest frequency mode is symmetric about the middle 
position. Suppose, we start the string such that the points of the string are coincident with 
the mode shape and let go from rest. Figure 4.7 shows the position of the string at successive 
intervals of (1/8) periods. The string moves more slowly in the first (1/8) period, when 
it is furthest from the equilibrium, than in the second and third (1/8)"" periods when it 
passes through the equilibrium position. This behavior is similar to the behavior of a mass 
attached to a spring. The particles near the middle of the string cover large distance in the 
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Fig. 4.7 The fundamental mode of a string 
fixed at both ends. The string is plucked in the 
shape shown as a thick black line and let go 
from rest. The string’s location at successive 
1/8th period intervals is shown in the figure. 
The string vibrates such that the ratios of the 
vertical displacements at different horizontal 
locations remain independent of time. 


Fig. 4.8 The second lowest frequency mode, 
n = 2, of a string fixed at both ends. The taut 
string 1s pulled in the shape shown as a thick 
black line and let go from rest. The string’s 
location at successive 1/8th period intervals is 
shown in the figure. The point labeled “Node” 
is stationary and does not move. 


same time than particles near the fixed ends, while all particles of the string have the same 
period of oscillation. 

The first overtone, i.e. mode m = 2, is shown in Fig. 4.8. The first overtone mode is 
antisymmetric about the middle position. When the left half of the string moves up, the 
right half moves down, and vice versa, with every particle oscillating with frequency 2. 
The point in the middle remains at rest and is a node of the mode. 


General Solution 


The most general solution of the given problem of the oscillations of the taut string tied at 
two ends can be constructed from a superposition of the normal modes, as we have seen in 
the study of the coupled systems with two degrees of freedom, 


V(x, 1) = x sin(k,x) [C, cos(Rk,vt) + D,, sin(k,vt)]. 


n=1 


(4.82) 


The constants C, and D, are determined from the initial conditions y(x,0) and (x, 0) 
where the overdot stands for the time derivative, as before. 


Example 4.2 Starting Vibration in a Normal Mode 


subsequent motion? 


Solution 


coupled systems. Therefore, we expect 


where v = /T77/w. 


Suppose the string were let go from rest while it had a shape given by the function v(x,0) = sin(zx/L). What would be the 


A quick answer: Since we started the string in the shape of mode 1 at rest and since there are no nonlinear forces among the mass 
elements of the string, the string will continue to oscillate in mode 1 only. This is the same conclusion that we had in the two-variable 


w(x, t) = sin(@x/L)cos(rvt/L), 
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Longer answer: Now, let us see how this conclusion can also be found by satisfying initial conditions on the general solution. Let us 
first list the two initial conditions on (x, t) that we must satisfy in this case, 


(x50) = D2 sin(knx)C, = sin(rx/L), 


n=1 


fo.<) 
5(%5 0) = D2 sin(knx)kywDy = 0. 


n=1 


From the second equation we get 
De = 0% 13142535545 
while the first equation gives the following: 
C, = 1, 
C,=0, n#1. 


Therefore, the oscillations of the string for the given initial conditions in this example will be 


yx, t) = sin(*) cos (=), 


which is same as we found by appealing to the rule: in linear systems, once in a mode, always in that mode. 


Example 4.3 Starting Vibration in a Superposition of Normal Modes 


Suppose the string were let go from rest while it had a shape given by the function (x, 0) = 2 sin(zx/L) +3 sin(27x/L). What would 
be the subsequent motion? 


Solution 


A quick answer: Since we started the string in the shape of superposition of mode 1 and mode 2 at rest and since there are no 
nonlinear forces among the mass elements of the string, the string will continue to oscillate in the same superposition. Each mode in 
the superposition will oscillate at its own frequency Therefore, we expect 


v(x, t) = 2 sin(rx/L)cos(rvt/L) + 3 sin(27x/L)cos(2mvt/L), 


where v = ./T7/w. 


Longer answer: We again start by first listing the initial conditions on displacement and velocity, 
lo. <) 
9,0) = }° sin(knx)C, = 2 sin(rx/L) + 3 sin(2xx/L), 
n=1 


fo <) 
5050) = D° sin(knx)ky Dn = 0. 


n=1 


continued 
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Example 4.3 continued 


Therefore, 


Equating the coefficients of the same sines on the two sides, we get the constants to be 


Dy=0, w= 1525 3,..05 
Gy = 2; CGC, =3 
C, =0, n= 3,4,.... 


y(x, t) = 2 sin ( 


=) cos (=) + 3 sin (3) cos (F="). 


L 


Fig. 4.9 A physical realization of a string 
with one free end and one fixed end. At the 
free end, the string is tied to a light ring 
which can glide frictionlessly on a rod while 
maintaining the tension T in the string. 


4.4 Transverse Oscillations of a String Free 
at One End 


The vibration problem of a string fixed at only one end differs in boundary condition from 
the case of both ends fixed. Let us simplify the problem so that the string remains in the 
xy-plane. Note that we still wish to maintain the string with tension 7. One way to physically 
realize this problem is to attach the string to a light (massless) ring and let the ring glide 
frictionlessly on a rod while keeping the string taut. This arrangement will ensure that the 
tension is maintained at some fixed value 7’, as shown in Fig. 4.9. Since the tension in 
the string also acts on the massless ring and since there is no friction along the rod, the 
y-component of the tension at the ring will be zero. This physical requirement on Ty gives 
the boundary condition at the free end at x = L. Let 6 be the angle the string makes with 
the horizontal direction at x = L, then we get 


y-component: —T sind =0 (atx=L). (4.83) 


Since T # 0, we must have 
sin@|,=7 = 0. 


(4.84) 


We use small-angle approximation to replace the sine function with the tangent function so 
that we can relate the condition on 6 to the slope of , 


tané|,=; =0. (4.85) 
This gives the following condition on the profile v(x) at the free boundary at x = L: 
a 
(3) -0. (4.86) 
Ox) =p 
Thus, our mathematical problem is: Find the solution of the wave equation 
ay 1 ay 
==, 4.87 
ax? sw? Or? mei) 


Transverse Oscillations of a String Free at One End 


with the following boundary conditions: 


(0, 1) = 0, (4.88) 


(2) =0. (4.89) 
ax x=L 


You can follow the same procedure as outlined previously when we solved the problem 
where the string was fixed at both ends. This calculation is left as a fruitful exercise for the 
student. Here, we quote the answer only, 


Mn (x, t) = An sin (Rnx) cos nt _ gn) > (4.90) 
1s 

fen l) a (n= 1,2,...)5 (4.91) 

On = Vky. (4.92) 


The general solution is written as a superposition of all of the normal modes, 


lo. <) 
V(x, t) = ys AS sin (Ryx) COS (@yt— Pn). (4.93) 
n=0 
We use the initial conditions to determine A, and @,, as illustrated in the Fourier series 


technique later in this chapter. For instance, if at t = O the string has y(x,0) = p(x) and 
3; 0) = q(x) then 


Yo An Sin nx) C08 (bn) = 0%); (4.94) 
n=0 
DE Anern sit. nx) sin (bn) = 42). (4.95) 
n=0 


Fourier techniques can be used to determine A, cos (@,) from the first equation and 
Ay@y sin (¢,) from the second, from which we can readily deduce A, and ¢y. 


4.4.1 The Modes of a String with Both Ends Free 


When both ends of the taut string are free to move in the perpendicular direction to the 
string while still under tension 7, then the boundary conditions will be 


(2) = 0, (4.96) 
ax x=0 


(2) =0. (4.97) 
Ox) ep 


The normal modes for these boundary conditions will be cosine functions in the position 
variable, 


Yn (x, t) = A, cos (RnX) COs (@nt ay on)> (4.98) 
kn = = (n= 1,2,+-+), (4.99) 
Wy = URy. (4.100) 


Figure 4.10 shows some of the low frequency modes for the three boundary conditions we 
have discussed above. Note that when both ends are free, the lowest mode will have a node 
between the ends, while there is no node in the lowest mode of the other two boundary 
conditions. 
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Fig. 4.10 The three lowest frequency trans- 
verse modes of oscillations corresponding to 
three boundary conditions, one side clamped 
the other free, both sides clamped, and both 
sides free. The frequencies of the three modes 
are given in the text. 


(a) Left end fixed, (b) Both ends fixed (c) Both ends free 
right end free 


4.5 Longitudinal Oscillations 


4.5.1 Stress and Strain 


Most physical bodies can be deformed by applying an external force. When a body is com- 
pressed or extended, the binding forces between atoms and molecules of the body change 
to counter the external applied force. In elastic materials, the original shape of the body is 
recovered when the external force is removed. Therefore, elastic materials are like springs 
and they can be successfully modeled by assuming that an elastic body is made up of cou- 
pled oscillators connected by spring-like forces. Internal forces develop in an elastic material 
as a response to an applied force that is proportional to the resulting deformation. 

Suppose a rod is pulled along its length. Then we find that an internal force F in the rod 
develops as a response to the applied force. According to Hooke’s law (the same law that 
explains the spring force), the magnitude of the internal force will be proportional to the 
percentage change in length if the change is not too great, 


Fou —, 4.101 
OF ¢ ) 


where AL is the change in length of the rod of length L. We also find that a greater force is 
needed for a thicker rod, i.e. F is also proportional to the cross-sectional area A, 


Fad. (4.102) 


Therefore, the internal force F in an elastic rod that has been extended is given as 


AL 
F= YAS, (4.103) 


where the proportionality constant Y is called the Young’s modulus. Young’s modulus is 
a characteristic of the material of the rod. Equation 4.103 shows that, instead of change in 
length, a more relevant quantity is the relative change in length, and, instead of force on 
the material, the physically more relevant quantity is the force per unit area. The relative 
change in length, called strain, gives us the relevant measure of deformation of the ma- 
terial, and the force per unit area, called stress gives a measure of relevant internal forces, 


: AL 
strain = —, (4.104) 
L 
18 
tr = 4.105 
stress a ( ) 
Therefore, in terms of stress and strain, Eq. 4.103 is also written as 
stress = Y x strain. (4.106) 


The stress must be the same throughout a physical body in a static equilibrium. But, when 
the body is not in static equilibrium the stress inside the body will be position and time 
dependent, just as was the case with the mass/spring system where force changed with time 
and displacement. The body is said to be away from equilibrium when the stress varies in 
the body causing acceleration in the elements of the body. We will see below that particles 
in a body oscillate if they are displaced from their equilibria due to an imbalance of the 
stress in the body. If the vibrations are parallel to the long axis of the body, we call them 
longitudinal vibrations, and if they are perpendicular to the length, then we call them 
transverse vibrations, as we have seen above. 


4.5.2 Longitudinal Vibrations in a Rod 


Suppose a rod is clamped at one end to a rigid support and then pulled at the other end and 
released from rest. We will find that different parts of the rod will vibrate along the axis of 
the rod in a complicated motion reminiscent of the arbitrary motion of coupled oscillators, 
unless the starting configuration was in a normal longitudinal mode. If the rod were pulled 
and care was taken to excite one of the normal modes only, then the rod would vibrate in 
that normal mode only, as was the case with the transverse oscillations. The longitudinal 
vibrations in a rod turn out to be similar to transverse vibrations of a string: they obey a 
similar wave equation. In this subsection we will derive the relevant equations of motion 
and present some solutions. 

Consider a rod of length L, cross-sectional area A, and Young’s modulus Y. We take the 
x-axis as the axis of the rod with origin at the fixed end. In order to describe the strain at 
some point x, it is necessary to know how an infinitesimal length Ax, between x and x + Ax, 
has changed. That is, we would like to distinguish between the displacements of particles at 
x and x + Ax since we need the change in Ax itself. Therefore, we introduce another symbol 
w(x, 1) for the displacement of the particle at x at time t. The velocity and acceleration of 
the particle at x will be 


ow 
a .107 
uv. a (4 ) 
aw 
~= i. 4.108 
ane T ¢ ) 


We wish to write the force on the particle at x so that we can use Newton’s second law of 
motion to obtain the equation of motion. Consider an element of the rod that has a length 
Ax at equilibrium, as shown in Fig. 4.11. In the non-equilibrium situation, the rod will be 
deformed such that the particle which was at point x in equilibrium will be at (x + w), and 
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Fig. 4.11 The longitudinal oscillations of a 
rod. (a) Two nearby points on the rod at 
equilibrium. (b) When the rod is away from 
equilibrium, the particles that used to be at 
point x and x+ Ax are now displaced by w(x) 
and w(x + Ax) respectively. The difference 
between the forces F; and Fz provides the re- 
storing force on the material, shown shaded 
here. 


5 


W(x) W(x + Ax) 


the particle that was at (x + Ax) will be at [(x + w + Ax) +Aw]. Therefore, the strain of the 
element Ax at the instant will be 


A 
te (4.109) 
Ax 


The formula for the strain at x, to be denoted by € (x), can be obtained by taking the Ax > 0 
limit of this equation, 


€(x) = ~. (4.110) 


The stresses on the two ends of the infinitesimal element Ax, denoted as o(x) and o(x + 
Ax), are 


o(x) = Y €(x), (4.111) 
o(x+ Ax) = Y e(x+ Ax). (4.112) 


Therefore, the x-component F,, of the net force on the masses in the element Ax is given as 
FP, = F,-F, = 0(x+ Ax)A-o(x)A. (4.113) 


Expanding o (x + Ax) about x and keeping only two terms in the expansion, we obtain the 
following: 


do 


o(x+ Ax) ¥ o(x) + 
Ox 


Ax. (4.114) 


Therefore, the x-component of the net force will be 


a 
F, = — AxA. (4.115) 
Ox 


Now, using 0 = Y ¢€ from Eq.106 and € from Eq. 4.110 in this equation we get 


ay 
F, = YAAx —. (4.116) 
Ox? 


We will equate this to ma, where the mass m in the element is 


m= pAAx, (4.117) 


where p is the density and the average acceleration of these masses is given in Eq. 4.108. 
Therefore, the equation of motion is given as 


(4.118) 


aw aw 
ax2 ar 


<I> 


In deriving Eq. 4.118, Ax cancels out in an intermediate step. We recognize this as a wave 
equation for the displacement y with speed, v, given as 


v= Vip. (4.119) 


Note that here, the speed has a formal resemblance to the speed for the transverse waves on 
a taut string, which was given by v = ./7/j1, where T was the tension and y the mass per 
unit length. In both cases, the speed is related to the ratio of an elastic property (7 or Y) 
and an inertial property (4 or p) of the medium. Let us write the wave equation in the 
familiar form for future reference, 


ry 1 ey 


axe? a” ey 


Equation 4.120 along with the boundary condition of yy form the mathematical problem 
whose solutions describe the longitudinal vibrations of the rod. 


Boundary Conditions 1: Both Ends Fixed 


We first look at the boundary condition where both ends of the rod are kept fixed, i.e. the 
length of the rod is fixed. In this case, the vibration will extend the rod in some parts and 
contract in other parts. Since both ends are fixed, the boundary conditions are 


w (0, 2) = 0, (4.121) 
wd, 1) = 0. (4.122) 


Normal Modes Corresponding to Boundary Conditions 1 


The oscillatory solutions of wave equation 4.120 with boundary conditions 4.121 and 4.122 
are the normal modes of the longitudinal vibrations of the rod with both ends fixed. We have 
solved a similar mathematical problem before, and we just give the solution here, 


Vin (x 0) = Ay sin (RyX) COS (Ont — bn)» (4.123) 
in = = 1,25..)5 (4.124) 
On = VRy. (4.125) 


According to Eqs. 4.123 and 4.124, the lowest mode makes one half of a sine period over 
the length of the rod, the second mode makes a full period, the third mode, three times a 
half-period, etc. Some of the low frequency modes are shown in Fig. 4.10. 
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Boundary Conditions 2: One End Fixed and One End Free 


At the fixed end, it is obvious that the displacement will be zero, 


w(0, 0) = 0. (4.126) 


At the free end the stress must vanish since there is nothing to pull against. Therefore, from 
Eqs. 4.111 and 4.110 we find the second boundary condition to be 


ay 


ax x=L 


=0. (4.127) 


Normal Modes Corresponding to Boundary Conditions 2 


The oscillatory solutions of wave equation 4.120 with boundary conditions 4.126 and 4.127 
are the normal modes of the longitudinal vibrations of a rod with one end fixed and the other 
end free. We have worked out a similar mathematical problem before, and we just give the 
solution here, 


Vn (x, t) = An sin (RnX) cos (nt a Gn) > (4.128) 
4 

hy = (20-1) 5 (n= 1,25...), (4.129) 

Wy = UR. (4.130) 


According to Eqs. 4.128 and 4.129, the lowest mode makes one quarter of a sine period over 
the length of the rod, the second mode makes three quarters, the third mode, five quarters. 
Some of the low frequency modes are shown in Fig. 4.10. 


Boundary Conditions 3: Both Ends Free 


What happens when both of the ends are free? In this case, the force on the rod at the ends 
must be zero, which requires the space-derivative of the displacement to vanish at the ends, 


3 

Aan) (4.131) 
ax x=0 

a 

OV nase (4.132) 
ax x=L 


Normal Modes Corresponding to Boundary Conditions 3 


The oscillatory solutions of wave equation 4.120 with boundary conditions 4.131 and 4.132 
are the normal modes of longitudinal vibrations of the rod with both ends free. It is easy to 
show that the solution of the wave equation with these boundary conditions is 


Wn (x, t) = A, COs (RnX) cos (@pt = On)> (4.133) 
kn = 7. (n= 1,2,...)5 (4.134) 
Wy = UR. (4.135) 


According to Eqs. 4.133 and 4.134, the lowest mode makes one half of a cosine period 
over the length of the rod, the second mode makes a full period, the third mode, three 
half-periods, etc. Some of the low frequency modes are shown in Fig. 4.10. 


Example 4.4 Longitudinal Modes of an Aluminum Rod 


Find the frequencies of three lowest normal modes of longitudinal vibrations of a 1m 
aluminum rod which is (a) clamped at one end and (b) clamped at both ends. Use 
p = 2.7 x 103 kg/m? and Y = 70 GPa. 


Solution 


(a) The frequencies are given by 
Ti sane 


= (2n-1) 


| 
£ 
~N 
iS) 
q 


Therefore, the lowest frequency is 


VY/p 
4L 


f= = 1273 Hz. 


The next two normal modes are 


fy = 3h; = 3819 Hz, 
fy = 5h; = 6365 Hz. 


(b) When both ends are fixed, the frequencies are different: 


i= VY/p 
v= OR 
jf, = 2fy = 1273 Hz, 


fy = 3fy = 1910 Hz. 


= 637 Hz, 


4.6 Vibrations of an Air Column 


The heart of a wind instrument is usually a vibrating air column. For instance, when a player 
blows across an open hole of a flute, this sets the air column in the flute in vibration. The 
player controls the effective length of the air column by opening and closing holes in the 
instrument. In the case of sound, vibrations of air particles occur along the line of travel of 
the sound wave. Therefore, we wish to study the longitudinal vibration modes of a column 
of air, i.e. the modes along the length of the tube. 

The reaction of the particles of air to compression or rarefaction will be similar to the 
reaction of a solid, as studied above. Therefore, the vibrations will be described by the same 
wave equation with the speed v now related to the elastic and inertial properties of air. For 
air of density p [kg/m] and bulk modulus B [N/m7] (where we had Y [N/m?] before) the 
speed wv can be shown to be 


v= V/B/p, (4.136) 


where the bulk modulus is defined by Hooke’s law for relative volume change under a 
pressure p, 


B=-v—. (4.137) 
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Fig. 4.12 The three lowest frequency modes 
of air columns for two boundary conditions: 
(a) one end open and the other end closed, and 
(b) both ends open. The solid line shows the 
vibration mode at one instant of time when 
the displacements are largest and the dashed 
line shows the other instant of the largest 
displacement from equilibrium. 


Since the equation of motion of longitudinal vibrations of particles of air is the same as the 
wave equation worked out above for a rod, the modes of an air column will be the same 
as the modes of the rod. Just as the longitudinal modes of the vibrating rod depend on the 
length of the rod, the modes of vibrating air will depend on the length L of the column. In 
the two cases of particular interest for musical instruments, namely, one end open and both 
ends open, these will be 


One end open and one end closed: 


a 
ky = (2n-1) — (n= 1,2,...); 
Ga-l) 7 ) 


a 2x 4L 
"Ry 2n-1" 
Both ends open: 
nt 
ky =e = 1, 2, ) 
L (n ) 
ie 2x 2L 
1s Rn = yi 3 
with frequencies of modes 
On = vRns 


with v = ./B/p. Figure 4.12 displays the lowest three modes for the two types of boundary 
conditions with the wavelengths of each mode displayed alongside. Successive modes are 
smaller in wavelength. In the case of one end fixed and the other end open, the length of the 
tube is an odd multiple of the wavelength for various modes, L = nd/4, n odd, and in the 
case of both ends open, the length of the tube is an integer multiple of half a wavelength for 
the modes, L = nd /2, n integer. 

We can express the bulk modulus B in terms of the pressure and temperature if we as- 
sume that air acts as an ideal gas. Since the velocities of the air particles are much greater 
than the speed of the wave, there is no transfer of internal energy in heat, and wave propa- 
gation is an adiabatic process. In an adiabatic process for an ideal gas, the pressure and 
volume are related as 


pV” = constant, (4.138) 


frit) | | Lee 
i > ye 
(a) Left end fixed, (b) Both ends free 
right end free 


where y = 
volume (C,). Therefore, 


VY dp+ypv"" =0. 
Hence, the bulk modulus is given as follows: 


dp 


B=-V = 
dV 


=YP. 


This gives the speed of the sound as 
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C,/C,, the ratio of specific heats at constant pressure (Cy) and constant 


(4.139) 


(4.140) 


(4.141) 


Since air is composed of mostly nitrogen and oxygen, you may use y for a diatomic 
molecule, which is 3. Same speed applies for other boundary conditions, closed on both 


ends and open at both ends. 


Example 4.5 Modes of an Air Column 


Find the frequencies of three lowest allowed modes in a tube of length 1 m which is 
open at one end and closed at the other. Use standard pressure 1.0 x 10° Pa, the density 


of air 1.0 kg/m, and y = 1.44 for air. 


Solution 


From the data, the speed of the wave is 


1.44 x 1.0 x 105 
ga) 2a oS 8798 ile, 
p 1.0 


We need three lowest frequencies, which means we need three smallest wave numbers. 
That means we need three largest wavelengths. For the given boundary conditions, the 


wavelengths are A,, = 4L,/(2n- 1), which gives the three largest wavelengths as 
Ay = 4m; Az = 1.33 m; A3 = 0.8m. 


Or, the wave numbers as 


2 2 
Amt; ky = m4; ky = 
4 1.33 


Multiplying the k’s with the speed, we obtain 


ky = 


2m 4 2m oy 20 4 
@, = 379.5 x S35 @2 = 379.5 x s3 @3 = (379.5 x —s-. 
4 1.33 0.8 
The frequencies are 
379.5 379.5 379.5 
Al = — =95 Hz; fp = —— = 285.3 Hz; ff = —— = 474.3 Hz. 


4 1.33 0.8 
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4.7 Vibrations of Two- and 
Three-Dimensional Systems 


The vibrations of two- and three-dimensional systems such as drums and solid bodies are 
more complex than for the one-dimensionsl systems we have studied so far since they pos- 
sess additional degrees of freedom. Let us denote the displacement from equilibrium by the 
symbol y. While in one dimension with the system along the x-axis in equilibrium, we had 
the displacement variable a function of x and ¢ only, in two dimensions with the system in 
the xy-plane in equilibrium, we will have the displacement w a function of x, ¥, and 1, i.e. 
w (x,y, t). In three dimensions we will have w(x, , 2,2). A similar derivation as that con- 
ducted for the oscillations of a one-dimensional system leads to the wave equations in two 
and three dimensions, 


Py Pp 1 ey 


Two dimensions: 
ax? ay? ws OO?” 


(4.142) 


ry Py Hw 1 dy 
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Three dimensions: (4.143) 


where v is related to the surface tension S and surface density o [mass/area] in the case of 
the two-dimensional system and to the bulk modulus B and volume density p [mass/volume] 
in the case of the three-dimensional system, 


S 
Two dimensions: v* = —, (4.144) 
oO 


Three dimensions: v” = (4.145) 


> 1b 


In the following two subsections we will work out two examples of two-dimensional systems, 
one with a rectangular geometry and the other with a circular geometry. We will learn how 
to handle the boundary condition in these two elementary types of geometries. 


4.7.1. Transverse Oscillations of a Rectangular Plate 


Consider a rectangular plate that is fixed at the edges but otherwise allowed to vibrate 
everywhere else. What will be the normal modes? 

As in the one-dimensional case we can obtain this information by solving the wave equa- 
tion Eq. 4.142 for the w(x, y, 2) = 0 at the edges as the boundary condition. To be concrete, 
consider aa x b plate placed in the xy-plane between 0 < x < aand 0 < y < a. Then, we 
need to solve Eq. 4.142 with the following boundary conditions: 


(x = 059, 0) = 0, (4.146) 
(x = a,y,t) = 0, (4.147) 
vy = 0,1) = 0, (4.148) 
Way = bt) = 0. (4.149) 


To find the modes we employ the product solution for y in the following form: 


VOD =fMEQ)h@. (4.150) 
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Let us insert the product solution in the two-dimensional wave equation, Eq. 4.142, perform 
the derivatives, and then divide every term by fgh. We will get 


1@f i1d@g  1i1dh 
f a2 g dP wh dz’ 


(4.151) 


The right side of this equation is only a function of t and the left side that of (x,y). The only 
way the two sides will be equal to each other is if they are both equal to the same constant. 
Since, we are looking for oscillating solutions, the constant has to be a negative number. We 
will choose —? for the constant, 


1 df Lae A 


Tg oe eae 4.152 
fae’: a 
ah 

a= kv h(t), (4.153) 


where k is introduced here as in the one-dimensional case. The general solution for h(t) 
will be 


h(t) = A cos(kvt) + B sin(kvt). (4.154) 


We need to separate the x and y parts in Eq. 4.152. Sending the y-dependent quantities to 
the right side of the equation gives an equation in which the left side depends only on x and 
the right side depends only on y. Therefore, we can equate each side to a constant. Looking 
ahead, we choose the constant to be a negative number since that would give the required 
oscillating behavior of the modes. We will denote this constant by —p7, 


da 
ff = TO, (4.155) 
d@ 
a =-(# -p’) 2G). (4.156) 


The solution of Eq. 4.155 satisfying the boundary conditions 4.146 and 4.147 is 
. ni 
In(x) = C sin(pn x), Pn = —, n=1,2,3,..., (4.157) 
a 


keeping only the positive solutions for p. The solution of Eq. 4.156 satisfying the boundary 
conditions 4.148 and 4.149 is 


&m(¥) =C sin(gn V)> dm = [v k2 P| a _ m= 1,2,3,...5 (4.158) 


m 


keeping only the positive solutions for g. We note that each mode will be specified by two 
indices, one for the x-part and the other for the y-part. Therefore, we label k by two indices 
mand nas 


nym @ 


2 2 
RB = red = |" ne | (4.159) 
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Fig. 4.13 The four lowest modes of vibra- 
tions of a plate. The modes are labeled with 
two mode indices, one for each side of the 
plate. 


Wo 
SNR 
RRO 


RO 


Putting the product solution together, we find that the normal modes of the plate will be 
given by the following frequencies and mode amplitudes: 


n= m2 
®nym = V Rams Ran = a t be > AM= 15 2; 3, se (4.160) 
_ (nn _ (mn ; 
Wim = sin ( x) sin ( b y) [Ann COS (Ry, Vt) + Bryn sin(RymV) | : (4.161) 
a 


A general motion of the plate will be given by superposing these solutions as 


W(x, 0) = > 3 sin (= x) sin (= y) [Arm cos(kut) + Bum sin(kvt) | >» (4.162) 


n=1m=1 


where the constants A,,,,, and B,,,,, are fixed by the initial conditions on the plate. The math- 
ematical method of Fourier analysis is used to extract the constants from initial conditions of 
the starting shape and speed at each point of the plate. We will study the Fourier analysis a 
little later in this chapter where we will do a problem in which we determine the coefficients 
in the general solution. The profiles of four low modes, [n, m] = [1,1],[2,1],[1,2], [2,2], are 
displayed in Fig. 4.13. 


4.7.2. Free Vibrations of a Drum 


Suppose an elastic membrane is stretched and fixed to a circular tube of radius a. What will 
be the normal modes of the vibrations of the membrane? The boundary condition in this 
situation can be expressed more readily in a polar coordinate with the origin at the center of 
the membrane. Let the polar coordinates be denoted by (r, 8). The transverse displacement 
of an element of the membrane at the point (7,4) at time ¢ will be given by w(r,0, 2). The 
boundary condition will be 


w(a,0,t) =0, (since fixed boundary at r = a.) (4.163) 


The wave equation for y will still be the same equation as Eq. 4.142 but now written in the 
polar coordinates, 


t = , .164 
r 0x2 "Or r2 002 vw «Ot? @ ) 


2 |] 1 aw 1 dw 
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So, the task before us is to solve this partial differential equation, making sure that the 
solution satisfies the boundary condition in Eq. 4.163. Since we will only work out the 
normal modes, we do not need to worry about the initial conditions here. 

Again, we implement the separation of variables technique by seeking the solution in the 
form of a product of separate independent variables. Let us set w(r,0,2) = R(r)O(6) TT in 
Eq. 4.164. The separated equations can be written as three ordinary differential equations, 


2T 

ae kv T, (4.165) 

LO 

aon -u’ @, (4.166) 

@R 1 dR Q 

a2 ; (# “) R=0, (4.167) 
Ir ar r 


where constants k and pw will be determined below. We have seen how to solve equations 
of the type Eq. 4.165 and 4.166—they have the same form as that of simple harmonic 
oscillators. Therefore, we can write their general solution as 


T@® = C, cos(kvt) + Cz sin(kvt), (4.168) 
O(@) = C3 cos(wd) + Cy sin(ud). (4.169) 


Now, we note that every function of 6 must be periodic in 6, since 6 = 0 and 6 = 27 are 
identical. This means that must be an integer. Since negative jz does not give new modes, 
we will keep yz in the semi-positive integer range, 


w= 051,25... (4.170) 


Now, the radial equation, Eq. 4.167, has more information about the constant jz, 


BR RAR sy R=65 =GoS (4.171) 
dr" + dr 2 PUES pate ah ; 


This equation is called the Bessel equation. For each value of jz, there are two independent 
solutions of the Bessel equation: the Bessel functions 7,, and the Neumann function N,. 


They are written as functions of kr rather than a function of r. The general solution will be 
a superposition of these independent solutions, 


Rr) = Cs Fu (kr) + Co Ny (Rr). (4.172) 

The Bessel functions 7,, are well behaved at r = 0, but Neumann functions blow up at r = 0. 

In our geometry we expect regular behavior at the center of the drum. Therefore, Cs = 0 
here. This means that the radial part contains only Bessel functions, 

R(r) = Cs Fu (kr). (4.173) 


The boundary condition at r = a given in Eq. 4.163 yields the following requirement: 


Fu (Ra) = 0. (4.174) 
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Table 4.2 Zeros of Fun(p). The values in the table are the values of p for which Fun(e) = 0. In 
the text p = ka. 


n=1 n=2 n=3 n=4 
uw=0 2.40483 5.52008 8.65373 11.7915 
fal 3.83171 7.01559 10.1735 13.3237 
pez 5.13562 8.41724 11.6198 14.796 
w=3 6.38016 9.76102 13.0152 16.2235 
u=4 7.58834 11.0647 14.3725 17.616 


This says that k are no longer arbitrary but are obtained from the zeros of the Bessel 
function of the argument ka. For each yj, there is an infinite number of zeros of 7,,: whenever 
ka equals one of these zeros, F,, will be zero. Table 4.2 shows the first four zeros of the 
first five Bessel functions. Let us denote the zeros of the Bessel function F, by a@,., with 
WH 1525355 sacs 

Attaching the two indices to the k also we write 


Run = - (4.175) 


Now, we can write the product solution which would be also labeled with the subscript wn, 
Wun = Fu Runt) [Ayn Co8(u0) + Bun sin(40)] [Cun COS@pnt) + Dun Sin(@pnt)], (4.176) 


where we have renamed constants. These are the normal modes labeled by two indices and 
@yn are the normal mode frequencies. Some of the lower frequency modes are given in 
Table 4.3. 

Note that for uw # 0, there are two modes for each frequency, one with cos(w@) and the 
other with sin(j0): this is called degeneracy. In Fig. 4.14, density plots of some modes of 
a drum are shown. 


Table 4.3. Some normal modes of a circular drum. 


I n Yun un 

0 1 Wor = Foor) [Cor cos(wo1t) + Dor sin(wo12)] 2.404/av 
0 2 Wo2 = Fi (Ro2r) [Coz cos(wo2t) + Doz sin(@o22)] 5.520/av 
1 1 Wi =FiCki7r) cos(@) [Cy, cos(@i310) + Diy sin(@@110] 3.832/av 
1 1 Wi, =Fi(Air) sin) [Ci, cos(@11t) + Dj, sin(o11)| 3.832/av 
2 1 War = F2(R211r) cos(20) [C21 cos(w21t) + D2, sin(@210)] 5.135/av 


2 1 W5, = Fo (Rar?) sin(20) [C}, cos(w212) + D5, sin(w21d] 5.135/av 


ray aN. ss 


» 
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4.8 Fourier Analysis 


Recall that normal modes are independent ways a system can vibrate. An arbitrary motion, 
periodic or nonperiodic, can be constructed from the normal modes of the system. In this 
section, we will demonstrate how to construct an arbitrary motion of an oscillating string 


from a superposition of its normal modes. 


4.8.1 Fourier Series 


A Fourier series is a series expansion of a periodic function f(x) of period L in terms of 


sines and cosines of periods {L, L/2, L/3, ...}. 


(On 2 ey aa +B hy pea 
E 2 = : L Him : L : 


where the Fourier coefficients A,, and B, are determined by 


2) If 
Ag= 5 | feds 
ele BN eye 
n L F(x) cos L 9 (n= 25) 205) 
B _2 th | Cae 4 Se 
n ip F(x) sin L Xy (n= DES 


(4.177) 

(4.178) 

oe (4.179) 
mar (4.180) 
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Fig. 4.14 Low frequency normal modes of a 
circular drum. 
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Note that Ap comes with a factor of 1/2 so that the same integral Eq. 4.179 can be used 
for all n. To apply a Fourier series to a non-periodic function, say g(x), defined over an 
interval [0, L], we construct another periodic function (x) which is periodic with period L 
and agrees with g(x) in the interval [0, LZ]. 


Example 4.6 Fourier Series of Square Wave 


Find the Fourier series of the wave shown in Fig. 4.15. 


—3n 8-2 1 0 I 2n 3n 
Fig. 4.15 Square wave. 


Solution 


First we write the analytic expression for the given function in one period. We choose 
to work with the period 0 < x < 2z, 


1 O<x<az 
f(x) = (4.181) 


0 Pere de 


Now, using Eqs. 4.179 and 4.180 for L = 27, we determine the Fourier coefficients, 


25 fee 1 
Ao =-— f(x)dx ==; (4.182) 
2m Jo 2 
2 2a 
A, = — (x) cos(nx)dx = 0, (n= 1,2,3,...) (4.183) 
2m Jo 
2 pm aa n odd 
B,= = f(x) sin(nx)dx = (4.184) 
2m Jo 
0 n even 


Therefore, the step-wise periodic function given in Fig. 4.15 has the following Fourier 
series representation: 


f@yeoe= ee ae em 00) (4.185) 
i 7 <x< ; . 
Z i n= 1,3,5 se 


How closely does this series resemble the original function? Mathematically, to be an 
exact representation of the original function, you need all the terms in the sum. How- 
ever, in practice, just a few terms are enough, as shown in Fig. 4.16, where we plot up 
to four terms and 25 terms. It is seen that even a few terms of the Fourier series give a 
fairly good representation of the original function. 


Fig. 4.16 Partial Fourier series representations of a square wave with 1, 2, 
3, 4, and 25 terms. Aside from ringings at the sharp edges, the 25-term 


approximation is very close to the original function. 


4.8.2 Fourier Analysis in Terms of Normal Modes 


We have seen above that modes of strings of length tied at both ends are 


Vas) =sin Fax), by = m= 1, 2, 3,00. (4.186) 


Notice that these mode functions are terms of the Fourier sine series for period 2L. Any 
periodic function of period 2L that is an odd function of x with zeros at x = 0 andx = L 
will have a Fourier series with only the sine terms of modes in Eq. 4.186. That is, 


Given f(x + 2L) = f(x), f@) = 0, f(L) = 0, and f(-x) = -f(x), 


[e.e) 
the Fourier series will be f(x) = > B, sin (=) : (4.187) 


n=1 


Any shape of the string will be given by some continuous function f(x) in 0 < x < L.In 
order to make use of the Fourier series representation of that function as in Eq. 4.187 we 
will extend the function to —L < x < L such that the extended function is an odd function, 
and, then copy the function over the entire range -oo < x < oo to construct a periodic 
function which agrees with the desired function in the physically relevant domain. I will 
now illustrate the expansion of an arbitrary shape into the normal modes of the system with 
the following example. 
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Example 4.7 Fourier Series in Normal Modes 


A string tied at both ends is pulled in the shape shown in Fig. 4.17. Express the mode shape (x) in terms of the normal modes of 
the system. 


L/2 L 


Fig. 4.17 Triangular wave. 
Solution 


First we will write down the analytic form of the given shape. The function (x) is a piece-wise continuous function given by 


2a px 
=. Sx¥< >; 

yoy ad £ : 2 (4.188) 
0, <x =<. 


2 — 
As written here, this function is not periodic in x. We need to replace this function by a periodic function of period 2L so that only 


sine terms will arise in the Fourier expansion. This can be obtained by creating an odd function of period 2Z that agrees with y(x) 
in the domain 0 < x < L. 


L 
0, -L<x<--, 
2 
2 oe LE 
f@® = = % 5 ares; (4.189) 
L 
0, 5 <x<L, 
2 


with copies appended ad infinitum such that 


f(x + 2L) = f(x). 


A small part of this function is shown in Fig. 4.18. Now, since f(x) is periodic and odd we will have only the sine series terms 
non-zero, which will all be the normal mode functions of this system. Using Eq. 4.189 in Fourier series with period 2L we obtain 


2 ft 2 ft 
oe / f(x) sin (=) dx = = [ f(x) sin (=) dx, 
2L Jt L L Jo L 
where I have made use of the fact that the product of two odd functions is an even function and converted the limits in the range of 
0 to L. Performing this integral we get 


Fig. 4.18 Triangular wave. 
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Note that cos(mz) = (-1)” and sin (nw/2) = + 1 for n odd. Therefore, some of the B,,’s are: 
4a a 4a a 

> B=-, B= » B= sete: 
m2 2 oF 2 On? A 2n se 


The expansion of the given shape y(x) in the modes of the string will be 


B, = 


2a L 
es Lt” Os 4a. (@ ) aos, 2x 4a . 31x 
x)= sin t sin sin. fs 
y L 2 £ L On? E 
0, zaxsl 


4.8.3. Dynamics of Taut String Using Modes 


Recall that each mode of a vibrating system oscillates at its own frequency. That is, if you 
have a system in a mode wy, of frequency w,, then it will evolve as 


v@ = Vn COS(@yt— bn). 


We saw above that any shape of a string can be written as a sum of modes. Thus, the shape 
of a string at time t = 0 may be 


9(%50) = D> Butin(x)s 


n 


where B,, are the coefficients, which could be A,, or B,, in the Fourier series, although it was 
only the B,, in the case of strings tied at x = 0 and x = L as we have seen. Now, from this 
we can immediately state the shape of the string at an arbitrary time by multiplying the time 
evolving part based on the frequency of each mode, 


(x,t) = Yo AnVn (x) cos(@nt- dn), (4.190) 


where ¥,(x) = sin (uwx/L). The A, and ¢, are obtained from the v(x, 0) and dy/dt at t = 0. 
Now, we will work out a calculation that will show how to use the initial conditions y(x, 0) 
and (dy/dt),.9 to determine A, and @¢, for all n. Suppose the initial conditions are given to be 


(x; 0) =f), (4.191) 
(dy/dt) 9 = g(x). (4.192) 


To implement the condition on y we just set t = 0 in Eq. 4.190. To implement the condition 
on ¥ we take one time derivative on Eq. 4.190 and then set t = 0. We get 


4: sin (=) cos ($n) = F(X); (4.193) 


n=1 


2 (©, An sin (=) sin (@,) = g(x). (4.194) 


n=1 
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Let us make the following substitutions to simplify writing: 


Cy = A, C08 (bn), Dn = @n Ay sin Pn) - (4.195) 


Eqs. 4.193 and 4.194 become 


3 Cysin (2) FG: (4.196) 
n=1 
So Dy sin (=) mea, (4.197) 
n=1 


How do we determine C,, and D,,? The following identity is crucial for determining these 
coefficients: 


ae sin (“*) sin (“*) de = (4.198) 
0 


To extract the m coefficient, C,,, we multiply both sides of Eq. 4.196 by sin (mmx/L), and 
then integrate both sides. Note that we use the subscript m because n is the dummy index 
for the sum on the right side of Eq. 4.196, 


Cis ah f(x) sin (“*) dx. (4.199) 


Similarly, we can work with Eq. 4.197 to obtain D,,, 


2 fe 
Dm = 5 [ a(x) sin (“) de. (4.200) 


From C,, and D,, we obtain A,, and ¢,, as follows: 


Am = Ci, + (Din/Om)?s (4.201) 


Din 
tango» = : (4.202) 
Om Cn 


The information for C,, and D,, comes from the way the string was set into vibration at 
t = 0. With these A,, and @,, the solution of y(x, 1) gives the motion of the string at all 
subsequent instants. 


EXERCISES 


(4.1) 


(4.2) 


(4.3) 


Longitudinal oscillations of springs and beads. In the text we studied the trans- 
verse modes of beads on a stretched massless string. In this problem you will study 
the longitudinal modes of beads attached to identical massless springs. Suppose N 
beads of equal mass m are attached to N + 1 identical springs with spring con- 
stant k, and length /, as shown in Fig. 4.19. Let the distance between the fixed 
supports be L. 


Fig. 4.19 Exercise 4.1. 


(a) Set up Newton’s equation of motion for the displacement of an arbitrary bead. 

(b) Solve the equations of motion of all beads to deduce the normal mode 
frequencies and the normal mode amplitude ratios. 

(c) Check your answer for N = 2 with the answer for this part studied in the last 
chapter. 

(d) Sketch the configuration for the four lowest frequency modes for the N = 5 
system. 

Normal modes of a massive spring. A spring of mass M, length L, and spring 

constant is tied at both ends to fixed supports, as shown in Fig. 4.20. We wish 

to find the normal modes of the spring by mapping this system to the N bead and 

springs system in Exercise 4.1 by distributing the total mass of the system on the 

beads and leaving the springs massless and then taking the N — ow limit. 

In the N > oo limit, / = 4 > 0 andm = % = 0, butL = (N+ 1 

and M = Nm remain fixed. By taking appropriate limits find the normal mode 
frequencies and normal mode amplitudes for the massive spring. You can express 
the normal modes in terms of the x-coordinate of the jth particle of the spring at 
x = jl. In the continuum limit, you should get w,,(x) from the mth mode of the jth 
particle. 
Mass correction of spring. The angular frequency of oscillation of a mass M 
attached to a spring with spring constant k, is usually given to be w = /k,/M. This 
formula assumes that the spring is massless. In physics lab you find that if the mass 
of the spring is m, then the frequency is modified to w © ,/k,/(M + $m). This mass 
correction is only approximate. In this problem you will be guided to arrive at the 
correct expression for the frequency. 

Consider a spring of unstretched length L and mass m. Let us attach a block 
of mass M and place the block on a horizontal frictionless surface, as shown in 
Fig. 4.21. With the origin at the fixed support and the positive x-axis pointed to- 
wards the block, the displacement of any point of the spring will be denoted by the 
function (x, 2). A small element of the spring which used to be between x and 
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x + dx at equilibrium will now be between x + w(x, 4) and x+ dx + w(x + dx, 1). That 
is, the element of length dx will be stretched by dy = W(x + dx, 1) — W(x, f) as the 
spring of size dx is stretched to size dw. This will cause a tension in the spring that 
will be a function of position and time, denoted by 7'(x, 2). 


On NLEINOCN NNCERENED 


=: x 


— COCO EEO ED 
T(x) dy T(x+dx) 


Fig. 4.21 Exercise 4.3. 


(a) Show that the tension at x due to additional stretch dy will be 


T (x,t) = nw. 
ox 


(b) Analyze forces on the element dx and show that the equation of motion of the 
element can be simplified to yield the following equation for w(x, 2): 


ay RL? a? 

a2 oe oe (4.203) 

(c) We need to solve Eq. 4.203 subject to conditions at the boundaries at x = 0 
and x = L. What is the boundary condition on (x, t) at x = 0? 

(d) ‘To obtain the boundary condition at x = L we look at the equation of motion 
of the block subject to the force by the spring at that point, which is just the 
tension evaluated at x = L, namely, T(L, t). Show that the equation of motion 
of the displacement of the block will be 


2 
jg nt) (4.204) 
ar? Ox ) yep 


(e) For normal modes, we try a solution of the form 
w(x, 1) = [A cos(kx) + B sin(Rx)] cos(wt), 
where k is a wave number, not a spring constant. 


Using this show that (i) A = 0, and (ii) w must satisfy 
tan () 2 Give (4.205) 


where wp = J/k;/M and € = m/M. 


(4.4) 


(4.5) 


(4.6) 


(f) ‘To obtain the frequency of oscillation in the case of a spring with negligible 
mass, you can take « — 0 limit. Show that in this limit w = wo, the expected 
result. 

(g) Solve Eq. 4.205 numerically for wp) = 1 sec”! and (i) € = 0.1, (ii) « = 1, and 
Gii) « = 10 and compare your answers with what you get from the +m mass 
correction formula. 

(h) To find an approximate solution of Eq. 4.205 we make use of the following 
approximate expansion of 1/ tan(x): 


1 iL 
tan (x) x 


~ 
Re 


Show that using this approximation leads to the solution 


k, 
o= |——. 
M+4m 


A spring of mass M, length L, and spring constant R, is fixed to a rigid support 
at one end. The spring is then placed in a tube so that it can move only in one 
direction. The tube is placed horizontally on a table with one end of the spring 
fixed and the other end free to oscillate, as shown in Fig. 4.22. 

The modes of the oscillations of the spring can be obtained by drawing pictures 
of modes similar to the case for the transverse motion of a string with one end fixed 
and the other end free. Let (x, t) be the displacement of the element of the spring 
at point x at time 7. 

(a) Draw figures showing the variation of w(x) at an arbitrary instant along the 
length of the spring for three lowest frequency modes. These variations should 
be shown as a plot of w(x) versus x. 

(b) From your figures deduce the wave numbers corresponding to the three 
modes. 

(c) Write a general formula for the wave number k,, for mode n. 

(d) Based on your k, and the boundary conditions, what are the mode shape 
functions y,,(x). 

(e) The displacement w(x, 2) obeys the following classical wave equation as 
derived in the last problem: 


ry _ RL? 0? 


ar? m ax" 


What are the mode frequencies? 

Consider three identical beads, each of mass m, separated by equal distances a on a 
massless string of length 4a. The string is taut with tension T and the ends tied to 
a fixed support. A hammer hits the middle bead and gives it an initial speed of vo 
while its initial displacement is zero. The initial displacements and velocities of the 
other beads are zero. Find the subsequent motion of the beads. 

Coupled pendulums. Consider N identical pendulums of mass m and length / 
each, coupled by identical springs with spring constant k, as shown in Fig. 4.23. 
When the pendulum strings are in the vertical position, the bobs are separated by a 
distance a, which is equal to the unstretched length of the springs. 
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Fig. 4.22 Exercise 4.4. 
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Fig. 4.23 Exercise 4.6. 
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Fig. 4.24 Exercise 4.11. 


(4.7) 


(4.8) 


(4.9) 


(4.10) 


(4.11) 


(a) Set up Newton’s equation of motion for the small horizontal displacement ; 
of an arbitrary bead labeled 7 which is not at one of the two ends. 

(b) Suppose you ignore the motion of the beads at the ends, and assume the 
solution of the bead is in the form 


W(t) = cos(wt) [Acos(Kja) + Bsin(kja)], 


where w is the frequency and K the wave number. Find the relation between 
ow and K, i.e. the dispersion relation of the system. 

(c) What is the frequency of the lowest frequency mode and how do the bobs 
oscillate when in this mode? 

Find the Fourier series for the following functions given in the domain (0 < x < L) 

and periodically repeated with period L, i.e. for each function f(x + L) = f(x) in the 

entire domain —oo < x < 00: 

(a) f(x) =A sin(2mx/L),0<x<L; f(xt+L) =f) 

(6) f(x) =A sin@rx/L),0 <x <L; fxt+L) =f) 

() f@)=x%0<x<L; f(x+L) =f@) 

() f(x) =xL-x),0<x< Lb; f(xt+L) =f) 

(e) f(x) =A sin(2mx/L) when (0 < x < L/2) and f(x) = 0 when (L/2 < x < L); 
f@+L) = f(x). 

(a) Prove that the Fourier series of an even function will contain only the cosine 
terms and the constant term. 

(b) Prove that the Fourier series of an odd function will contain only the sine terms. 

Consider a taut string of mass density ~ = 0.1 kg/m and tension T = 10 N with 

both ends attached to fixed supports at x = 0 and x = 1 m. The string is bent around 

so that its shape can be given by the transverse displacement y (x, 0) at ¢ = 0, given 

by the function 


w(x,0) = 2 x 10° cm sin (77x). 


The string is released at rest from this configuration. Find the function y (x, ¢) that 
would describe the subsequent transverse vibratory motion of the string. 

Consider a taut string of mass density «7 = 0.1 kg/m and tension T = 40 N, with 
both ends attached to fixed supports at x = 0 and x = 1 m. The string is bent 
around so that the transverse displacement w(x, 0) at t = 0 is given by the function 


w(x, 0) = 2 x 10° cm sin (47x) + 3 x 10° cm sin (67x) . 


The string is released at rest from this configuration. Find the function y (x, ¢) that 

would describe the subsequent motion of the string. 

Plucked string 1. Consider a taut string of mass density jz and tension 7 with both 

ends attached to fixed supports. The string is pulled in the middle so that it makes 

the shape shown in Fig. 4.24 and then let go at rest from this configuration at ¢ = 0. 

(a) Choose a coordinate system with the origin at the left support, the positive 
x-axis horizontally towards the other support, and the positive y-axis pointed 
vertically up. What will be the function w(x) that describes the string shape at 
t= 0? 

(b) Express w(x) found in (a) as a linear superposition of the normal modes of the 
string fixed at the two ends. 


(4.12) 


(4.13) 


(4.14) 


(c) Suppose L = 10 and a = 1. Compare the plot of w(x) from (a) to the plot from 
(b) with only the @) one normal mode of the lowest wave number in the ex- 
pansion, (ii) five normal modes of the lowest wave numbers in the expansion, 
and (iii) ten normal modes of the lowest wave numbers in the expansion. 

(d) What will be the configuration of the string at an arbitrary instant t? 

Plucked string 2. Consider a taut string of mass density jz and tension 7’ with both 

ends attached to fixed supports. The string is pulled in the middle so that it makes 

the shape shown in Fig. 4.25 and then let go at rest from this configuration at t = 0. 

(a) Choose a coordinate system with the origin at the left support, the positive 
x-axis horizontally towards the other support, and the positive y-axis pointed 
vertically up. What will be the function (x) that describes the string shape at 
t= 0? 

(b) Express v(x) found in (a) as a linear superposition of the normal modes of the 
string fixed at the two ends. 

(c) Suppose L = 10 and a= 1. Compare the plot of y(x) from (a) to the plot from 
(b) with only the (i) one normal mode of the lowest wave number in the ex- 
pansion, (ii) five normal modes of the lowest wave numbers in the expansion, 
and (iii) ten normal modes of the lowest wave numbers in the expansion. 

(d) What will be the configuration of the string at an arbitrary instant t? 

Hammered string. Consider a taut string of mass density w and tension 7 with 

both ends attached to fixed supports. The string is struck in the middle so that the 

particle at the mid-point gets a velocity vp upward while the rest of the string is still 
at rest, as shown in Fig. 4.26. You can assume that the velocity at t = 0 is a Dirac 


delta function, 
x 1 L 
v(450) = 93 (F 5) = up Ld (: a 


(a) Find the subsequent motion of the string. 

(b) How often will the string reappear horizontal in its motion? 

Kundt’s tube A Kundt’s apparatus is shown in Fig. 4.27. The apparatus consists 
of a glass tube closed at one end and open at the other end. Cork dust or a similarly 
light powder is spread in the tube as a visual aid to observe the vibrations of the 
air in the tube. A metal rod with a piston is then inserted from the open end. The 
middle of the rod is clamped. Now, when the rod is scored with a piece of cloth or 
leather, the rod is set into the fundamental vibration mode of the rod. The vibration 
of the rod sets the piston into vibration which excites the air particles inside the 
tube. If the frequency of vibration of the rod is equal to the frequency of one of 
the vibration modes of the air column then a stationary wave is set up in the air 
tube. As a result the dust particles in the tube agitate and get thrown away from the 
antinodes and settle in heaps near the nodes (Fig. 4.27). 

By observing the pattern of the dust, you can determine the mode of the air 
column that was excited. To find the proper condition, it is necessary to move the 
piston in the tube, thus changing the length of the air column, and hence the wave- 
length of the modes. The vibration of the rod occurs at very high frequency which 
tends to excite higher modes of the air column. The distance between successive 
heaps of dust is equal to half the wavelength. It is usually difficult to measure the 
distance between successive heaps; instead, we measure the distance between sev- 
eral heaps and obtain the distance between successive heaps, equating it to half the 
wavelength of the sound wave excited in air. 


mm  * > yy 
“Lia E “Li | 


Exercises 


141 


Fig. 4.25 Exercise 4.12. 
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Fig. 4.26 Exercise 4.13. 
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Fig. 4.28 Exercise 4.15. 
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Fig. 4.27 Exercise 4.14. Kundt’s Apparatus. 


(4.15) 


(a) Suppose, that in one experiment, you measure the distance between 11 heaps 
in the tube to be 40 cm. Let the speed of sound in air be 340 m/s, and the 
length of the rod be 0.8 m. Find the speed of the sound wave in the metal rod. 

(b) Deduce a formula for the speed of the sound wave in a metal rod of length L 
if the wavelength of sound excited in the tube is Ap from the vibration of the 
rod in the fundamental mode. Use the symbol v, for the speed of sound in air. 

Simple flute. In woodwind instruments the normal mode of the air in the instru- 

ment is excited by the player. Consider a simple flute with the openings at A near 

the mouthpiece and D at the other end. Thus the flute has openings at both ends 
and will have pressure nodes at the two ends. The simple flute for this problem also 

has holes at B and C, as shown in Fig. 4.28. 

Note that when the holes are open, there will be pressure nodes (zero pressure 
difference from the ambient pressure) at those locations. Thus, if you have both 
B and C closed, then the sound wave generated will have zero pressure only at A 
and D. When B is open and C is closed, you will generate pressure nodes at A, B, 
and D, etc. Let AB = BD and BC = CD. What frequencies will be generated if AD 
= 40 cm and the speed of sounds 345 m/s in the following situations: (i) both B 
and C are closed, (ii) C is closed but B is open, and (iii) both B and C are open. 
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Chapter Goals 


In this chapter you will learn to quantify the response of an oscillator to a harmonic 
driving force. You will also study the condition under which an oscillator can be driven 
into resonance and the roles of natural frequency and damping in the phenomenon of 
resonance. The response of systems with two and more degrees of freedom will also be 
described. 


So far in this book we have studied free oscillations of ideal and damped oscillators. By free 
oscillations we mean the oscillation due to a restoring force alone. The free oscillation of an 
ideal oscillator is special in the sense that once the oscillator has been set in motion, it will 
oscillate for ever. The motion of a damped oscillator, on the other hand, is more realistic— 
after the oscillator is set in motion, the amplitude of oscillations decreases over time, which 
brings the oscillator to rest. 

In this chapter we will study ideal and damped oscillators when they are subject to a 
time-dependent force. The oscillator is then said to be a forced or driven oscillator. 
For the driving force we will use a harmonically oscillating force, i.e. a force that is 
either a cosine or a sine function of time. It turns out that a force that is not a har- 
monic function of time can always be expressed as a sum (or an integral) of harmonic 
functions by using a Fourier series or Fourier integral. Since our system is linear, the re- 
sponse from each harmonic component of a non-harmonic force can just be summed 
over to get the net response of the system. Therefore, our use of a harmonic force does 
not limit our study as we can extend our analysis to any arbitrary force by Fourier ana- 
lysis. We will present the Fourier analysis in the next chapter when we study traveling 
waves. 

We will first study the response of a one-dimensional harmonic oscillator to a har- 
monic force in some detail. We find that if an oscillator is driven for a long time it 
reaches a steady state and oscillates at the frequency of the driving force. We will study 
the steady state response at various frequencies of the driving force, which will show the 
appearance of resonance phenomena in the driven system. We will then apply the same 
techniques to the response of systems with two degrees of freedom and study how the 
two normal modes respond as we drive the system at a particular frequency. Finally, we 
will study the response of systems with several degrees of freedom, at frequencies that 
are near the normal modes, below the lowest frequency mode, and above the largest 
frequency mode. 
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Fy, = “kx 


co=e=s, FP iséase = —b dx/dt 
[conan m — 
Equilibrium F,, = Fycos(wt) 
> X 


Fig. 5.1 The forces on a damped driven 
oscillator. 


Fig. 5.2 A physical realization of the 
damped driven oscillator, called the “Texas 
Tower” has been developed by 7G. King 
at the Education Research Center, Massa- 
chusetts Institute of Technology. A variable 
motor drives the up and down motion of 
the block in the fluid sinusoidally. The fluid 
provides the damping force and the spring the 
restoring force. Adapted from A.P French, 
Vibrations and Waves, MIT, 1971. 


5.1 Damped Driven One-dimensional 
Harmonic Oscillator 


Consider a block of mass m attached to a spring with spring constant k and subject to a 
viscous damping force that is linear in velocity with magnitude given by bv, where 6 is the 
damping constant and v the speed of the oscillator. We have studied the free oscillations 
of this type of oscillator before. Depending on the relative values of b/2m and ./k/m, the 
oscillator will oscillate or not, 


b/2m < /k/m  Under-damped oscillator 
b/2m=/k/m Critically damped case 
b/2m > /k/m  Over-damped case 


Only the under-damped oscillator oscillates, the other two cases damp out too quickly. Now 
we will study the response of the under-damped oscillator when it is subject to a harmonic- 
ally varying force of frequency w. To be concrete, we will assume that the oscillator moves 
along the x-axis and all forces are along the x-axis as well. Let the driving force have the 
largest value Fy and be pointed towards the positive x-axis at t = 0. Then, the mathematical 
form of the x-component of the sinusoidal force will be given by 


F,. (driving) = Fo cos(wt), (5.1) 


The three forces on the damped driven oscillator are shown schematically in Fig. 5.1. 
A simple physical realization of a damped driven oscillator is shown in Fig. 5.2. 

Then the x-component of Newton’s second law of motion gives the following equation 
of motion for the x-coordinate of the block, which is taken from the equilibrium point of the 
motion of the block: 


ax 
"Te 


dx 
= -kx -— er + Fo cos(wt). (5.2) 


Damped Driven One-dimensional Harmonic Oscillator 


Now we divide both sides of the equation by m and define the following composite 
parameters, as we have done previously when discussing the free damped oscillator: 


wo = Vk/m, the natural frequency, (5.3) 
T = b/m, the damping constant. (5.4) 


Using the new parameters the equation of motion can be rewritten as follows, 


d*x dx 2 Fo 
77 +T 7 + Wx = = cos(@t). (5.5) 


The motion of the oscillator is completely described by the solutions of this equation. The 
quantities w) and I characterize the oscillator. We are interested in finding x(t) that obeys 
this equation and satisfies initial conditions x(0) and (dx/dt),=0. 

The differential equation, Eq. 5.5, is considerably more difficult to solve than those 
for undamped and damped oscillators. A function of time that satisfies Eq. 5.5 is called 
a particular solution, x,(¢), 


dx dx, Fo 
a +7 = t WEXp = = cos(wt). (5.6) 


Since, there is no x on the right side of Eq. 5.5, we can add another function x,(£) to xp(t), 
and the sum will also satisfy Eq. 5.5 as long as x, satisfies 
d’x, dx, 


a r a + WeXe = 0. (5.7) 


The function x,(¢) is called the complementary solution. Thus, the complete (or the 
full) solution of Eq. 5.5 consists of two parts, xp(¢) and x,(t), 


General solution: x(t) = xp(t) + x-(t), (5.8) 


where xp(t) and x,(t) satisfy Eqs. 5.6 and 5.7 respectively. From our discussions on the 
damped oscillator, we recognize that x, obeys the equation for a damped oscillator without 
the driving force. We know that x, will damp out with time with a time constant 2. We 
will find below that x, does not damp out with time. Therefore, for large enough time, the 
relative contribution of x, to the full solution x(t) will become negligible compared to Xp». 
Therefore, the particular solution x, will dominate at large times compared to 2. We say 
that for large times the system reaches a steady state, and the displacement x is given by xp 
alone. To emphasize this aspect of the complete solution, the part x, is also called the steady 
state solution. To keep this point evident we will often denote this solution by x, rather 
than xp, 


2 
For t > P x(t) © X(t) = x,(t), (the steady state). (5.9) 


We will find below that, in the steady state, the oscillator executes a simple harmonic motion 
at the driving frequency w. The amplitude of the oscillations depends on the strength Fo of 
the applied force and the driving frequency. The phase of the displacement of the oscillator 
has a definite relation to the phase of the driving force. The phase lag of the displacement 
with respect to the driving force depends on the driving frequency. 
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5.2 Steady State Solution 


5.2.1 Amplitude and Phase Constant in Steady State 


Since the driving force in Eq. 5.5 is sinusoidal in time, we demand that x(¢) in Eq. 5.5 be a 
sum of a cosine and a sine term of the same frequency, or alternatively a cosine of the same 
frequency w with a phase constant, 


t>> 2 
x(t) ——> x,(t) = A cos(wt—5), (5.10) 


where A is the amplitude of the steady oscillations and 6 is the phase constant, which is 
written as a phase lag with respect to the phase of the driving force. Note that we will 
use the symbol 5 for the phase constant in this chapter, while we have used the symbol ¢ 
in previous chapters. We will do that to emphasize the phase lag notation in the present 
context. Inserting the assumed solution into Eq. 5.5, and then separating terms multiplying 
cos(wt) from those multiplying sin(wt) we find that 


F 
[(w§ —@) Acos5 + Pw Asind- =] cos(wt) 
m 


+ [(@p —@*) Asin’ -TwAcos6] sin(wt) = 0. (5.11) 


Since sin(wt) and cos(wt) are linearly independent functions, the coefficients multiplying 
them must be zero independently for their sum to be zero, 


Fi 

(«2 -w) Acoss + wAsins - — = 0, (5.12) 
9 m 

(w5 -@) Asind -TwAcos6 = 0. (5.13) 


From the second equation, we obtain 5, which we use in the first equation to get A. 
The details of the calculations are left for the student to complete. The result of these 
calculations are 


A= foe ; (5.14) 
(a -«?)’ + (Tw)? 
Tow 
tanid = : SAS 
an ee (5.15) 


Often, we are interested in these expressions in terms of the quality factor Q of the 
underdamped oscillator defined by 


eae) 
Q=—. 
Replacing I in Eqs. 5.14 and 5.15 we get 
Fi 
re o/m , (5.16) 
J (e2 -w?) + (wow/Q)* 
Wow 
tané = (5.17) 


5.2.2 Complex Exponential Method for Steady 
State Solution 


We obtained the steady state solution x, = A cos(wt—6) above by imposing physical expect- 
ation on the solution and we worked with all real functions. In this subsection, we will show 
that the steady state solution can be obtained much more readily when we work in the com- 
plex exponential method, since the algebra is much easier. In this method we replace the 
physical displacement «x in the differential equation by a complex displacement z, and also 
replace the cosine function of time on the right side of Eq. 5.5 by a complex exponential, 


Oe Ot ets FO ge (5.18) 
dt? Pa ee : 


Note that in this equation only z and 7 are complex, all other quantities, namely, t, [, wo, m, 
and Fp are real. Now, we assume a complex form for z, 


z= Ce, (5.19) 


where C is a complex amplitude to be determined from the calculations here. After putting 
this z into Eq. 5.18 we can solve for C, 


Fo/m 


ap -o* -iTo 


C= (5.20) 


To obtain the amplitude and phase of C we perform elementary complex algebra on the 
right side of this equation and express the right side in the following form: 


C= |Cle®. (5.21) 


Details of the complex algebra are left as an exercise for the student. After these calculations 
you will find that 


Fi 
|C| = es 234 (5.22) 
4/ (% -«?)’ +T2@2 
To 
tand = — rE (5.23) 
Wp -@ 
Using Eq. 5.21 in Eq. 5.19 we obtain x from the real part of z, 
x = Re[z] = |C| cos(@t- 8). (5.24) 


This is identical to the solution given above in Eq. 5.14 if we identify A = |C| andé = 06. 


5.2.3 Absorptive and Elastic Amplitudes 


In the foregoing discussion of the steady state of an oscillator we have described the displace- 
ment in terms of its amplitude A and the phase lag 5. As you know from your studies of the 
free oscillator we can equally well describe the oscillations in terms of the superposition of a 
cosine and a sine term. 


Steady State Solution 


147 


148 


Driven Oscillations 


Since the driving force Fo cos(w?) is a pure cosine, the superposition of cosine and sine 
for x(2) will correspond to the parts of x that are in phase and 90° out of phase, respect- 
ively, with respect to the driving force. The part that is in phase with the driving force is 
called the elastic amplitude and the part that is 90° out of phase is called the absorptive 
amplitude. Let A,; denote the elastic amplitude and A,, the absorptive amplitude. Then, 
the displacement of the oscillator can be written as 


x(t) = A, cos(wt) + Age, sin(wt). (6.25) 


To obtain the expressions for A,; and As, we equate x(t) in Eq. 5.25 to the steady state 
solution A cos(wt—6), and solve for A, and A,s, 


2 @ 
a=] Home } (5.26) 


ine ney | (5.27) 


2 
we -@?) +T2@2 


From the two representations of x given in polar form in Eq. 5.10 and rectangular form 
in Eq. 5.25 we can immediately deduce the relation between the elastic and absorptive 
amplitudes and the amplitude A and the phase constant 6 as follows: 


Ag 
A= 4, +4), tand =F as (5.28) 


el 


5.2.4 Power of the Driving Force 


In order to drive a steady motion of the oscillator the driving force must do work to provide 
the energy that is being dissipated due to viscous forces. The instantaneous power P(t) or 
the rate of the energy input by the driving force at any instant ¢ is equal to the scalar product 
of the driving force and the velocity vectors. For the purposes of calculation of power we 
find it useful to write the velocity of the oscillator in terms of the elastic and absorptive 
amplitudes rather than the amplitude and phase constant, 


— d 
PQ) -F-8= Fx, =F cos wt) = 


1 
= wFy [5 sin(2t) + Ags cos*(o0 : (5.29) 


In the steady state, the quantity of importance is the power expended by the force over a full 
cycle—this is the energy that the driving force must supply per cycle to maintain the steady 
motion of the oscillator. The time-averaged power, to be denoted by placing angle brackets, 
(-), around P, is obtained by integrating Eq. 5.29 over one cycle and dividing the result by 
the time period. Integration over the term multiplying A,; gives zero, and integration over 
the square of the cosine gives $5 


o 2n/w 
(sin(2wt)) = — i sin(2wt) dt = 0, (5.30) 
2r Jo 


2n/w 1 
(cos?(wt)) = =f cos?(wt) dt = =. (5.31) 
20 0 2 


Therefore, we find the following for the time-averaged power: 


1 
iP) = = Fo@ Aap. (5.32) 


This shows that the power input to the oscillator is proportional to the absorption amplitude 
and not to the elastic amplitude—the power goes into the displacement that is 90° out of 
phase with the driving force. 


Average Power Dissipated by the Damping Force 


From the conservation of energy it is apparent that the average power (P) input by the 
driving force found in Eq. 5.32 must equal the time-averaged rate of energy dissipated by 
the damping force, which is given by Fy; = —b dx/dt. Let us calculate the latter and verify 
this expectation. The instantaneous power of the viscous force will be 


dx 


2 
Perel) =-6() (5.33) 


The negative sign here refers to the fact that this power is the power leaving the oscillator, 
while the power of the driving force was the power input to the oscillator. For the steady 
state we use the solution in terms of the elastic and absorptive amplitudes to obtain the 
following: 


z 
(Pay = rm(($) )- * Peo? (42, + A2,) (5.34) 
dt 2 
This expression does not look like the expression in Eq. 5.32. The average power dissipated 
by the damping force appears to involve both the absorptive and elastic amplitudes, while 
the power by the driving force had only the absorptive amplitude. However, by using the 
explicit expressions for A, and A,, given in Eqs. 5.26 and 5.27 you can show that the two 

expressions are actually the same. 


Proof: From Eqs. 5.26 and 5.27 we find that A,; and A, are related by 


Ag = Aas 


we -a To 


. (5.35) 
Using this in Eq. 5.34 we can write (Pyisc) in terms of A,, alone, 


1 
(Prise) = —5Pme* (42, + A’) 


2 
1 2 — @? 
= —~P me? | ( 29 A’. 
2 24lo 


Replacing one factor of A,, by the expression in Eq. 5.27 we can show that this 
expression is identical to that found for (P) of the driving force, 


1 
(Pyisc) = —5FowAas = -(P). (5.36) 
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Fig. 5.3. The power curve of a driven oscil- 
lator. The resonance of the power occurs at 
@ =o and the width at half of the max- 
imum, A@jj2, which is also denoted by 
(A@) Fwum, Jor a lightly damped oscillator is 
determined by the damping constant T. 


5.2.5 Resonance Curve of Power 


Equation 5.32 shows that the time-averaged power input depends on the frequency w of the 
driving force. To see this dependence more explicitly let us write the full expression for the 
time-averaged power by replacing A,, by its expression given in Eq. 5.27, 


7 (Pw)? 
(P) = Pmax ( 5 (5.37) 


a -w?)? + (To)? 
where 


2 
Fo 


Pre = ‘ 
max” 20m 


(5.38) 


A plot of (P) versus w is shown in Fig. 5.3. In the figure we see that the power input in 
the steady state has a maximum at natural frequency wo. We say that the oscillator is at 
resonance when we drive the oscillator at this frequency. We can demonstrate this fact 
mathematically by setting the first derivative of (P) with respect to w to zero to find the 
maximum, 


d(P) 


——=0. 5.39 
a (5.39) 


Solving the complicated expression yields w = wo when (P) is maximum. We denote this 
resonance frequency by wr. Thus, 


OR =. (5.40) 


The maximum power at the resonance is obtained by setting w = wr in Eq. 5.37, which 
shows immediately that Pinax, given in Eq. 5.37, is the power input at the resonance. 


Resonance Peak Width 


The resonance curve is characterized by the height and width of the peak. It is easy to 
understand the importance of the peak height, which gives us the maximum power the force 
can deliver. A common measure of width is the width at the half-height of the peak, called 
full width at half maximum (FWHM). It is hard to appreciate the importance of the peak 
width; but it is quite important as we see below. The peak width gives us information about 
the rate at which energy is dissipated. The resonance peak is sharper when the damping of 
an oscillator is less; that is, the resonance peak is sharper for a better oscillator. 

We will now calculate the FWHM of (P) to show that the width is actually equal to the 
damping parameter I. We seek the values of w for which (P) is half of Pmax. This can be 


obtained by solving the following equation for w, obtained by setting (P) = $Prmax: 


Tw)? 1 
( za] ee (5.41) 
(w - wo) +(Tw)? 2 
Simplifying this equation, we obtain two quadratic equations for w, 
wo a =Toa, w* ap =To. (5.42) 


Each of these quadratic equations in w gives one positive and one negative solution. 
Discarding the negative solutions we find 


/ 1 1 
w= Ja, + co + a (5.43) 


These two positive values of w correspond to two points on the resonance curve where 
power is half of the maximum. Therefore, the difference of the two solutions gives us the 
FWHM, (A®)rwxm; also denoted by Aa/2, 


(Ao)rwum =T. (5.44) 


In terms of the quality factor Q of the oscillator, which is Q = w9/T, 
(A) rwHM = @0/Q. (5.45) 
The oscillator with a higher QO will have sharper resonance peak. 


Resonance Width and Decay Time Constant 


Recall that the time constant tg for the decay of the energy of a damped oscillator is equal 
to the inverse of T, 


Tg = (5.46) 


1 
Tr 


Therefore, we can write the result of the width of the resonance peak, Eq. 5.66, in terms of 
the time constant as 


(A®)pwum X Te = 1. (5.47) 
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This equation says that the product of the frequency width of the resonance peak of the 
driven system and the time constant of the free system is equal to 1. Although this result 
was derived for a one-dimensional harmonic oscillator, the result turns out to be applicable 
to many systems. This result also provides an important way for experiments to gain access 
to the properties of a system. For instance, to gain a direct reading of tg, one would need 
to observe the decay of energy with time, which is difficult to do experimentally. Equation 
5.47 says that one can get the information about tg from the frequency width of the plot of 
the average power versus the frequency, which is a much easier experiment to perform. 


5.2.6 Variation of the Elastic and Absorptive 
Amplitudes with Frequency 


Let us rewrite the expressions for A, and A,, from Eqs. 5.26 and 5.27: 


; 2_,2 
a= Bl, mee |: (5.48) 


2 2)? preg? 
Or w?) To 


Fi Tr 
Ag = — . (5.49) 
m (w w) +P 2@2 


ion 


At the resonance of the power the frequency is w = wo. Setting w = wo in these expressions 
we find that at the resonance of the power the elastic amplitude is zero. That is, in the steady 
state at the resonance of the power, the elastic amplitude does not take part in the motion of 
the oscillator. Does that mean that the elastic amplitude is unimportant? Far from it. Let us 
look at the ratio of the two amplitudes to gain an understanding of their relative importance 
at various frequencies: 


= ; (5.50) 


Since A,, > O always, the elastic amplitude A,; would have to be positive below the reson- 
ance, i.e. for @ < wo, and negative above the resonance, w > wo. In Fig. 5.4 we show plots 
of A,; and A,» with various important points on the plots. It is clear that while the absorptive 
amplitude is maximum at the resonance frequency, it decreases away from the resonance. 
Therefore, away from the resonance, it is the elastic amplitude that dominates the motion 
of the oscillator. 


5.2.7 Variation of Amplitude and Phase Constant 
with Frequency 


Note that in the steady state the oscillator’s displacement varies as x = A cos(wt— 5), while 
the time-dependent driving force goes as F = Fo cos(wt). A rotating vector representation 
of these sinusoidal functions shows their phase relation pictorially, as in Fig. 5.5. 

In spite of the fact that in the steady state, the driving force and the oscillator displace- 
ment both change sinusoidally with the same frequency w, they are not necessarily in phase 
with each other since the phase difference 5 is usually not zero. If 6 = 0, then the driving 
force and the displacement are in phase, i.e. the block moves in tandem with the force. 


Amplitude 


However, if 6 4 0, the block’s motion would not be in sync with the driving force and there 
would be a phase lag 6 of the displacement relative to the driving force. 


Low and High Frequency Behaviors 


Phase lag From Eq. 5.15, we see that if the driving force has a low frequency, i.e. when 
@ < @, the phase lag is positive since 6 > O, and for high driving frequencies when w > wo, 
the phase lag is negative. For really low driving frequency the phase lag would be very small 
and can be approximated to zero, 


Very low driving frequencies: 


r 
$= lim tan! (="5) = 0. 


@/wo<<1 Wo — w 


(5.51) 


Therefore, at low frequencies the oscillator would move with the driving force. At very high 
frequencies, there is a phase lag of z radians as the corresponding limit of Eq. 5.15 shows: 


Very high driving frequencies: 


: 1 To 
5= lim tan =) CE T- 
@/og>>1 (Ors —w2 


Therefore, the oscillator is completely out of step with the driving force at high frequencies. 


(5.52) 


Amplitude Similarly, the amplitude A of steady state oscillations varies with the driving 
frequency according to Eq. 5.14. At very low driving frequency, the amplitude is nearly 
independent of the driving frequency, and at high frequency the amplitude goes to zero: 


Very low driving frequencies: 


F D 
A= tim afm = 


w/a <<1 2 2\2 2 wo 
(Or -w ) + (To) 9 


(5.53) 
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Fig. 5.4 The variation of elastic (A) and 
absorptive (Aq) amplitudes with the fre- 
quency (w) of the driving force. The ampli- 
tudes have been scaled so that the value of the 
absorptive amplitude at w = wo ts equal to 1. 


wt —8 


Fig. 5.5 Rotating vector representations of 
the harmonic driving force F = Fo cos(wt) 
and the displacement x = Acos(wt — 5) in 
the steady state. If you think of the harmonic 
functions as the real part of complex exponen- 
tials, then F = Foe and x = Ae@™®). In 
that case the horizontal axis is the real part 
and the vertical axis the imaginary part. 
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Fig. 5.6 The amplitude of steady state os- 
cillations as a function of driving frequency. 
Here the normalized amplitude A/Ax ts plot- 
ted along the vertical axis and the driving 
frequency in units of wo is plotted along the 
horizontal axis for an oscillator of damping 
constant T = 0.2 wo. Note that the reson- 
ance of the amplitude, occurs at a frequency 
Or that is less than the resonance frequency of 
the average power, which occurs at wR = Wo. 
The width at half-height Aw characterizes 
the sharpness of the peak. 


Very high driving frequencies: 


Fi 
2 o/m 


o/ag>>1 


=0. 


(5.54) 
(a -w)? + (Tw)? 


Note that Eq. 5.14 for the amplitude shows that when the driving frequency is close to the 
natural frequency, the denominator becomes small and hence the amplitude becomes large. 
We will show below that there is an optimal driving frequency at which the amplitude is 
the largest. This optimal frequency is called the resonance frequency of the amplitude, or 
simply the resonance frequency, which occurs at a different frequency than the resonance 
of the power, as we will now derive. 


Resonance of the amplitude ‘The steady state amplitude of the oscillator varies with the 
strength of the force Fo, as you would expect, but also on the frequency w of the harmonic 
driving force, as shown in Fig. 5.6. When you vary the frequency w of the driving force, you 
find that the amplitude A of the oscillations of the block also varies. That is, the amplitude A 
is a function of the driving frequency, w. To indicate the functional relation we sometimes 
write the amplitude as A(w). The amplitude A takes its maximum value at the resonance 
frequency of the amplitude, which we will denote by @g. Since A(w) has its maximum at 
@ = Op, to find @p we will set the first derivative of A with respect to w to zero, 


(5.55) 


Rather than do the calculation indicated in this equation, we note that the extrema of A and 
1/A? will occur for the same w since A # 0 for finite positive w, 


d 1 
dw A2 — 


1 dA 
2 = 0 
AB dw 


(5.56) 
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Thus, we calculate the extrema of the quantity inside the radical in the denominator of A 
given in Eq. 5.14 to find the resonance frequency of A. This provides a much simpler 
calculation for the same result, 


di(w2 —w2)? + (To)? 
[(@p - @*)* + T@)*] = (5.57) 
dw rn 
®@=OR 
We can solve this equation for ®p, 
a pee 
Op = Jo3- 5. (5.58) 


The frequency w = @p is not only an extremum of A(w) but also its maximum, as you can 
easily verify from the second derivative of A(w). Therefore, the oscillator will vibrate with 
the largest amplitude if it is driven at this frequency. This phenomenon is called the reson- 
ance of the amplitude. Equation 5.58 shows that, normally, the resonance frequency ®r 
is below the natural frequency w of the oscillator at which the average power was found to 
resonate. However, for a lightly damped oscillator (wp > 31) the resonance frequency ®r 
will be very near its natural frequency, wp = /k/m, 


Lightly damped oscillator: @g © wo = ar. (5.59) 


Therefore, in a lightly damped oscillator, an experimental determination of the resonance 
frequency @p gives a good indicator of the natural frequency of the system. 


Phase lag and amplitude at resonance You saw above that the phase lag of the dis- 
placement with respect to the driving force is zero if driven at low frequencies compared 
to the natural frequency wo of the oscillator. We also found that the phase lag is z if driven 
at higher frequencies. What happens if driven at the resonance frequency? We can find the 
answer to this question by putting wm = @p directly into Eq. 5.15 and taking the limit of a 
lightly damped oscillator, 


5 = tan! ( Tee ) ~ tan! (=) cag a (5.60) 
resonance — 2 _ a2 Tr r i x 


Therefore, at resonance, the positions of a lightly damped oscillator and the harmonic driv- 
ing force are 90° out of phase with each other. This says that at resonance, while the driving 
force varies as cos(@gt), the position of the mass varies as sin(@pt), 


Xsly=a~ = A@r) cos (Ore- a) = Ap sin (det), (5.61) 


where Ap is the amplitude at resonance frequency given by 


‘K Fo 1 
Ar = A@r) = — 


mY [3 172. 
@ - 40 


(5.62) 
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Amplitude resonance peak width The variation of amplitude with the frequency of the 
driving force is seen in many areas of physics. As we have discussed above, the amplitude is 
the largest if driven at its resonance frequency @r. Figure 5.6 shows a plot of the amplitude 
as a function of the driving frequency. The peak in the amplitude is characterized by the 
height of the peak and the width of the peak, as we have seen. 

Experimentally, the resonance peak is sharper for a better oscillator. We will now calcu- 
late the FWHM of the A(w) function to show that the width is actually proportional to the 
damping parameter I’. Recall that the amplitude in the steady state is given by 


Fo 1 
me J (a -w)? + (Tw)? 


whose peak occurs at w = ®r with amplitude at resonance, Ap, given in Eq. 5.62. Here, we 
seek the values of w for which the amplitude is half of Ar. This can be obtained by solving 
the following equation for w, obtained by setting A(w) = Ar/2: 


Aj) = (5.63) 


F 1 A 
a = x (5.64) 


Ae ~@)’ + (Tw)? 


The solutions are 


1 1 
o sos Pr? + 2V351 y/o rae (5.65) 


We keep only the positive root for w, and then the difference of the two solutions, one with 
the plus sign inside the radical and the other with the minus sign, gives us the FWHM, Ao, 


teas. 1 fis at 
ao= fog r? +2357 wo 7 jo r 2/350 wo me (5.66) 


The expression for FWHM can be simplified for a lightly damped oscillator to obtain the 


following expression: 
Aw = V3P. (5.67) 


Role of damping in amplitude resonance We saw above that the width of the res- 
onance peak is directly proportional to the damping constant. Now, we study the effect of 
damping in a little more detail. We have introduced the quality factor OQ = wo/T to charac- 
terize the effect of damping on harmonic oscillations. Therefore, let us rewrite our formulas 
for amplitude and phase lag in terms of Q, by substituting [ = wo/Q in the corresponding 
formulas, Eqs. 5.14 and 5.15. After some algebra, which is left as an exercise for the student, 
we find that 


Fo 1 1 
A= > 
mM we aN. aD 
0 /(1-22)? + 22/0 


6 =tan! 2/Q |: (5.69) 


(5.68) 


1-02 


where for brevity we have introduced Q for w/wo. The quantity Q is dimensionless and is 
equal to the frequency of the driving force in units of the natural frequency wo of the oscil- 
lator. The resonance frequency ®p in units of wo, to be denoted by Qe, takes the following 


Gone = et (5.70) 
a a 202" 


We plot amplitude from Eq. 5.68 and resonance frequency from Eq. 5.70 in Figs. 5.7 
and 5.8, and the phase lag from Eqn. 5.69 in Fig. 5.9. The resonance peaks of the ampli- 
tude versus frequency show that the resonance becomes taller and sharper with lowering of 
damping, that is, with increasing O factor. Unlike the resonance of the average power input, 
the resonance peak of the resonance of the amplitude A does not coincide with the natural 
frequency wo as seen in Fig. 5.8. The resonance frequency is less than wo unless QO is very 
large. For a good oscillator with low damping we can usually take the resonance frequency 


form: 


to be reasonably close to the natural frequency. 

Figure 5.9 shows the variation of phase lag for different Q factors. The phase lag goes 
from zero to z for low to high frequencies, with a transition at the resonance frequency. 
The transition at resonance frequency becomes sharper for higher Q oscillators. For an 
undamped oscillator, the transition is a step function at Q = Qr. 


5.3 Transient Solution 


5.3.1 General Solution 


So far our focus in this chapter has been on the steady state of a harmonically driven oscilla- 
tor. An under-damped oscillator reaches steady state after several time constants (t ~ 1/T) 
of the free motion have elapsed. When the system is not in a steady state we need the com- 
plete solution. The complete solution of the problem will satisfy the equation of motion and 
take into account the initial conditions x(0) and v(0) as well. We have already discussed that 
the complete solution consists of two parts, the particular solution x», which is the same 
as the steady state solution, and the complimentary solution x, which is the solution in the 
absence of the driving force, 


x(t) = X¢(t) + Xp(Z). (5.71) 


We have already solved the differential equation (for the under-damped oscillator) satisfied 
by the complimentary solution, and we can write x, directly as 


x(t) = £3" [C, cos(w,2) + Cy sin(@;1)], (5.72) 


where C; and C, are constants to be determined from the initial conditions on the 
displacement and velocity, and @ is the frequency of oscillation of the free oscillator, 


| 1 
@ = ,/@2- qh (5.73) 


Adding the steady state solution to x, we obtain the general solution as 


x(t) = eat [C; cos(@1t) + Cz sin(@,1)] + A, cos(wt) + Ag sin(wt). (5.74) 
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Fig. 5.7 The resonance for different Q. Plot 
of amplitude A as a function of driving fre- 
quency for Q= 2, 4, and 32 for Fo/ma; = 1, 


1.0 


0.8 


OR 


0.4 
0.2 


0.0 


Fig. 5.8 The resonance frequency Qe = 
@r/Wo as a function of Q shows that reson- 
ance frequency tends to the natural frequency 
@o as quality O of the oscillator rises. 
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Fig. 5.9 The phase lag as a function of driv- 
ing frequency for different Q. 
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In this solution the only quantities not yet fixed are the constants C, and C . As stated 
above these are determined from x(0) and (dx/dt),=9. As you know, the solution can also 
be written in other ways such as in terms of amplitudes and phase constants, 


x(t) = eat [C, cos(@,t) + Cz sin(@,t)] + A,; cos(wt) + Ag sin(wt), (5.75) 
x(t) =C eott cos(@,;t-—@) + Ay cos(@t) + Ag, sin(wt), (5.76) 
x(t) = C £3" cos(wt—) + A cos(wt —8), (5.77) 
x(t) = eat [C, cos(@,t) + Cz sin(w,t)] + A cos(wt— 4). (5.78) 


Using Initial Conditions 


The constants C; and C3 in the transient solution given in Eq. 5.74 are fixed by given 
position and velocity at some time, usually, the initial time. Let xo and vo be the position 
and velocity of the oscillator at t = 0. First, we find the expression for velocity by taking the 
derivative of x(t) with respect to time, 


1 
v(t) = -5rea [C1 cos(w1£) + Cp sin(10)] 


+ a2" EC, sin(w;t) + Cy cos(a10)] 


+a [-A,; sin(wt) + Ag cos(@t)]. (5.79) 


Setting ¢ = 0 in the expressions for x(t) and v(t), we find the following equations for C; 
and C3: 


1 
xo = Ci, +A, vo = mritee + @1C, + WA. (5.80) 


We solve these equations for C; and C; to find 


1 1 
Ci =x9-Ag, C2 = E + 5F Go Au) os]. (5.81) 
Oy 


An Example Calculation of Complete Solution 


The complete solution of an under-damped driven oscillator is a sum of two oscillating 
parts: x, oscillates at the frequency w; and x, at the driving frequency w. Just as the super- 
position of two vibrations leads to beats, we expect to see beats here also. We will see this by 
performing a numerical solution of the complete problem. 

For the numerical problem we will choose the following values: 


m= 1kg, wo = 1 rad/sec, T = 0.02 rad/sec, 
@ = 0.9 rad/sec, Fy = 1 N, x9 = 1m, vo = 0. (5.82) 


Figure 5.10 shows the component solutions, x, and xp, and the complete solution x. The 
complementary solution x, decays with time, while the particular solution x» remains steady 
right from the start, as expected. The sum of the complementary and particular solutions 
is complicated and non-periodic for small times compared to the time constant t = 2/T. 
With increasing time, the particular solution begins to dominate, and by four or five time 
constants, the steady solution dominates. Thereafter the oscillator oscillates at the frequency 
of the driving force. 


X(t) 


Beats 


5.4 Resonance in Coupled Systems 


5.4.1 Normal Modes and Harmonic Driving Force 


A coupled system can be driven by placing an external force on any part of the system. 
For instance in the system in Fig. 5.11 you can apply a force on my or mg or both. To be 
concrete, we will examine the case in which a harmonic force acts on the mass my, as shown 
in the figure. Furthermore, for simplicity, we assume the masses to be equal m4 = mpg = m 
and the damping constants to be equal also, 6; = b2 = b. In this case, the equations of 
motion of the two oscillators are 


a dx, Fi 
ae =-(w§ + o2) xa-T a + w2xpt cos(wt), (5.83) 
a@xp dx 
aon (w% + @2) xp - Sarre + 2X45 (5.84) 
where 
k b 
wo = 2, w=, Pa . (5.85) 
I m m 


We wish to study only the steady state of this system. Recall that the steady state will take hold 
if we wait long enough compared to the time constant of the damping, i.e. in the present 
case, when t > 1/T. To make progress in a coupled system it is often better to go over to 
the normal modes, therefore, let us first write these equations for the normal modes of the 
system. You may recall that the normal coordinates qg; and q2 of this system are related to 
the displacements x4 and xg by the following relations: 


M1 =XxX4+xg and gq. = x4-Xz. (5.86) 
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Fig. 5.10 Complete solution of a damped 
driven oscillator. The following parameter 
values were used: m = 1 kg, wo = 1 rad/s, 
T = 0.02 rad/s, w = 0.9 rad/s, Fo = 1, 
xo = 1, vo = 0. The time axis is in units of 
2/T,t.e. At = 1 on the axis represents 100 s. 
The complimentary solution x, damps out 
with time while the particular solution xp re- 
mains steady with time. The oscillator reaches 
steady state in less than five time constants. 


Focos(wt) 


Fig. 5.11 Two coupled pendulums driven by 
a harmonically varying time-dependent force 
on one of them. Even though the driving force 
acts on one of the oscillators, it drives the mo- 
tion of both oscillators due to the coupling 
between the two. 
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The equations of motion for g; and q2 are obtained by adding and subtracting Eqs. 5.83 
and 5.84, 


aq dq | i 

7 — ond Tr ae t ms cos(wt), (5.87) 
dqo dq, Fo 

7 (a t 20?) on-T tt t mn cos(wt). (5.88) 


Note that the normal coordinates have separated the system into two independent oscil- 
lators. We now have the problem of two independent forced oscillators. We know how to 
solve these equations. The steady state solutions of these uncoupled equations are 


a= cos(wt— 64), (5.89) 
ms (w? =?) + Tw? 


Q= cos(wt— 52), (5.90) 
m (w5 -w)? +T2@2 


where @; = @o and @2 = ,/ a + 2w?, the normal mode frequencies of the free system, and 
the phase lags are given by 


Tao 


tan 6; = aoe (5.91) 
r 
tan 8; = ———. (5.92) 
ws — w 


From the normal coordinates g; and q2 we can extract the displacements x4 and xg of the 
two oscillators by 
_~ at _~ 1-9 


XA > XB 


2 2 


(5.93) 


For simplicity let us ignore damping and consider the motion of the two masses when I = 0. 
In this case, the phase constants of the normal modes become 


6; = 62 =0, 


and the normal modes take the following simpler expressions: 


F Fi 1 
n= a Ty O98 (01), 2 = au Tay C08 (1). 
m |oz — 0| m |x —0| 
The displacements of the two pendulums will be 
1 1 Fi 
x4= z ts cos(wt), (5.94) 
|o? - @2| |? - @2| m 


xB = ( : : * cos(wt). (5.95) 


jor—@?| Jo} -o?| 
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This shows explicitly that just driving A makes B oscillate also. However, the way B responds 
is quite different from A, especially when we look at x4 and xz at different frequencies of 
the driver. To see this, let us write the ratio xg : x4. The expression takes different forms in 
three domains w < @1, @| < @ < @2, and w > a: 


(5 — 7) /(w? + 03 - 207) o<a, 
—= (wi + w3 — 207) /(w3 - w?) a1 <<a 


-(@3 - ow?) / (20? - wo; - 9) @> 2 
The amplitude of pendulum B is equal to the amplitude of A at the normal mode frequen- 
cies, but for other frequencies |xg| < |x,|. If A is driven at large frequencies, B has a 
very small amplitude compared to A as though B cannot keep up with the oscillations of A 
in terms of amplitudes although both oscillate at the same frequency. We say that the high 
frequency oscillations at the “input” A are not transmitted to the “output” B. 


5.4.2 Power and Normal Modes 


From the amplitudes of the normal coordinates it is clear that, as the frequency of the 
driving force is varied, the system will resonate when the frequency gets close to either of 
the two normal mode frequencies. When the frequency of the driving force is close to a 
the system resonates in mode 1 and we say that mode 1 of the system is excited. Similarly, 
when the frequency of the driving force is close to w2, mode 2 will be excited and the 
system will resonate in mode 2. The average power of the driving force can be computed 
by time-averaging the rate at which the force applied on my does work on my, 


o 2n/w 
(py = 2 [ Fy cos(wt) vadt, (5.96) 
20 0 
where 
dx, 1 dq, dq2 
v4 = = + . 
dt 2\ dt dt 


After a lengthy calculation one can show that the average power has two terms, each cor- 
responding to a mode, clearly showing that power is delivered to the oscillators by way of 
mode 1 when the frequency w of the driver is near w, and through mode 2 when w is 
near @2, 


F2 T2a? T2@2 
(P) = —® 5 5 to : (5.97) 
4m | (wt -0?) + P20? (w3 -@?) + Fw? 


Therefore, the average power will have resonance peaks in this system at the normal mode 
frequencies w = @; and w = w2, as illustrated in Fig. 5.12. 

Infrared spectroscopy uses the resonance of the power to find the normal mode 
frequencies in molecules. For instance, a water molecule has three vibrational modes at 
A = 47.855 THz, f = 109.73 THz, and fg = 112.70 THz. These modes are given 
in the inverse of the wavelength of the light corresponding to these frequencies. In the 
experimental units of cm™!, obtained by dividing the frequencies by the speed of light 
3 x 10!° cm/s, these modes are located at the wave numbers 1595.15 cm™!, 3657.64 cm, 
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<P> 
Fig. 5.12 The power of the driving force . 
t + >wW 
peaks at the two normal mode frequencies of i i 
the system. , 2 
WATER 


INFRARED SPECTRUM 


0.8 


0.4 


TRANSMITTANCE 


0.2 


Fig. 5.13 Infrared transmission spectrum of 
water in the gas phase. Two of the three vi- 3000 2000 1000 
brational modes of the HzO molecule are in 


the broad band near 3400 cm and the third 
mode is at 1595.15 cm. Courtesy of NIST. NIST Chemistry WebBook <http://webbook.nist.gov/chemistry> 


Wavenumber (cm!) 


and 3756.57 cm‘! respectively. Figure 5.13 shows the transmission spectrum in which we 
see that the resonances at 3657.64 cm™! and 3756.57 cm”! are unresolved and the peak at 
1595.15 cm’! is clearly visible. 


Example 5.1 Forcing One Mass in a Coupled System 


Consider a coupled pendulum system with identical pendulums A and B of mass m 
and length / coupled by a spring with spring constant k. Suppose bob A is moved 
harmonically so that its horizontal displacement from the equilibrium is given by 


x4 = Acos(at). 


Find the steady state displacement of bob B. 
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Solution 
The equations of motion of the two bobs are now 
x4 = Acos(wt), 
a’ xp 
de 


where Wo = J/g//, and w, = /k/m. Using the given expression for x4 in the equation 
of motion of xg and rearranging the equation we find that xg is a harmonically driven 


2 2 2 
(@p + @2) XB + WHXAd 


oscillator, 
@xp 
dt? 
The steady state solution of this equation will be 


+ (we + w?)xp = w2 Acos(wt). 


xp = Bcos(wt-5), 
with 
apA 
~ op + w2 - «| 


56=0. 


> 


We get 5 = 0 since we have ignored damping. When w > ,/@f + w?, the second bob 
hardly moves since the amplitude of B will then be 


B-> 0, asw—> o. 


Another interesting observation is that for lightly coupled oscillators, i.e. when w, < 
@o, we can have B oscillating with a much higher amplitude than A if we move A at 
natural frequency, 


2 
Bo + A>> A, when w +> wo. 


(A 


5.5 Driving a Coupled System with Many 
Degrees of Freedom 


5.5.1 Upper and Lower Cutoffs 


The spatial domain of modes of a closed continuous system are restricted within the space 
occupied by the medium. For instance, in the case of a taut string the modes are confined 
to stay between the two ends of the string. The spatial confinement of the medium gives 
rise to discreteness in the mode wave numbers and mode frequencies. In the case of the taut 


string of length L, the wave numbers are multiples of a lowest wave number given by 


q 


Pe SS (5.98) 


lel 
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(b) 


Fig. 5.14 (a@ The lowest frequency cutoff 
mode. The lowest cutoff wave number is 
Rinin = W/L, where L is the length of the 
string. (b) The highest frequency cutoff mode. 
The wave number for the largest frequency 
cutoff 1s Rinax = 1/1, where | is the smallest 
distance between constituent particles. 


This lowest wave number corresponds to the mode of the smallest frequency given by 


Omin = U—.- (5.99) 


The lowest frequency is also called the lowest cutoff frequency since no wave of lower 
frequency can propagate in the medium. If the string is vibrated at one end with a frequency 
less than @min, the displacement in the string is not given by a sine or cosine but by expo- 
nential functions of space. Suppose all moving parts oscillate with the same frequency w 
and some phase constant, say zero, then the displacement at point x will take the following 
form for @ < @min: 


w(x, t) = (4e**+ Be“) cos(wt), (@ < @min) (5.100) 


where « depends on the boundary condition. The range of frequency w < @min is called 
the lower reactive range. There is also an upper reactive range since there is also an upper 
cutoff. The upper cutoff occurs because the largest wave number of a mode would corres- 
pond to a node between every successive particle of the system. Since there is a smallest 
distance / between the elementary masses that make up the string, there would be a largest 
Rmax ~ 1/1. In the case of strings, we obtain a more exact answer for Rmax as 


> (5.101) 


which corresponds to the mode with a node between every pair of successive masses, as 
shown in Fig. 5.14. An ideal continuous system that has masses continuously with zero 
distance between them will not have an upper cutoff since all real numbers will be allowed 
for k. The highest frequency cutoff is given as 


@®max = U—.- (5.102) 


What happens if we drive the system at a frequency w that is larger than @max of the system? 
The displacement of the system again propagates, not in an oscillatory way, but rather as 
exponentials in space with amplitudes changing sign between successive particles, as in the 
highest frequency modes. The range of frequency w > @max is called the upper reactive 
range. 


5.5.2 Solving Multi-particle Systems 


Problems With the Driving Force on One Particle Given 


The driven oscillations of a system with many degrees of freedom can be understood in a 
similar way to systems with two degrees of freedom. Let there be N displacement variables 
X1,X25...5Xn Of a system of particles with the same mass m that are coupled so that only 
nearest neighbors interact, as in the coupled pendulums or mass/spring systems we have 
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studied. Let object 1 be subject to a harmonic force Fo cos(wt). Then, we will find the 
following equations of motion: 


2, 


x 
m as = Fy (x1, x2) + Fo cos(wt), 
x2 
aa = Fy (x15 X25 X3)5 
@xn- 
m—J— = Fy (Xn-25 XN-15 XN) 
dt 
dxnx 
map = Fy (xn-15XN)> 


where F; is the net elastic force on the ith mass. The normal coordinates of the system 
without the driving force are q1,q2,...59n. Then, just as we found for the coupled pendu- 
lum problem in the last section, we will find that the normal coordinates act as independent 
driven oscillators corresponding to the normal mode frequencies, 


aq 
Te 7 -o7 11 +f cos(wt), 
dq 
oe -0341 +f: cos(wt), 
a qn 

ae = -08q1 + fn cos(wt), 


where /,, 2, ...5 fy are constant amplitudes with the unit of acceleration. 


After we solve these equations, we can deduce the oscillations of the individual masses. We 
find that the resulting motion depends on the frequency of the driving force as compared 
to the mode frequencies. We can divide the motion into three regimes. 


(1) @ < Min: When particle 1 is driven with a frequency in this regime, the amplitudes 
of the displacements of other particles are exponential functions of the distance 
from particle 1. That is, the oscillations are either decaying or building up ex- 
ponentially in space when driven in this regime. This regime is called the lower 
reactive range. 

(2) @min < ®@ < @max: When particle 1 is driven with a frequency in this regime, the 
amplitudes of the displacements of other particles are sine or cosine functions of 
the distance from particle 1 and from them. That is, the oscillations are sinusoidal 
in space when driven in this regime. This regime is called the dispersive range. 


(3) @ > @max: When particle 1 is driven with a frequency in this regime, the amplitudes 
of the displacements of other particles are exponential functions of the distance 
from particle 1 and from them. That is, the oscillations are either decaying or build- 
ing up exponentially in space when driven in this regime. This regime is called the 
upper reactive range. 
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Problems with the Displacement on One Particle Given 


In a previous example we saw that in a two-particle coupled system if you drove the system 
such that the displacement of one of the particles was maintained in a harmonic motion, 
then it led to the driven oscillation of the other particle. When you have N coupled particles 
in which neighbors are coupled, and you maintain, say, the displacement of particle 1 in a 
harmonic motion, then, you will have a system of N — 1 equations to solve, 


x, = Acos(wt), 


ax, 

ip = Fy (x15 X25 X3), 

a x3 

m dz = Fy (x25 %35X4), 
@xn- 

mo Fy (XN-23 XN-19 XN)> 

@xy 

maa = Fy (xn-15 XN). 


When variable x, is put into the equation for x2, then the x; part of the latter acts as a 
harmonic driving force. Thus, this case is similar to that of the last subsection with N - 1 
coupled oscillators in which the first particle in the sequence is driven harmonically. Sup- 
pose the coupling of x2 is by a coupling constant c. Separating out the x; part of the force 
on x2 and treating the x, part as the driving force we obtain 


ax 

m2 = g2(x2,x3) + cAcos(at), 
a*x3 

m diz = Fy (x2, X35 X4)> 
@xn- 

ae eee Fy (XN-23 XN-19 XN)> 
xy 

m = Fy (Xn-15 XN). 


dt2 


This set of equations can be solved by the method of normal coordinates for N - 1 coupled 
oscillators. 


Example 5.2 Driving N Coupled Oscillators 


Consider N masses, each of mass m, coupled by identical springs with spring constant k. One end of the chain is fixed to a support 
and the other end oscillates in a harmonic motion. Let the chain be along the x-axis with one end at the origin and the other end at 
x = (N + 1)a and masses at x; = ja. The end at x = 0 is shaken back and forth in a harmonic manner so that x(t) = Acos(wt) for 
that end. Determine the motion of other masses in the steady state. 
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Solution 


Let us start with the equations of motion of each mass in the system. For brevity we will write k = mor, 


dx 2 2 2 
7 ae 2@6X1 + WoX2 + WA cos(wt), 
L 
ax 
= 2 2 2 
Ga. = 2@9X2 + WpxX3 + WHX15 
dx 
ie = —2wpxj + opxj41 + @2xj-1 
2 
d XN-1 = 2 ; 2 ; 2 
We 2WoXN-1 + WOXN + WOXN-25 
axy 
m ip = -202.xn + WPXN-1- 


We have studied normal modes of this system in an earlier chapter. There, to make progress, we looked at the equation of motion of 
the jth particle. Let us do the same here: 


dx; 

dt? 
The time behavior of each oscillator will be the same for all oscillators in the steady state. Since we have ignored damping in the 
problem, the phase lag will be zero and we write the following for the displacement of each oscillator: 


= —2ee.x;j + WAXju1 + W2X/1. (5.103) 


xj; = A; cos(ot). (5.104) 


The coefficients A; may or may not be a periodic function of the particle number j depending upon whether we are in the dispersive 
or reactive range, as we will discuss below. Putting the time behavior of Eq. 5.104 into Eq. 5.103 and rearranging terms we get the 
following: 


2 
® 


203 - w? 

Aj + Aj-1 = | ———_ Aj. (5.105) 
Thus, A; are functions of the index j, or equivalently the position ja of the mass m;, such that adding two neighboring terms gives 
a result that is proportional to the present term. When we studied normal modes of an N-particle system we were looking for 
oscillatory solutions and claimed that A; would be a sine or cosine of ja. As a matter of fact, the A; could also be an exponential 
function of ja if the driving frequency is in the reactive region, i.e. outside of @min aNd @max Of the normal modes of the system. The 
@min ANd @max can be determined by looking at the Amin and Amax of the modes. The largest wavelength mode has a wavelength equal 
to twice the length of the string, which here is (N + 1)a, 


Amax = 2(N + La. (5.106) 


Therefore, the corresponding wave number will be a minimum wave number, 


act ee (5.107) 
max (N+ 1a ; 
The minimum frequency mode has the frequency 


8 


Omin = Ws Da’ (5.108) 


continued 
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Example 5.2 continued 


where v is the speed of waves on the string, which for a taut string will be 


v= /T/p, (5.109) 


where T is the tension and yz is the mass per unit length. The smallest wavelength happens when the subsequent masses oscillate in 
an opposite phase. This gives 


Amin = 2a. (5.110) 


Therefore, the corresponding wave number will be a maximum wave number, 


2 
Brie ere, (5.111) 
Amin a 
The minimum frequency mode has the frequency 
nm = oO, (5.112) 
a 


In the dispersive range of driving frequencies between Wmin and @max, the amplitudes A; are a sine or cosine function of ja, since in 
the dispersive range, not only will each mass oscillate about its equilibrium position, but different masses on the chain would make 
a wave pattern along the chain. This is the dispersive solution we have mentioned above. In the lower reactive range, w < @min, all 
masses are in phase as in the lowest frequency mode, but their amplitudes are not related by sines and cosines but by exponentials. 
In the upper reactive range, @ > @max, neighboring masses are completely out of phase as in the highest frequency mode, but their 
amplitudes are not related by sines and cosines but by exponentials. Thus, we have the following forms of the amplitudes in the three 
regimes: 


Dispersive, @min < @ < @max ! A; = Bsin(K ja) + Ccos(K ja), (5.113) 
Lower reactive, @ < Wmin: Aj = D&* + Ee, (5.114) 
Upper reactive, @ > @max ! Aj = (-1)/ (FeFi# + GeFit) P (5.115) 


where k, a, and # are constants with units of inverse length. They are called wave numbers, even though only & is truly associated 
with a wave. The reactive solution is also called an exponential or evanescent wave. By setting Ay; = 0 since the other end at 
x = (N + 1)ais fixed, we get the coefficients of the sines and cosines in these expressions, 


cos(K[N + 1]a) 


Dispersive : = -—__.___ 0C, (5.116) 
sin(K[N + 1]a) 

Lower reactive : E =—De?lN+ 1a) | (5.117) 

Upper reactive : E = -De@elWN+ 1a) | (5.118) 


5.5.3. Driving Continuous Systems 


Vibrations in continuous systems, such as a beam or air, have many applications. Just as a 
discrete system has normal modes, a continuous body also has normal modes. For instance, 
the normal modes of transverse vibrations of a string of length L and mass per unit length ju 
tied at both ends so that the tension in the string is T are 


a= n=, Ya(X, t) = Asin(R,x) cOS(@pt), (5.119) 
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where 


Ry = @n/V; v=VT/p. 


To drive this system, let us attach one end of the string to the plunger of a vibrator and hold 
the other end fixed so that the string is taut and has a tension 7, as shown in Fig. 5.15. The 
harmonic driving force of the vibrator at x = 0 will cause the element of the string at x = 0 
to oscillate harmonically with the same frequency as the plunger. Let w be the frequency 
of the vibrator and w(x, 2) denote the transverse displacement at time ¢ of a particle of the 
string which is located at x = x. Then, we have the following boundary condition at x = 0: 


w(x =0,t) = Ap cos(wt), (5.120) 
where Ap is the amplitude of the vibrations of the plunger of the vibrator. You already know 


from the last chapter that the equation of motion of the vibrating string is the classical wave 
equation, 


ReMi ole, (5.121) 


with v = /T/. The boundary condition in Eq. 5.120 serves as a driving force on the 
system, and just as was the case with discrete coupled mass systems, the particles of the 
string will be driven into resonance if the driving frequency is equal to one of the normal 
mode frequencies, 


Resonance when @ = a). (5.122) 


If the frequency is below the lowest cutoff, which here is @;, the string will swing up and 
down with very small amplitude, which is the lower reactive range, 


Lower reactive range: w < @, = vy. (5.123) 


If the string is  m long and the speed of the wave in the string 1000 m/s, then the lower 
cutoff will be 


min = 1000 m/s x —— = 1000 s7, (5.124) 


The upper reactive range occurs at very high frequency, since the distance between succes- 
sive masses in a continuous system will be the inter-atomic distance between neighboring 


Fig. 5.15 Generation of standing wave by 
driving vibrations by an oscillator near the 
node of a normal mode. 
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Fig. 5.16 Mode of frequency w2 = 27° 
(lower figure) is excited when the vibration 
occurs at this frequency. Similarly, for the ex- 
citation of a mode of frequency w3 = 37° 
(upper figure). 


atoms. For instance, if the interatomic distance is x A and the speed of the wave in the string 
is 1000 m/s, then the upper cutoff will be 


@max = 1000 m/s x ~~ = 10" 51, (5.125) 
rA 


The dispersive range for this system will be w between 1000 s! and 10! s. All of its 
normal modes are in this range. When the string is driven with a frequency in the dispersive 
range we get a sinusoidal solution in both space and time. In the steady state the solution 
takes the form of a standing wave even when the frequency is not at any of the normal mode 
frequencies. The amplitude of motion of a particle at x at time t would be given by 


w(x, 1) = [Asin(kx) + Bcos(kx)] cos(wt), (5.126) 


where w is the frequency of the driving force and k = w/v. Figure 5.15 shows the resonance 
of the lowest mode and Fig. 5.16 illustrates modes for w2 and w3 . 

You should note that the Amax in Fig. 5.15 is only approximately 2L, since the mode 
function (x, ¢) cannot have a node at the location of the vibrator because the vibrator will 
clearly be moving the part it is attached to—the node will be a little displaced from the 
vibrator, as shown in the figure. Let € be the displacement of the node from the vibrator, 
then the standing wave on the string will be 


w(x, t) =A sin[k(x-€)] cos(@ 2), (5.127) 


where k = w/v, and v is the speed of the wave on the string. When we try to satisfy the 
boundary condition, Eq. 5.120, at x = 0 we find 


|-A sin(ke)| = Ao, (5.128) 


Since € is small, A will be large compared to Ap. At resonance, the string vibrates with much 
larger amplitudes than that of the driver. 


5.6 Electrical Resonance—RLC circuit 


An electric circuit containing a capacitance and an inductance oscillates like a simple har- 
monic oscillator, as we have seen previously. The resistance in the circuit dissipates energy 
away from the circuit and damps the oscillations in current and voltage. If we include an 
alternating current or voltage source, then the RLC circuit shows resonance similar to the 
damped driven harmonic oscillator. 


5.6.1 Single Variable Driven Circuit 


Consider a series RLC circuit (see Fig. 5.17) with an EMF source V that is a sinusoidal 
function of time of frequency w and amplitude Vo, 


V(t) = Vo cos(wt). (5.129) 


The angular frequency w of the source EMF is the driving frequency. We can study 
the resonance of several different quantities in the circuit: charge qg on the capacitor, the 
current J through the inductor, the voltage drop across the resistor, the power delivered 
to the circuit, etc. Let us illustrate the resonance of the charge on the capacitor, which is 
analogous to the displacement of the mass in the mass/spring system. The voltage loop 
equation for the driven circuit yields the following “equation of motion” for the charge q(t) 
on the capacitor plates: 


a d 
oe 4 


q 
La Fe se Vo cos(a@t). (5.130) 


This equation for the charge on the capacitor is analogous to the equation for the displace- 
ment of the harmonic oscillator. We can deduce the analogy between the mechanical and 
electrical systems shown in Table 2.2. By analogy, we introduce the following constants: 


R 
r=-, 5.131 
L ¢ ) 


To study the resonance in the steady state charge g, we assume that we have an under- 
damped RLC circuit by requiring the following condition: 


L 
T <2) > R<2/c. (5.132) 


The quality factor (Q) of the circuit is given by 


-% 1 fh 5.133 
O= TRV ee) 


Do not confuse this Q with the charge on the capacitor. Using the analogy with the 
mechanical system, the steady state solution of the driven RLC circuit can be written as 


gq = q cos(wt—5), (5.134) 

where 
qo = Voll ; (5.135) 
tané = a ; (5.136) 
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Vo cos(wt) 


Fig. 5.17 An RLC circuit driven by a 
sinusoidal source. 
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The charge on any one of the plates of the capacitor oscillates between +g9 and —go with 
frequency w. The current driven in the circuit by the source is 


d \% 
I(t) = a= se sin(wt — 8). (5.137) 


Ly (#2 -«?)? + (To)? 


The ratio of the amplitude of the current through the source and the voltage of the source 
is called the impedance of the circuit, which is usually denoted by the letter Z, 


Ze Amplitude of voltage of source = 1, (ee ey (Po), (5.138) 


Amplitude of current of source @ 


Note that the impedance defined in this way does not capture the information in the phases 
of the current and voltage, which are different. To take this into account a complex im- 
pedance Z is defined by the ratio of the complex representation of the current through the 
source and the voltage of the source, 


z, _ Complex voltage of source 


: 5.139 
Complex current of source ( ) 


To get the complex representation we replace cos(9) by e’’. The sine and the overall sign 
are put together and converted into the cosine as 


—sin@ = cos(6 + 7/2). (5.140) 


Therefore, we get the following for the complex impedance. 


Z=Zeé*, (5.141) 
with @ = -6 + 2/2 and Z is the real impedance defined above. The instantaneous power 
delivered by the source is 

v2 
POH=VOIO= = cos(wt) sin(wt— 8). (5.142) 


The average power over one cycle can be obtained from this by integrating over one cycle. 
This gives 


V2 V2 r2 2 
(P) = —° sing — —2 = (5.143) 
(w -@?) +T2@2 


By setting the derivative of this with w to zero we find that the resonance frequency wr of 
power in the circuit occurs at the natural frequency of the circuit, 


1 
OR = Wo) = ——. (Resonance of average power (P)) (5.144) 
VLC 
The maximum power is delivered to the circuit at this frequency. Putting @ = wo in 


Eq. 5.143 gives the maximum power to be 


VM 


Prax = SR" (5.145) 


The student is encouraged to determine the resonance frequencies of the charge on the 
capacitor plate by looking at the way the amplitude of oscillations of g varies with frequency, 
and the resonance of the current in the circuit in a similar way. You will find some surprises 
here, 


1 
Resonance frequency of g: @, = TY LC-2R?, (5.146) 


Resonance frequency of I: wy; = a. (5.147) 


5.6.2 Electrical Filters and Driven Coupled Circuits 


In the driven two-pendulum system we found that if we drive pendulum A by a harmonic 
force, then the response of pendulum B depends on the frequency compared to the normal 
mode frequencies. If the driving force is higher than the larger of the two normal modes 
then the amplitude of B is quite suppressed. At low frequencies the amplitude of B keeps 
up with that of A. 

That is, in the coupled pendulum higher frequency effort by the driving force is “fil- 
tered” by the pendulums and only low frequencies are effective in driving the second 
pendulum. The same phenomenon is possible in two coupled circuits in which one is driven 
by an AC source, as shown in Fig. 5.18. For simplicity we will ignore any resistance in the 
circuit. 

The loop equations give us the following: 


qA dl4. 4c 
V; Ly =0, 5.148 
aa ano ( ) 

qc dip qB 
L =0. 5.149 
Ge. dk .C5 ( ) 


The current conservation at the nodes gives 
I4=IptTc. 
With time t = 0 chosen such that charge on the capacitor is zero at that instant, we get 


qA = 4B+ qc. 


Vi) cos(wt) 
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Fig. 5.18 Two coupled RLC circuits driven 
by a sinusoidal source. 
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We can eliminate gc from the loop equations, and use dq/dt for the two currents to obtain 
the following equations: 


Reet a Dope ecsars (5.150) 
ATT Cs Ge qA Ge qB 0 COs(@t), : 
Lp ee ner (5.151) 
B dt Ce (Ge qB Ce qA : : 
Now, let us consider the following simpler case: 
Ig=Lgp=L, Cy4=Cp=C, (5.152) 
and introduce the following parameters: 
1 1 
2 2 
=—, = _., 5.153 
ROG Pe Tee ome) 


The equations of motion are now identical to the equations of motion of two coupled 
pendulums: 


a Vi 

7a (@% ow) qA w-qR + = cos(wt), (5.154) 
dq 

_ = — (02 + 0?) gp + 24a. (5.155) 


These coupled equations can be decoupled when written in terms of the normal modes. Let 
us denote the normal coordinates here by yw and wz, since we are using q’s for charges on 
the capacitors, 


Wi =44at+ 4p, W2=44-4p. (5.156) 


The equations of motion now separate into independent equations for y, and yw, 


& 4 

a = wo + cos(wt), (5.157) 
L V; 

ae = — (03 + 20?) Wr 4 7 coson)- (5.158) 


This shows that in the electrical system the resonances of g4 and gg are mathematically 
identical to the resonances of x4 and xg, treated in Section 5.4. When you vary the frequency 
of the AC generator, there will be resonance around the normal mode frequencies @, = wo 
and w2 = ,/ ap + 2w2. The power delivered to the circuit by the source will similarly have 
resonances at these normal mode frequencies. 

The steady state solutions of the normal modes are 


Vo/L 

Ha ay cose (5.159) 
1 
Vo/L 

th = eo] cos(wt). (5.160) 


Joj-o 


From these we obtain the charges on the capacitors in the two circuits, 


qA= 2 | zt at at z [soso (5.161) 
L | lop-| jez -0?| 


Ale A : (wt) (5.162) 
qB L 7] Beer cos(@t). : 


Jot -@ 
The ratio of the amplitudes in each of the three frequency domains is 


(@} - @f)/(@} + @{ - 20%), w < wr, 
qB 


= } (05 + 0? —2w*)/(@3-0?), 01 < @ < 2; (5.163) 
qA 


(w3 w%)/(@3 t wr 27), w> ar. 


For large w we find that the response of the second circuit drops as the square of the driving 
frequency, 


Gein, 
qA wo? 
while at low frequency, say at w = 0, we have 
9B) 4. 
qA 


That is, the coupled oscillator in Fig. 5.18 lets through a low frequency signal and blocks 
the high frequency signals. This type of filter is a low-pass filter. 


5.6.3 Driven LC Network 


A coaxial cable can be considered to be a series of inductors in series and capacitors in 
parallel. We will consider driving a coaxial cable whose other end is simply shorted. Let 
there be N segments from x = 0 to x = 7, the length of the cable so that Na = 1. We short 
the x = / end and drive at the x = 0 end using an AC source such that the voltage between 
the two conductors of the cable has the following values at the two ends: 


Vi =0,0) = Vo cost), (5.164) 
Vox=1,0 =0. (5.165) 


Let C and L be the capacitance and inductance per unit length of the coaxial cable. For con- 
venience of calculation, we will model the cable by placing inductance La and capacitance 
Ca at intervals of Ax = a along the length of the cable, as shown in Fig. 5.19. 

The voltage at any point in the cable is the voltage across the internal and external wires 
of the cable at that point. From the figure, this voltage will be that across the capacitor at 
that point. To find the voltage at any point in the cable we will first derive the equation of 
motion of the voltage as a function of node j along the cable and time 1. For this purpose we 
only need to look at two neighboring segments, as in Fig. 5.20. 
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fn \ 
CY) Vo cos(wt) Ca Ca Ca 


Oo a 2a 3a * Na (N+1)a 


Fig. 5.19 An LC network shorted at one end is driven by an AC source at the other end. 


The voltage across the inductor gives 
al; 
a) = Vj-Vias (5.166) 


and the conservation of charge at the node ja gives 


0V; 
(Ca)? = Iyer hp (5.167) 


Now, we can take a time derivative of this equation and use the other equation to obtain 


Vi 1 (Via1 -2Vj, 4+ Vj- 
i= per) (5.168) 
ar? LG a 
Fig. 5.20 An arbitrary segment of the LC 
network. When we take the a > 0 limit and write the coordinate of the point j which is ja as x, we 
will obtain the equation for voltage as a function of (x, £), 
a? V (x,t 1 PVG, 
(st) (x,t) (5.169) 


ar LC dx? 


This equation is called the cable equation. The cable equation is identical in form to the 
classical wave equation. The quantity 1/./LC is a characteristic frequency per unit length, 
which we will denote by a, 


1 
VLC 


Then, the cable equation takes the form 


Mo = (characteristic frequency) (5.170) 


HV (x0) _ e a Vt) 


ar x2 On) 


We need to solve this equation for the boundary conditions, 


V(x=0,0 = Vocos(@t), V(ix=1,0 =0. 


Since we are looking for a steady state solution, voltage across all parts of the cable will vary 
sinusoidally, and since there is no damping the phase constant will be zero. Therefore, we 
try the product form 


Vo, t) = f(x) cos(at). (5.172) 


When we substitute this form of solution in Eq. 5.171 we get the following differential 
equation for f(x): 


FSI @s (5.173) 


with the boundary values of f, 
f) = Vo, fd) = 0. 
The general solution of this equation is 
f(x) = Acos(wx/wo) + Bsin(wx/awo). (5.174) 
Fitting the boundary values gives A and B to be 


cos(wl/ao) 


A=V, B= Vo. (5.175) 


sin(@l/@o) 


Therefore, the voltage at an arbitrary point in the cable will be 


Veee—2” sin] 2a »| cos(wt). (5.176) 
sin(@l/a@o) wo 


This is an expression for a standing wave. When we study a traveling wave in the next 
chapter we will see that this solution says that there are two voltage waves riding on the cable 
at the same time, one moving towards the positive x-axis and the other moving towards 
the negative x-axis, such that their superposition creates a steady vibration given by the 
profile from the x-part of this solution. If the cable were left unconnected at the far end, the 
boundary condition there would be given in terms of the current being zero at that end. In 
that case, it is better to write the equation of motion of the cable for current at an arbitrary 
point. The a student is encouraged to show that the equation for the current is the same as 
the cable equation for the voltage. 


EXERCISES 


(5.1) In the text we have solved the driven damped one-dimensional harmonic oscillator 
with a driving force given by Fo cos(wt). Suppose the driving force were given 
instead by Fo sin(wt). Find the steady state solution for this form of the driving 
force in the equation of motion 

BP sie eR goes (wt) 
m— =-kx-b— + Fp sin(at). 
dt ae 

(5.2) The driving force on a damped one-dimensional harmonic oscillator is given by 
F,cos(wt) + F,sin(wt). Find the steady state solution for this form of the driving 
force. Hint: Use the superposition principle for linear systems. 
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Fig. 5.21 Exercise 5.5. 


Fig. 5.22 Exercise 5.6. 
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Fig. 5.23 Exercise 5.7. 


(5.3) 


(5.4) 


(5.5) 


(5.6) 


(5.7) 


A damped one-dimensional harmonic oscillator with m=5 kg, T=1 sec’, 

and w)=20 sec! is driven by a harmonic driving force 5 N cos(wé) with 

w=10sec?. 

(a) Set up the differential equation of motion for the oscillator. 

(b) Solve the equation and determine the amplitude for the steady motion of the 
oscillator. 

(c) Determine the phase lag of the oscillator. 

(d) Determine the average energy per unit time the driving force puts into the 
oscillator. 

A sinusoidal driving torque acts on a pendulum of mass m and length /, whose 

expression about the point of suspension is given by 


t(t) = Folcos(at). 


The air drag on the pendulum applies the following torque about the point of 
suspension: 
— pp 

Tq = bl ae > 
where 6 is a constant. 
(a) Set up the equation of motion of the pendulum using the angle variable 6 in 

the small angle approximation. 

(b) Find the elastic and absorptive amplitudes. 
(c) Find the time-averaged power delivered by the driving force. 
Seismograph. A simple seismograph is made by hanging a block from a spring 
attached to a rigid support that is fixed to the Earth, as shown in Fig. 5.21. In an 
earthquake, when the surface of the Earth moves, the support moves with it. 

Let m be the mass of the block and & the spring constant of the spring. Let Q 
be the quality of the oscillator. Suppose in an earthquake the Earth moves up 
and down harmonically, with frequency w, so that the vertical displacement yz 
of the surface of the Earth with respect to its position at equilibrium moves as 
YE = Ag cos(ot). 

(a) Set up an equation of motion of the displacement of the block from the 
equilibrium in an inertial frame. 

(b) Find the steady state amplitude of the oscillation of the block during an 
earthquake. 

(c) How would you use this solution to determine the frequency w of the 
earthquake? 

Two blocks of mass m, and mz are connected by a spring with spring constant k 

and placed on a frictionless surface, as shown in Fig. 5.22. A rigid massless rod of 

length / is connected to m,. Suppose the block and rod are placed along the x-axis 

with the origin at the other end of the rod. The end of the rod away from mz is 

moved back and forth harmonically at frequency so that the position of mass m 

is given by x; (¢) = no sin(w2). 

(a) Ignoring damping, what is the equation of motion of m2? 

(b) Find the steady state solution of the displacement of mz from the equilibrium. 

Two identical springs with spring constant k connect three identical blocks of 

mass m, as shown in Fig. 5.23. Block m, is attached to a rigid rod and vibrated 

sinusoidally at a constant frequency, so that its displacement from the equilibrium 

is given by x; = no cos(wt). Ignore any damping. 

(a) Find the particular solution of the equation of motion of the blocks m2 and m3. 

(b) Describe what would happen if the driving frequency were near one of the 
normal mode frequencies based on the steady state solution. 


(5.8) 


(5.9) 


(5.10) 


(5.11) 


(5.12) 


(5.13) 


(5.14) 


(5.15) 


The support of a pendulum of mass m and length / is moved harmonically, as 
shown in Fig. 5.24. What is the particular solution of the equation of motion of the 
pendulum for small angles? Ignore any damping. 

The support of a double pendulum with equal masses m and equal length /, is 
moved harmonically, as shown in Fig. 5.25. Find the particular solutions of the 
equations of motion of the two pendulums for small angles. Ignore damping. 

A resonance power curve is fitted to the following function of frequency w: 


Pw? 
(@? — 25)? + P22? 


P(w) = 20 W 


1 1 


where is in units of sec’, and I = 1 sec’. 

(a) Plot P@). 

(b) Find the frequency at which power is a maximum. 

(c) Find the full width at half maximum (FWHM). 

(d) Find the time constant of the oscillator. 

A steel wire of length 100 cm is tied between two posts. Striking the wire in the 

middle with a hammer sets the wire vibrating in many modes at the same time. 

(a) What is the wave number of the lowest frequency mode of which that the wire 
is vibrating? 

(b) If the tension in the wire is 200 N and the density of the wire is 100 g/m, what 
is the frequency of the lowest mode? 

A cylindrical tube of glass is filled with water such that there is a column of air 

of length 70 cm above the water level. A vibrator is placed at the opening which 

vibrates in a broad range of continuous frequencies between 300 Hz and 3000 Hz, 

with more or less equal amplitude for each frequency. Assume the speed of sound 

to be 340 m/s. 

(a) Would the lowest mode of the sound in the air column be excited by the 
vibrator? Why or why not? 

(b) What frequencies of the sound will be excited? List them. 

A damped harmonic oscillator of mass m=1 kg, spring constant k= 1000 N/m, 

and damping constant b = 20 kg/s, is driven by a sinusoidal force F(t) = 

10 N cos(200zt), where t is in seconds. At t = 0, the oscillator has a displacement 

of x(0) = 0 and velocity v(0) = 0. 

(a) Find the complete solution x(t). 

(b) Identify the steady state solution. 

(c) What is the criterion on time after which we can use the steady state solution 
for x(t)? Identify the physical reason for this criterion. 

Two sinusoidal driving forces of same magnitude but different frequencies act on 

a damped one-dimensional harmonic oscillator of mass m, spring constant k, and 

damping constant 8, 


F(t) = Fo cos(@ 11) + Fo cos(@22). 


(a) Find the steady state solution. Hint: Use the superposition principle for linear 
systems. 

(b) Find the instantaneous power delivered by this force. 

(c) Find the average power delivered. 

Two sinusoidal driving forces of different magnitude and frequency act on a 

damped one-dimensional harmonic oscillator of mass m, spring constant k, and 

damping constant 6, 


F(t) = F, cos(@;t) + Fy) cos(@22). 
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Fig. 5.24 Exercise 5.8. 
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Fig. 5.25 Exercise 5.9. 
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Fig. 5.26 Exercise 5.17. 


(5.16) 


(5.17) 


(5.18) 


(5.19) 


(a) Find the steady state solution. 
(b) What will be the steady state solution if the driving force were the following 
infinite sum? 


FY) = > F; cos(a;t). 


i=1 


A periodic but not sinusoidal driving force acts on a damped one-dimensional har- 
monic oscillator of mass m, spring constant k, and damping constant b. The force 
has the square wave shape in time with the analytic form given by 


0 O0O<t<T/2 
F(t) = > 
1 7T/2<t<T 


with 


Ft+T)=F(Q, for -coo<t<o. 


(a) Find the Fourier series representation of F(t). 

(b) Find the steady state solution x(t) of the displacement of the oscillator. 

Three identical pendulums are coupled by springs, as shown in Fig. 5.26. A metal 

rod is glued to the pendulum on the left which is then vibrated sinusoidally so that 

its horizontal displacement from the equilibrium is W(t) = no cos(wt). Find the 

steady state solutions for W2(t) and w3(¢) in the small angle approximation and 

without any damping. 

The power delivered by the AC source in a series RLC circuit has resonance at 20 

kHz and a peak width 10 Hz. 

(a) What is the QO of the circuit? 

(b) What will happen to the resonance frequency and peak width if resistance R is 
doubled? 

(c) What will happen to the resonance frequency and peak width if capacitance C 
is doubled? 

(d) What will happen to the resonance frequency and peak width if inductance L 
is doubled? 

(e) What should be the peak voltage if we need to provide a power of 30 W at the 
resonance frequency to the resistor that has a value of 10 Ohm? 

Find the steady state current in each branch of the circuit shown in Fig. 5.27. 


Vo cos(wt)| C C C 


Fig. 5.27 Exercise 5.19. 
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Chapter Goals 


In this chapter you will study traveling waves in a one-dimensional medium that con- 
tinues to infinity. You will learn basic characteristics of a harmonic traveling wave, 
energy in the wave, and impedance of a medium. Superposition of harmonic waves will 
show that waves can beat against each other and move as a group. You will also learn 
how to study wave pulses by a Fourier integral method. A Fourier integral method will 
be used to learn about the frequency content of a pulse. The phenomenon of dispersion 
will also be discussed. 


‘To most people, waves conjure up images of water waves striking a lake shore or an ocean- 
front. When you throw a stone into water you can clearly see the circular water waves 
traveling outward from the point of impact (Fig. 6.1). The energy in the stone is first given 
to the water molecules at the point of impact of the stone, which vibrate about their equi- 
librium position, much like masses attached to springs. Water molecules act similarly to the 
coupled oscillators we have discussed before, and the motion of one molecule is transferred 
to neighboring molecules through intermolecular coupling. In this way, the energy, initially 
at the point of impact, travels to distant places without any actual transport of any of the 
water molecules. 

In addition to these familiar water waves, there are many types of waves in nature, e.g. 
sound waves, seismic waves, waves on a string, electromagnetic waves, etc. just to a name 
a few of those commonly encountered. In spite of this tremendous variety, most waves 
share some common characteristics: waves originate with a vibrating material, and transport 
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Fig. 6.1 Picture of water waves. 
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energy and momentum from one place to another by disturbing the medium at successive 
places locally. Thus, there is a close connection between waves traveling in a medium and 
the oscillations of the medium. 

Traveling wave is the name given to a wave that travels in open space from some point 
or region in a medium where it is generated. The property characterizing the disturbance 
depends on the nature of the wave. For instance, in the case of a mechanical wave or 
sound wave, the disturbance refers to the displacement of particles of the medium from 
equilibrium, and in the case of an electromagnetic wave, the disturbance is the change in 
electric and magnetic fields in space. The disturbance varies both in space and time, and 
the function describing the disturbance is called the wave function. 

Waves moving in two or three dimensions in space, such as light and sound waves, have 
more features than waves that can only move along one dimension, such as a wave on a 
string. For instance, waves in two and three dimensions can spread out from the source 
such that the energy in the wave dilutes out over larger and larger space, which results in 
decreased amplitude as the distance from the source increases. The wave in one dimension 
does not have any other degree of freedom into which the energy can spread, if we neglect 
any dissipation from viscosity and damping forces. Thus, in the absence of damping forces 
in the medium, a wave moving in one dimension will tend to maintain its amplitude. 

In this chapter we will study waves in one dimension only. This choice is made to keep the 
mathematics simple and to discuss the fundamental characteristics of waves in more detail. 
In the next chapter we will address particular aspects of waves in two and three dimensions 
that are unique to those cases. Even though traveling waves in two or three dimensions 
would spread out in space, it is nevertheless helpful to study idealized waves in two and 
three dimensions, called straight waves and plane waves respectively, whose amplitudes do 
not drop with distance from the source. These idealized waves model behavior of many real 
waves whose amplitudes do not vary much over the distance of interest and could be treated 
as if they were one-dimensional waves. 


6.1 Harmonic Traveling Waves 


If the driving force at the source of a wave oscillates harmonically, the generated wave will 
also be harmonic. A harmonic traveling wave has a particularly simple wave function which 
can always be written as a sine or cosine function of space and time, which are very useful 
for mathematical analysis. Thus, harmonic waves are characterized by periodicities in space 
and time, as reflected in their representation in terms of periodic functions of sines and 
cosines. 

The study of harmonic waves also provides a necessary foundation for waves that are 
not harmonic, since Fourier analysis can be used to cast the wave function of arbitrary 
waves, such as pulses, in terms of superposition of harmonic waves. Harmonic waves are 
also called sinusoidal waves. Plane waves in three-dimensional space and straight waves 
in two-dimensional space are also harmonic waves. 

Supposing we wish to study a harmonic wave riding on a taut string. Such a wave can 
be generated in the string if you swing one end of the string continuously up and down at a 
definite frequency. The wave generated will move down the string and after you have swung 
the string a number of cycles a stable wave will be set up that will be moving away from the 
point of its generation. 

To visualize a wave we need to draw multiple images of the shape of the string at different 
times so that the motion of the wave can be understood from the images. Figure 6.2 shows 
snapshots of a harmonic wave at three different times, traveling to the right. Particles of the 


Wave motion 


Generating wave 
by shaking at one end 


string execute a simple harmonic motion as shown for one particle in the figure. The 
frequency of vibration of the particles of the string is the same as the frequency of the 
wave. 

Shaking the string at x = 0 will result in the displacement w (0, ¢) of the particle at x = 0 
to be 


w (0, t) = Acos(wt), (6.1) 


where w is the frequency of the harmonic shaking with the assumption that at t = 0, the 
wave function has the value of the amplitude A, 


W(0,0) = A. (6.2) 


There will be a phase constant in the argument of the cosine if (0, 0) is different from the 
amplitude A of the vibration. A harmonic wave travels at a constant velocity in a given me- 
dium, called the phase velocity, which we will denote by vp. When the wave moves through 
the string with speed v,, the wave will arrive at the point where x = x at time ¢ = x/vp. 
Therefore, the motion of the particle at x at time ¢ will be the same as the motion of the 
particle at x = 0 at an earlier time tyr, also called the retarded time, 


x 
bet =t-—. (6.3) 
Up 


Thus, the displacement y (x, ¢) of the particle at x will be equal to the displacement yw (0, 2) 
for t = trets 


W(x, 1) = Ws tree) = Acos (whee) = Acos (0 = 2.) (6.4) 
P 


The result can equivalently be written as 


W(x, 2) = Acos (2s-wt), (6.5) 


P 
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Fig. 6.2 A sinusoidal traveling wave on a 
taut string for three different instants (t3 > 
tp > t,). The particles of the string move har- 
monically up and down as the wave passes 
to the right. The wave function for the wave 
moving towards the positive x-axis has the 
form w(x, t) = Acos (kx + wt). 
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by using the identity cos(—@) = cos(@). In this book we will use this latter form since that 
is more common. Note the amplitude of vibration at x = x will be same as the vibration at 
x = 0 since in one dimension the wave cannot spread out. The wave function y (x, £) tells us 
that at a particular point on the string the vibrations are oscillatory with frequency w. Recall 
the relations of angular frequency w to time period T and regular frequency /, 


T =2n/w = 1/f. (6.6) 


The wave function in Eq. 6.5 also tells us that at a particular time, the shape of the string is 
periodic in space with a repeat distance A, called the wavelength, given by 


R= 20? (6:7) 
(2) 
Recall that the wave number & is related to the wavelength by k = 27/), 
2 
poe = @. (6.8) 
Xr Up 


The wave function in Eq. 6.5 is more commonly written in terms of angular frequency and 
wave number, 


w(x, t) = Acos (kx-@t). (6.9) 


The quantity in the argument of the cosine is called the phase or phase function of the 
wave and is often denoted as ¢, 


(x,t) = kx-ot. (6.10) 


The term phase velocity comes from examining this function. We ask: what is the speed 
with which a point of same phase (function) on the wave moves in space? To find this we 
just set the differential of the phase to zero and solve for dx/dt, 


de = Fda aide 20 pie as (6.11) 
Q@ = RaAX-— wat = => a Be : 
which is the phase velocity vp. If the string is from x = 0 to x = —oo and vibrated at x = 0, as 
in Fig. 6.3, the generated wave will move towards the negative x-axis. In that case the wave 
function will be given by 


w(x, 1) = Acos (kx + wt). (6.12) 


Thus, if you vibrate a taut string harmonically at x = 0, that extends from x = -oo to 
x = +00, you will generate two waves, one will move towards x = +oo and the other towards 
x = -00, which are also called the right-moving and the left-moving waves, 


Acos(kx+@t) (-coo<x<0), 
WSO = (6.13) 


Acos(kx-at) (0<.x < oo). 


Wave motion V(%2) 
—___— 


—x 


Particle motion 


Generating wave 
by shaking at one end 


6.2 Standing Waves 


In previous chapters when studying the free vibrations of finite-sized bodies we found some 
special motions called modes or normal modes. We also found that a body can be driven 
to oscillate at the driving frequency. In a mode or in a steady state of the driven body, 
different parts of the body move in a synchronized way—at the time one point of the body 
is at extreme displacement, all other parts of the body are also at extreme displacement 
and when displacement is zero at one point, the displacements of all other parts are also 
zero. These motions are also called standing waves. In the case of a vibrating string of 
length L placed between x = 0 and x = L, the following general expression describes the 
displacements of different parts of the string in a standing wave: 


w(x, 1) = Asin(kx) cos(wt), O<x<L, (6.14) 


where I have set the phase constant to be zero, which is possible if the velocity everywhere is 
taken to be zero at t = O. In the case of normal modes, k would be one of the wave numbers 
k, of the normal mode and w would be the corresponding normal mode frequencies w,,. In 
the case of a driven finite string, w is the driving frequency and k the wave number such 
that w/k corresponds to the wave speed. For a wave on a taut string we had 


ae = VT/n, 


k 


where T was the tension and yz the mass per unit length. 


6.2.1 Similarities and Differences Between Standing 
Waves and Traveling Waves 


The wave function in Eq. 6.14 for the standing wave shares two characteristics with a 
traveling wave on a string given in Eq. 6.9: 


(i) The particle at any x executes harmonic motion. 


Gi) The shape of the string at any time is periodic in space. 
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Fig. 6.3 A sinusoidal traveling wave is gen- 
erated at x = 0 and moves on the string to- 
wards the negative x-axis. The particles of the 
string move harmonically up and down as the 
wave passes to the left. The wave function for 
the wave moving towards the positive x-axis 
has the form W(x, t) = Acos (Rx + wt). 
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However, the standing wave in Eq. 6.14 differs from the traveling wave in the following 
important ways. 


(1) 


(2) 


(3) 


(4) 


In the standing wave, the amplitudes of particle motions at different x are differ- 
ent but they are the same in the traveling wave in the one-dimensional case. For 
instance, in a standing wave the particle at x = a has a harmonic motion with amp- 
litude A sin(ka), while the particle at x = b has a harmonic motion with amplitude 
Asin(Rb). But, in a traveling wave, both particles at x = a and x = 6 oscillate with 
the same amplitude A. 


In a standing wave, the phase of the harmonic motion of two particles at two differ- 
ent places on the string are either the same or they differ by 2, which corresponds 
to the different sign in Eq. 6.14 at different places. But, in a traveling wave, the 
phase difference between the harmonic motions of the two particles is proportional 
to the distance between the two particles. For two particles at x = a and x = b 
we have 


Standing: Ag =Oorz, Traveling: Ay = |k(a-b)|. 


Wave functions for standing waves are a product of space and time parts while the 
wave functions for harmonic traveling waves have space and time parts together, 
so that the phase of the wave moves at the phase speed, 


Standing: w(x, 2) = Asin(kx) cos(wt), (6.15) 
Traveling: (x,t) = Acos(kx- ot). (6.16) 
The standing waves are set up in a finite closed system while traveling waves are 


defined for open systems. In an open system the traveling wave can continue for 
ever, starting from a source somewhere. 


Trigonometric identities can be employed to write a standing wave as a sum of appropriate 
traveling waves and vice versa. For instance, we can use the following trigonometric identity 
to replace the product of sine and cosine in Eq. 6.15 by pure sines: 


2 sin A cos B= sin (A+B) +sin (A-B). (6.17) 


This gives the following alternative expression for the standing wave: 


A A 
w(x, t) = Asin(kx) cos(wt) = sin(kx + wt) 4 a sin(kx - wt), 


which is a superposition of two traveling waves, one moving towards the negative x-axis and 
the other towards the positive x-axis. In a similar way, we can express the traveling wave in 
Eq. 6.16 as a sum of two standing waves by expanding the cosine in that equation, 


w(x, t) = Acos(kx -— wt) = Acos(kx) cos(wt) + Asin(kx) sin(wt). 


6.3 Dispersion and Group Velocity 


The dynamics of waves are given by the wave equation for that type of wave. For instance, 
the wave on a taut string obeys the classical wave equation 


ry 0° 

— =7y*—_, 6.18 

at? ax2 ( ) 
where w is the displacement and v the speed of the wave, and the transverse waves in a 
metal bar obey the Euler—Bernoulli beam equation, 


ay ay 

ae —b ae (6.19) 
where b = YI/pA with Y the Young’s modulus, J the area moment, p the material density, 
and A the area of cross-section. For each type of wave, oscillating motion of a particular 
frequency has a definite dependence on the wave number, known as the dispersion rela- 
tion. You can obtain the dispersion relation of a wave by plugging either the traveling or 
standing wave solution into the appropriate wave equation. Thus, the dispersion relation 
for the classical wave equation Eq. 6.18, will be 


ow =v, (6.20) 
and that of the transverse wave on the rod, Eq. 6.19, will be 
wo =O. (6.21) 


Dispersion relations such as Eqs. 6.20 and 6.21 encapsulate the wave equation in a symbolic 
form—the derivatives of time in the wave equation give factors of w and derivatives of space 
in the wave equation give factors of k. In this way, the dynamics of the wave of a single 
frequency and the corresponding wave number is captured by the dispersion relation. The 
ratio of w to k is called the phase velocity vp, 


(6.22) 


A plot of the dispersion relation often gives a visual sense of the nonlinearity of the 
dispersion relation. An example of plots of w = k and w = k’ is shown in Fig. 6.4. 

The dispersion relation of waves on a string has a linear relation between k and w. There- 
fore, every wave, regardless of the frequency (or equivalently, wave number or wavelength) 
will travel with the same speed. We saw above that a wave that is a superposition of two fre- 
quencies has the shape of beats in space. Such a wave on a string will travel with the shape 
intact. If you make a pulse on a string by giving it a snap, the pulse will move with its shape 
unchanged. We say that the string as a medium is a non-dispersive medium. 

The dispersion relation for the transverse wave on a beam, as given in Eq. 6.21, does not 
have a linear relation between frequency and wave number. Therefore, the phase velocity of 
the transverse wave on a beam depends on the frequency, 


Up = 7 = bk - Vbo. (6.23) 


Dispersion and Group Velocity 


189 


190 = Traveling Waves in One Dimension 


Fig. 6.4 Example dispersion relations: w = 
kv for transverse oscillations on a string and 
w = bk? for transverse waves on a beam. 


a . t=0 
i eee t= 
LON tn 
NS t=; 


Fig. 6.5 Dispersion of a transverse wave on 
a beam. 


That is, harmonic waves of different frequencies will travel with different speeds. Therefore, 
if you have a wave that is a superposition of two or more frequencies, then, the shape of the 
wave will change over time, as illustrated in Fig. 6.5 for a pulse. Fourier analysis tells us that 
any shape can be thought of as a superposition of harmonic functions. Therefore, we can 
think of the pulse wave at ¢ = 0 in Fig. 6.5 to be made up of waves of different frequencies, 
and since the dispersion relation is nonlinear, different frequencies move at different speeds. 
Therefore, the wave will not keep its shape as it travels through the medium. 

The dependence of phase speed on frequency is called dispersion. Since each frequency 
moves at its phase speed, the meaning of wave speed becomes difficult to assign to the 
complete wave if that happens. When you study the speed with which the energy in the 
wave moves in space, you find that that speed is given by the slope of the dispersion curve. 
This speed is called the group speed or group velocity, 


y=. (6.24) 


The dispersion plays an important role in many waves. For instance, dispersion is the key 
to understanding the origin of a rainbow from white light. The bending of light waves is 
caused by the refractive index n of the medium, which is related to the speed v of light in 
the medium compared to the speed c of light in a vacuum, 


(6.25) 


c 
n=-. 
v 
‘Transparent media such as glass are dispersive, since the speed of light in the medium 
depends upon the wavelength as given by the Cauchy equation, 


B 
nQ) = A+, (6.26) 


where A and B are constants. For instance, for borosilicate glass, 


0.00420 um? 
n(A) = 1.5046 + aa (6.27) 
Because of different ” for different 2 the bending of light depends on the color or wave- 
length of light, which is responsible for separation of colors when white light is sent through 


a prism. 
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Example 6.1 Group Velocity of Light 


Find the group velocity of a light wave in a medium for which the refractive index is given as 


B 
na) =A+t+ 2 
Solution 
Let us first deduce the function w(k) from the given phase velocity, 
c c 
U=-—= ae 
n A a 
Now, we have 
o 20 
U=—, A=—. 
k k 
Therefore, the dispersion relation for the light wave is 
ck 
Ce Bk2 
Ae ad 
The group velocity is obtained by taking the derivative, 
dw c ck Bk 
%e dk A+ BE Bee \2 202 
+ G2 (4+ 25) 


Example 6.2 Water Waves in Finite Depth 


Water waves in a tank or pond of depth / have the following dispersion relation: 


@ = J/g ktanh(kh), 


where g is the acceleration due to gravity. Are the waves dispersive for long waves when A >> h? 


Solution 


Let us write k in the equation as 277/A and write the square of the given dispersion relation, 
2 2h 
ie en ee 
Xr Xr 

In the limit 4 >> h, the argument of the function tanh() becomes small. The tanh(x) has the following McLaurin series: 

13,2 5 

tanh(x) = x- =x" + =x +--- 
3 15 


Keeping the leading term in Eq. 6.29 gives 


2 2h 
prc Ere = = ghk?. 


Therefore, 


w = /ghk. 


Since @ is directly proportional to k, the phase velocity w/k will be independent of k. Hence, the long water waves will be non- 


dispersive with phase velocity vp = ./gh. 


(6.28) 


(6.29) 


(6.30) 


(6.31) 


(6.32) 


192 = Traveling Waves in One Dimension 


Example 6.3 Water Waves in Deep Water 


The dispersion relation for the water waves in deep water differ from the dispersion relation given above. For deep water the water 
waves obey the following approximate dispersion relation: 


S 
w = gkt+ —R’, (6.33) 
p 


where g is the acceleration due to gravity, S the surface tension of water, and p the density of water. Find the phase and group 
velocities of waves in deep water. 


Solution 


The phase velocity will be w/k and group velocities will be dw/dk. Carrying out the calculations we see that these waves are dispersive, 


S 
Up = fo + —k (6.34) 
kp 
g+35R 
Uy = Psy. (6.35) 
2@ 


6.4 Energy Transport by Traveling Wave 


6.4.1 Energy in a Wave 


When a mechanical wave such as sound moves through a medium it sets particles of the 
medium in motion. Thus, the kinetic and potential energies of a medium that has a wave 
traveling through it would be different from the same medium with no wave. To be concrete, 
consider a transverse wave w(x, f) on a taut string (the medium) traveling in the direction 
of the positive x-axis. We wish to calculate the energy of the string due to the presence of 
the wave. 

The wave function w (x, f) is the y-displacement of an infinitesimal element of the string 
located at position x (more appropriately between x and x + dx) at time ¢. Let the mass of 
the element be dm and its length when horizontal be dx. The y-component of the velocity 
of the mass element is simply the time derivative of the wave function, 


dw (x5 t) 


7 (6.36) 


Vy(% 1) = 


Since we are looking at only the transverse wave, the elements of the string have only 
y-velocity, given in Eq. 6.36. Therefore, the kinetic energy dK of the element at x will be 


1 1 ay \? 
aK = Sam) = Suds) (2) , 6.37 


where yz is the mass density, which is the mass per unit length here. When the string is 
vibrating it will be displaced and stretched such that the length of the string will be different 
from dx. Let us denote the length of the same element dx at time ¢ by ds. The change in 


length occurs against the tension T of the string. Therefore, the potential energy dU of the 
string element will be the work in stretching the string from dx to ds against force T, 


aU = T(ds-— dx). (6.38) 


Writing ds in terms of displacements dy and dx, we have from Pythagoras’s theorem, 


d 2 
ds = Jae + ay = dvJi+(2) (6.39) 
ix 


Now, the vertical displacement of the element dy is the same as the change in wave function, 


dy ow 


oe ot, 6.40 
dx ox (6.40) 


where we have changed the derivative to a partial derivative. This gives the element length 
when not horizontal to be 


2 
ds = dx,/1+ (=) ‘ (6.41) 
ax 


Assuming the vertical displacement to be small compared to the element length, i.e. 
a 
el «:, (6.42) 
ax 


we can expand the radical in Eq. 6.41 and obtain the following approximate expression: 


1 (aw \? 
ds—dx © = (+) dx. (6.43) 
2 \ 0x 


Therefore, we obtain the following expression for the potential energy associated with the 
element at x: 


2 
au= 57(%) dx. (6.44) 
Z Ox 


Adding the kinetic and potential energies of the string element under consideration, we find 
that the wave has the following energy dE between x and x + dx: 


_ _|fa av\? 1, (avy 
dE =dK+dU 5» (2) 5r(E) Jas (6.45) 


This equation is applicable to all waves on a string. Specifically, let us work out the energy 
of a sinusoidal wave traveling towards the positive x-axis over a length of the string equal to 
one wavelength, 4 = 277/k. In this case, the wave function is given by 


W(x, t) = Acos(kx-@t). (6.46) 
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Fig. 6.6 Generation of a traveling wave by 
driving vibrations at one end. The work done 
by the vibrator goes into the energy of the 
wave. Here T is the tension in the string and 
F the force the vibrator applies on the string. 
By Newton’s third law, the magnitude of F is 
equal to the magnitude of T. The work done 
by the vibrator for the displacement dy of the 
string at x = O will be Fy dy. In the text 
we denote y of the string at a particular x by 


WO t). 


For this sinusoidal wave function we get the following: 


a r) 
ae = wAsin(kx- wt), ve RA sin(kx - wt), (6.47) 
at ox 

L222 1 222 ein? 
dK = ga aw’ sin’ (kx -at)dx, dU = gi k* sin (kx — wt) dx, (6.48) 
dE = A’ 1a sin’ (kx — wt) dx, (6.49) 


where in the last line we have used v = w/k = ./ T'/. We can find the energy in the wave at 
t = O over a space of one wavelength by integrating from x = 0 to x = A = 21/k. This gives 
the following result: 


1 
BE, = =Apo2A?, 


5 (6.50) 


Where does this energy in the wave come from? To address this question, we need to look 
at the source of generation of the wave. We do this next. 


6.4.2 Power of the Wave Generator 


Characteristic Impedance 


Suppose a wave in the string is generated by attaching one end of the string to a vibrator at 
x = 0, as shown in Fig. 6.6 and the other end of the string held at a far away point so that 
there is a constant tension T in the string. Because of the tension 7 in the string, it applies 
a force equal to T on the vibrator, which in turn must apply a force F on the string equal in 
magnitude to T and opposite in direction 


Since the displacement of the element of the string is parallel to the y-axis, we need the 
y-component of the force F to calculate the work done on the string. Referring to the 
drawing in Fig. 6.6 we note that 


(6.51) 


a 
Fy =-Tsiné ~ -Ttan@ =-T *) : 
: Ox J.-0 


This force is actually proportional to the velocity of the particles of the string at x = 0, as 
we can show by using the wave function of the traveling wave. The wave on the string will 
be given by the wave function moving to the right on the x-axis with wave number k and 
frequency w, 

w(x,t) =A cos(kRx-o@ 2). (6.52) 


To relate [, to the velocity dy/dt we need to find the relation between dy/dx and dy/dt. 
Taking the derivatives of w(x, t) we find that 


0 

av Spar sinthenio’, (6.53) 

ox 

ay . 

an =A sin(kx-ot). (6.54) 
Therefore, 

a koa 1a 

a v_ ye (6.55) 

ox @ ot Up Ot 


where I have replaced w/k by vp, the phase velocity. Now using this relation in Eq. 6.51, 
and for brevity, dropping the brackets and x = 0, we find 


A=, (6.56) 


The proportionality constant is called the characteristic impedance Z of the medium, 


Ip 
Ls (6.57) 
Up 
and we write Eq. 6.56 as 
ay 
7. 6.58 
zi at eee) 
This says that the string applies a velocity-dependent force on the vibrator, 
a 
T, =-Fy =-Z ~. (6.59) 


We see that this force is similar to the drag force —bx on a harmonic oscillator as we 
have studied previously with the impedance Z taking the role of b. That is, the medium 
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applies a drag force on the wave generator and takes energy away from the generator. Using 
Up = J T/p in Eq. 6.57 we can write the impedance for the transverse waves in a string in 
terms of the tension and the density, 


i 
Le = VT w= upp. (6.60) 
p 


Power Output of the Wave Generator 


Now, we calculate the work done by the force F, of the wave generator on the medium of 
the wave, which here is the string. The instantaneous power P(t) associated with this force 
will be 


ay \? 
PY = Fy =Z a): (6.61) 
‘To compare the energy output of the vibrator to the energy EF, in the wave over a distance 
equal to the wavelength we have calculated above, let us calculate the work done over one 
time period of the wave, from t = 0 to t = 27/w at x = 0, 


t 
We= [ P(t) dt=nZA’w. (period, t = 21/w) (6.62) 
0 
Using Z = JT = Upft, Up = w/k, and k = 27/2 this simplifies to 


1 
W= 5h Hor A’, (6.63) 


which is identical to FE, given in Eq. 6.50. 


That is, the work done by the wave generator in one full cycle of the vibration is equal to the 
energy of the wave in a space of distance equal to one wavelength 


1 
W = shee A = ff. (6.64) 


Power Flow at an Arbitrary Point 


The calculation of the power of the wave generator at x = 0 can actually be carried out at 
any point on the string. Let us examine the situation at x = xo. We will call the string to the 
left of x = xo the system L (for left) and the string to the right as system R (for right), as 
shown in Fig. 6.7. 

A comparison of Fig. 6.7 to Fig. 6.6 shows that the force exerted by system L on system 
R has the same relation to the tension in the string as was the case at x = 0, where the system 
L consisted of only the wave generator. Therefore the y-component of the tension force F, 
on the left of the point x = xo will have the same relation to the force 7 on the right side of 
xX = Xo, as we had found at x = 0 in Fig. 6.6, 


_p OHO 25 


re (6.65) 


Fy= 


System L 


where the derivative of y is to be evaluated at x = xo. The velocity of the string element at 
X= X05 


_ Ob & 1) 


ot 


(6.66) 


From the expression for the traveling wave w(x, t) = A cos(kx — wt), we get the following 
relation: 


awst) oo dvst) 1 dwt 


(6.67) 
ax k at Up at 
Now writing the y-component of the force by system L on system R we get 
T 0 yt a at 
p= TOO _ 7 BGs) be 
’ Up ot ot 


where Z is the characteristic impedance, which was found earlier to be equal to T/v, or 
./ Tp for transverse waves on a string. Using this expression for the force by L on R we find 
that the power input by L into R at the point x = xo will be 


(6.69) 


ay a 


PO nex =F =Z | at 


x=xQ 


The time-averaged power for a harmonic traveling wave we have here is easily calculated by 
performing the following integral: 


T 2 
(P) =z7f [ee] & 


T ot aan 


(6.70) 


where t = 27/, the time period. The integral is left as an exercise. The result will be 
independent of xo, 


(P) = ; ZwA. (6.71) 
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Fig. 6.7 The applied force and resulting vel- 
ocity at an arbitrary point of a taut string 
which carries a wave. The string to the left of 
the point x = xo ts labeled system L and that 
to the right is labeled system R. The oscilla- 
tions on the left of the point x = xo provide 
the driving force for generation of the wave on 
the right side of the point. The tension on the 
right is labeled T and that on the left F. The 
force T is applied by R on Land the force F 1s 
applied by L on R. The two forces are equal 
in magnitude but opposite in direction. 
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Example 6.4 Longitudinal Wave on a Beaded Slinky 


Perhaps you have played with longitudinal waves that you can send down an extended slinky by compressing some of the rings and 
then letting go of it. We can understand the wave by considering a discrete model of the slinky. Suppose the mass of the slinky is 
distributed along it as beads of mass m connected by springs with spring constant k and length a, as shown in Fig. 6.8, where the 
slinky is along the x-axis and y; is the displacement of the jth mass from its equilibrium position. 


ee 
ta > 
eee ee 
Fig. 6.8 A longitudinal wave in a beaded slinky. 
Then, the equation motion of the jth mass will be 
ay; ok 
YB (ys 2yj + yp). (6.72 


Divide and multiply the right side by a? and take the limit of a tending to zero to obtain 


a? ka 0? 
ae ane av (6.73) 
at? = m/a dx? 
Introducing mass per unit length 4. = m/a as the density, we find that 
a? ka 0? 
v = ha (6.74) 
ar bm Ax? 


This is the classical wave equation, which becomes identical to the equation of motion for the transverse motion of a string if we 
make the following substitution: 


ka < T (the tension). (6.75) 
Therefore, we can take the results from previous sections in this chapter and translate to the present case. Let us denote the wave 
vector by « (read: kappa), since we are already using & for the spring constant. The wave function for the longitudinal wave moving 
toward the positive x-axis will be 


W(x, t) = Acos(kx- wt), (6.76) 


and here the dispersion relation is linear, as you can verify by plugging in the harmonic solution in the equation of motion, 


ka 1/2 
ae (=) " (6.77) 
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Therefore, longitudinal waves will be non-dispersive with the phase velocity, 


The characteristic impedance will be 


Z= Jka. 


The instantaneous power flow at any point will be 


= aw(x, ) 7? 
P(t) |x=x9 =Z [jae] 


xX=XxQ 


The average power obtained by integrating over one cycle for the wave given in Eq. 6.76 will be 


1 
(P) = . Zw A’. 


(6.78) 


(6.79) 


(6.80) 


(6.81) 


6.5 Traveling Wave in a Transmission Line 


Electric transmission lines are used in communication for sending signals, often as radio 
waves. A transmission line is a pair of conductors that has a uniform cross-section through- 
out its length. Co-axial cable with two wires, one at the center and the other around it, is a 
good example of a transmission line. When the two wires are driven by a time-dependent 
voltage or current source, the current and voltage waves flow in the transmission line. 

A transmission line can lose power due to resistance in the cable and also due to radiation 
escaping the cable. In this section we will study an ideal lossless transmission line which can 
be modeled as an LC network. In the last chapter we studied a driven LC network that was 
finite in size. Here, we will look at the same system but now we suppose that the system is 
infinite in size so that there is only one wave traveling and there is no return wave. A small 
segment of the cable at an arbitrary time is shown in Fig. 6.9. 
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Fig. 6.9 An arbitrary segment of a lossless 


transmission line as an LC network. 
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As before, let L and C be the inductance and capacitance per unit length. You can show 
that the current and voltage at any point along the transmission line obey 


al(x,t) __ aV(x,2) 


L 6.82 
ot Ox ( ) 
aV (x, t ol (x, 

gfe 2 (6.83) 

ot Ox 


Combining these shows that both J and V along the transmission line obey the same classical 
wave equation, 


a7 (x,t) 1 d7T (x,t) 
ar LC 0x? 

aVixytn) 1 dV (x, 2) 
ar LC ax? 


> (6.84) 


(6.85) 


Let us look at the current wave in more detail. The dispersion relation of the current wave, 
obtained by plugging in a harmonic wave solution, I(x, t) = Ip cos(kx - wt), 


1 
Se, 6.86 
7G (6.86) 


shows that the current wave is non-dispersive with phase and group wave speeds given by 


Up = Ug = (6.87) 


1 
VEG 


A similar conclusion can be reached for the voltage wave using V(x, 1) = Vo cos(kx - wt). 
From either Eq. 6.82 or 6.83, the current and voltage amplitudes at any point in the cable 
are related by 


k IL 
Yo = vf Y= Ip. 6.88 
o- 5E°° > 0 C 0 ( ) 
Therefore the impedance of the transmission line Z is 
it 
4 = |) =, 6.89 
z (6.89) 
The power flow in the transmission line at any place x will be 
P(x, 0) = 1(Q)V(D) = In Vo cos? (kx - wt). (6.90) 
The average power obtained by integrating over one cycle will be 
pete tgeet (6.91) 
Bo tm ae oe 
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Example 6.5 Co-axial cable 


A co-axial cable, also called a co-ax, with an inner conductor of diameter a and outer conductor of diameter 6 has a dielectric with 
dielectric constant €, between the conductors, as in Fig. 6.10. The capacitance and inductance per unit length is given by 


_ 2 EE, 
~ In(b/a)’ 


Here €9 and jo are the electric permittivity and magnetic susceptibility of a vacuum with the following values: 


= *° in(b/a). (6.92) 
20 


€) © 8.85 x 10°17 C?/N.m’, po = 4 x 10-7 T.m/A. 


Find the characteristic impedance of the cable and the speed of the current wave in the cable if the dielectric constant of the packing 
material is 3 anda = 1mmandb=4 mm. 


<—— I(x,1) 


Fig. 6.10 A co-axial cable as a transmission line. One end of 
the cable is connected to a power source and the other end is 
connected to a load. 


Solution 


The characteristic impedance Z is given by ./L/C. Therefore, 


ze |B testo ias [In(b/a) _ In(b/a) [ Ho 
20 2 E0€; 20 €0€, 


The speed of the current wave in the cable will be 


1 1 
VLC oer 


Putting in numerical values, we get Z = 50 Q and v = 1.73 x 10° m/s = 0.58c, where c is the speed of light in a vacuum. 


Example 6.6 Two-wire Transmission Line 


Two parallel wires carrying current in opposite directions from a source to a load act as a power transmission line. Let the radius of 
the two wires each be a and the distance between them d, as in Fig. 6.11. Let the €, be the dielectric constant of the material, which 
is usually air in the power transmission lines in which the cables are located. The capacitance and inductance per unit length for this 


system are given by 


: d d\? 
Ge = Pe ere a) ( ) 1}. (6.93) 


continued 
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Example 6.6 continued 


Here €9 and ju are the electric permittivity and magnetic susceptibility of a vacuum with the following values: 
€o © 8.85 x 10°! C?/N.m?, wo = 40 x 10-7 T.m/A. 


Find the characteristic impedance of the transmission line and the speed of the current wave in the wires. 


Fig. 6.11 Two parallel wires as a transmission line. At 
one end the wires are connected to a power source and 
at the other, to a load. 


Solution 


The characteristic impedance Z is given by ./L/C. Therefore, 


d d\? 
In} — + —)-1 
2a 2a 
Z= eam 
as E€0E, 


The speed of the current wave in the cable will be 


6.6 Superposition of Harmonic Waves 


So far we have discussed harmonic traveling waves almost exclusively. Harmonic waves have 
only one frequency w and one wave number k, and we have written the following analytic 
form for a harmonic wave traveling towards the positive x-axis: 


w(x, t) = A cos(kx- oat). (6.94) 


The speeds of these waves are given by their phase velocity w/k. What will happen if a wave 
contains many frequencies? We have seen that when you superimpose oscillations of two 
frequencies w, and w2, then the net result is a new vibration that beats in time. Now, in 
harmonic waves, the oscillations occur in both time and space. Therefore, we will observe 
beats in time as well as in space if we overlap two harmonic waves of different frequencies. 


6.6.1 Beats in Waves of Two Different Frequencies 


To illustrate the consequences of the superposition of two waves of different frequencies we 
will consider the one-dimensional example of the transverse wave on a string. Although we 
will work with a one-dimensional example, our conclusions will be applicable to two and 


three dimensions as well. To be concrete, let a taut string be placed along the x-axis from 
x = 0 to x = o, with a vibrator attached to the string at x = O with the other end tied 
to some post very far away, which we have chosen to call x = oo. Unlike our examples of 
harmonic waves on this system, studied previously, suppose the vibrator now vibrates at two 
frequencies @, and w2 such that the y-displacement of the string at x = 0 is a superposition 
of two vibrations of the same amplitude and same phase, 


w(x =0,0) =A cos(@;t) +A cos(w2t). (6.95) 


Ihave chosen the amplitudes and phases of the two frequencies to be the same for simplicity 
and have taken the phase constant to be zero also. Now, we ask: what kind of wave will travel 
down the string? The wave equation governing the dynamics of waves on a taut string is the 
classical wave equation, which is a linear homogeneous equation in the wave function y. 
Therefore, we expect that the solution will be the sum of two parts—one wave generated 
from vibration Acos(@;1) and the other from Acos(w2t). This is an important point to 
understand: the system acts as if there are two vibrators each transmitting waves at its own 
frequency and the net wave is just the sum of the two. Since we have already solved the 
one-frequency problem, we can write the answer immediately, 


w(x, 1) =A cos(kix-@,t) + A cos(k2x- 21), (6.96) 
where k; and k2 are the wave numbers for the two waves. Now, a trigonometric identity 


turns this sum into a product which has a slower varying amplitude multiplying a faster 
oscillating function, 


W(x 1) = [24 cos(RmoaX — Omodt)] COS(RayX — Mavt), (6.97) 
where 
ki -k | -@. 
Rmod = * 2 ®mod = : 2 Zs (6.98) 
ki +k + 
Ray = : 2 an Way = sl 2 a (6.99) 


Note that the quantity in brackets in Eq. 6.97 acts as a time-dependent amplitude to the 
more rapidly oscillating function. Let us replace the quantity in the brackets [.] by one 
symbol Amoa(x; ¢) to indicate this aspect of the result, 

w(x £) = Amoa(% 2) COS (RayX — Wayt)5 (6.100) 
with 

Amoa(X; 1) = 2A cos(RmoaX — Omodt)- (6.101) 
This is similar to the beat phenomena when superposing two vibrations. In the case of 


a wave, the beat phenomenon occurs both in time and in space. Figure 6.12 shows the 
beating in space as the amplitude modulated wave travels to the right in the figure. As is 
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Fig. 6.12 Movement of the wave resulting 
from the beating of waves of two nearby fre- 
quencies. The plot was made with wa, = 100, 
Aw = 5, andv= 1. 


t=0.2 


RSs 


“10 5 0.0 05 1.0 


clear from the figure, the resulting wave in the string here is not absolutely harmonic but 
close to a harmonic wave with frequency m,y and wave number kay. 

If Amoa(x, t) did not depend on x and t we would have a simple harmonic wave of fre- 
quency @,, and wave number k,y. In actuality, the amplitude Amoq(x, 1) does vary with 
time. But does it vary by much over a time of one period of the average frequency wave? 
It turns out that Amoaq(x, £2) does not vary much over a period 27/m,y or distance 27/Ray5 
and we may treat Amoa (x, #) as almost constant. In this sense, we say that the harmonic wave 
COS(RayX — May) is amplitude modulated. 

The modulated amplitude in the case of the superposition of two waves, Amoa(X; 2), is 
itself a harmonic wave. The velocity of the Amoq(x, 2) wave is not the same as the velocity of 
the more rapidly varying wave cos(RayX — Wayt). The velocity of Amoa (x, t) wave is called the 
modulation velocity voq, while the velocity of cos(Rayx — Wayt) of a faster varying wave is 
called the phase velocity, 


®Wmod _ 1 — 2 


Rmod ~ ky —k : 


(6.102) 


Umod = 


In most applications w; and a» differ only slightly so that their difference is a small fraction 
of their average. Let 


@, =a@2+Aa, kj = ko + Ak. (6.103) 
Then, we will have 
Aw 
Umod = Ne (6.104) 


Note that @ is a function of k through the dispersion relation, w(k), which for the taut string 
of tension T and mass per unit length jp is 


wo=k/T/u. (6.105) 


In other media and/or with a different wave equation we will have a different relation be- 
tween w and k. Generally, we will write w as w(k) to indicate the relation between w and k of a 


wave given by the dispersion relation of the wave. Taking the infinitesimal limit of Eq. 6.104 
we obtain the modulation velocity for superposition of two waves whose frequencies and 
wave numbers are infinitesimally close. We call the result the group velocity v,, 


_ do 


=—_. 6.106 
ak ¢ ) 


Ug 
In electrical signals when two frequencies are superimposed to produce amplitude- 
modulated signals, the frequency @,y is called the carrier frequency and the frequency 
@moa the signal frequency. Note that without the modulation the single-frequency wave 
does not carry any information from one place to another, since each cycle of the harmonic 
wave looks the same as any other and the wave goes on endlessly. By modulating the wave, 
which can be done by changing either the amplitude or the frequency or the phase constant, 
we introduce variability in the wave which can be used to code information in the wave. We 
saw in this section that the modulation travels at a different velocity, namely the group 
velocity, than the phase velocity. Since information is coded in the modulations, the infor- 
mation will travel at the group velocity. This is why, even though the phase velocity may 
exceed the speed of light in vacuum c, the group velocity must strictly be less than c so as 
not to violate the tenets of the special theory of relativity. 


6.6.2 Superposition of N Harmonic Waves 


Suppose the wave generator at x = 0 vibrates at several frequencies, @min = @15 @25 ..-5 
@max = ©®n; With equal amplitudes and phases producing the following vibration of the 
string at x = 0: 


w (0, t) = Acos(@t) + Acos(@2t) +--+ + Acos(@nt). (6.107) 


The traveling wave will also be a sum of the contributions from each harmonic component, 
giving us the following wave downstream at x at time t: 


w(x, 2) = Acos(kix-@ 11) + Acos(k2x—@2t) +--+ + Acos(knx- and), (6.108) 
where k; = w;/Vp with v, the phase velocity. Can we sum the cosines in Eq. 6.107 or 6.108? 
Rather than attempt the sum for general values of the frequencies, we look at a case where 
the difference between successive frequencies is the same, 


Case: @j11—@; = €. (6.109) 


Since there are N-1 intervals between @min and @max, we have the following relation for the 
range of frequencies Aw in the system: 


A@ = on -@, = (N-1)e. (6.110) 
Let us work with Eq. 6.107 since the summation on wave functions in Eq. 6.108 can be 


obtained in a similar way. In the case given in Eq. 6.109, we will have the following equation 
to work with: 


w(0,t) = A cosa;t+A cos(@; +€)t+A cos(@, +2€)t+ --- +A cos[@,+(N-1)e]t. (6.111) 
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Finite N 
Let us first find the sum when the number of terms in Eq. 6.111 is finite. This summation 


is more easily done using complex algebra, where we replace cos(@) by ¢’° and take the real 
part of the final result. The complexified y (0, 2) = w(2) would be 


va) =A emit +A cities 4 A eorttziet pita’ 4A coretin-let (6.112) 
In this expression we find that Ae1‘ is a common factor to all terms, 
WD) = Aer + el $e $e + ALN VEY, (6.113) 


Writing a for e*' we notice that the quantities in the bracket [---] form a geometric 
series of a, 


VD =A 1 tatar+..-t+aXP], (6.114) 


Therefore, we get 


5 N _ 
vO =Ado'e 
= 


eet] 


1 * iNet _ 1 
= Aeiot E |: (6.115) 


We need the real part of w. If the quantity in Eq. 6.115 can be expressed in the polar form 
of a complex number, re”, we can easily figure out the real part. The following trick of 
factoring out 1/2 of the exponential parts in both the numerator and denominator helps 


here: 


(6.116) 


git] gil /2yet 


iNet pi(N/2Det_ 7 gi(N/2et _ gi(N/2et 
gil/2)et — gil /2)et 


Now, the quantity in the bracket [---] is a real number when we use the Euler formula. 
Therefore, 


eet] 


iNet _ 4 Nea sin (Net 

ea pata) (6.117) 
2 

Putting this in Eq. 6.115 we find the following for w: 


en Ns in(Xer 
w(t) = Admire Eee (6.118) 
2 


sin ( et) 


Using Eq. 6.110 we can write this as 


: N peer 
w(t) =A ea peeps (6.119) 


Ph 
sin (Sez) 


The real part of this gives 


0.0) = Rely] = [4 a C08 (wayt)s (6.120) 
SL o) 


where @,y is the average of the minimum and maximum frequencies, @ay = 3 (on +@}). 
The quantity in brackets varies much more slowly with time than does function cos (@ay1). 
Therefore, the net vibration is similar to the two-wave case we worked out before, in the 
sense that a fast oscillation is amplitude modulated. Let us write the quantity in the bracket 
as B(t), which stands for the slowly varying amplitude, 


Uz, 


w(0,1) = BUD) 008 (at); with BO) =A al =) 


may, (6.121) 


Very Large N 


What if the vibration at x = 0 were generated by a very large number of frequencies between 
two frequencies @min and @max with equal amplitude and equal phase? In this case, the 
number of terms in Eq. 6.111 would be very large. Furthermore, since ¢ is the difference 
between successive frequencies in the range Aw = @max — @min, When N becomes large € 
would become small if the range Aw were fixed. Therefore, we can obtain the sum for this 
situation by taking a large N and small € limit of the results in Eqs. 6.121. This would be a 
brute force solution to the problem. Another elegant solution for this case is possible here. 
Let us multiply each term in the sum for (0,2) by € and divide out by an overall factor 
of €. We will also multiply and divide by N so that we can cast our result in terms of NA or 
B(O). Let us write the result using the summation symbol: 


N-1 
v (0,1) = a B cos [(@ + ne)t] €. (6.122) 


When we take N — oo and € — 0, the integral is just an integration over frequency from 


@min tO @max> 


rn / ee (6.123) 


®max — min min 
This equation represents the vibrations as an integral over a cosine function and is an ex- 
ample of a Fourier integral, to be discussed below. The integral can be performed exactly 
and cast as a product of a slowly varying amplitude and a harmonic function of time, 


BO) (Sin @maxt — SiN @mint) 
v0, t) = A = 
oO t 


sin (4 t) 
BO) Ai, COS (Way) 5 (6.124) 
2° 


where @ay = 5 (max + @min) is the average frequency. The quantity in the bracket is the 
time-dependent amplitude of the vibration at the average frequency. Unlike the case of 
two frequencies, where the beating of the waves led to a sinusoidal time dependence of 
amplitude, here the beating of infinitely many waves has led to an amplitude itself decreasing 
with time due to the ¢ in the denominator. The ratio of sin(x)/x is denoted by one symbol 
sinc(x), 


w(0,t) = ES sinc (=))| COS (Wayt). (6.125) 
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Fig. 6.13 Movement of the wave resulting 
from the beating of waves of many frequencies. 
The plot was made with Wey = 100, Aw = 
10, andv = 1. 


Since the wave equation for this wave has a linear relation between w and k of the wave, the 
waves of different frequencies will travel at the same wave velocity, which would mean that 
the wave packet moves with speed v = w/k, 


x= vt. 


Therefore, the vibration at x = 0 will move to x at t,., = t—x/v. Therefore, the wave func- 
tion w(x, 2) can be obtained from this formula for the vibration at t = 0 by substituting 
t—x/v for t, 


A x x 
u(x, t) = B(0) sine |= (:- *)| cos [ow (:- ~)]. (6.126) 
2 v v 

A plot of this moving wave, given in Fig. 6.13, shows that the beating of infinitely many con- 
tinuous frequencies leads to a wave packet, which is a localized nonperiodic wave. The wave 
packet serves as a model of a free particle in quantum mechanics. 


6.7 Spectrum Analysis of Waves 


We found above that superposition of harmonic waves can result in a periodic wave as well 
as a nonperiodic wave such as a wave packet. Now, if we have an arbitrary wave, could 
we determine the frequency content of the wave? That is, could we reverse engineer the 
given wave and figure out the amplitudes, frequencies, and phases of the harmonic waves 
whose superposition will give rise to the given wave? The answer is provided by the Fou- 
rier technique. You have already studied Fourier series in an earlier chapter in connection 
with periodic vibrations. Fourier series allow one to write a periodic function into a series 
of sines and cosines of frequencies that are integral multiples of the frequency of the peri- 
odic function. When the technique is extended to nonperiodic functions, the series turns 
into integrals, called Fourier integrals. The mathematics of Fourier integrals allows us to 
study any wave packet. In this section we will review the Fourier series first and then study 
nonperiodic waves. 


6.7.1 Non-harmonic Periodic Waves 


Let us once again consider the one-dimensional example of the transverse wave on a string 
which is placed along the x-axis from x = 0 to x = on, with a vibrator at x = 0 which transmits 
a wave towards the positive x-axis. Now, we suppose that the vibrator oscillates such that 
the transverse displacement w(x = 0, 2) at x = 0 is an arbitrary periodic function of time t, 
which is not necessarily sinusoidal, 


VO,0=f@, f@+T)=fO. (6.127) 


Here T is the period. We will find it useful to introduce the fundamental angular frequency 
@, of the system by 


_ 20 


oF (6.128) 


By the Fourier theorem, since f(2) is periodic with angular frequency @, it will have the 
following Fourier series representation: 


f@=Ao+ , Ay cos(nat) + SS B, sin(no,t), (6.129) 


N= 124 R= 1,2, Kes 


where the coefficients are given by 


1 T 

Ag = al f(t) dt, (6.130) 
T Jo 
2 T 

A, = =f f(2) cos(na,t) dt, (6.131) 
T Jo 
2 T 

B, = ={ f(@ sin(nw, 2) dt. (6.132) 
T Jo 


Note that Ap is a constant background and does not lead to an oscillating wave. The ampli- 
tudes A,, and B,, correspond to various frequencies and are a function of the mode counter 7. 
They are called amplitude spectra of the wave. Plots of A, and B, versus w, = nw, or 1 are 
also referred to as cosine and sine amplitude spectra. 

We are often interested in power in various modes. The average power in a vibration 
given by 


f@® = Ccos(wt) + Scos(wt), 


is given by 
1 
<P>= 5" (C? +S’), 


where Z is the impedance, which may have frequency dependence. Therefore, the average 
power in any mode 7 will be 


<P, >= FP o} (42 + B2). (6.133) 
The average power as a function of mode number or frequency is called the power spec- 
trum of the wave. We often plot < P, > versus nm or w, to display the relative power 
contribution of different frequencies. Such a plot is also called the power spectrum of 
the wave. 
By replacing t in Eq. 6.129 by (t-—x/v) we get the wave function w(x, t) for the wave 
moving towards the positive x-axis that satisfies the classical wave equation, with v being the 
speed of the wave, 


Ws) =Ao+ D> Ay cos(nat—nkix)- > By sin(na,t—nkyx), (6.134) 
N= 1525.50: n=1,2,--+ 


: @ : : 
with ky = = where v is the phase velocity. 
v 
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Example 6.7 Spectrum of a Wave on a String 


Find the amplitude spectrum and wave function of the wave traveling down the string if the string is pulsed as given in Fig. 6.14. 


v0, 2) 


Fig. 6.14 Periodic square pulses imparted to the string at x = 0. 


Solution 


Let us first write the analytic expression corresponding to the vibration at x = 0 given in the plot for one period: 


-A -T/2<t<0 
wO,0=% 0 t=0 . (6.135) 
A 0<t<T/2 


Now, we put this into Eqs. 6.130-6.132 and carry, out the integrations quite easily. Since the function in Eq. 6.135 is odd, the cosine 
coefficients A,, and the constant coefficient Ap are zero. The sine coefficients are 


2 0 T/2 
B=s [/ (-A) sin(n@, t)dt + i (-A) sin(no dai 5 
i i -T/2 0 


where @, = 27/T. This gives the sine amplitude spectrum to be 
2A 
By, = — [1-cos(mm)], n= 1,2,3,.... 
nm 


Therefore, the sine coefficients of the Fourier series are non-zero only for an odd integer, 


4A 4A 4A 
By = »5 B,=0, B= »5 By=0, Bs = i enaee 
14 3m 5a 


Therefore, we have the following Fourier series representation of w (0, 2): 
4A 1 1 
w(0,t) = — [sin (w,t) + zi sin (3@ 11) + 3 sin (5@ 11) +-: 7 : 
a 


Now, we can obtain the wave traveling down the string towards the positive x-axis by replacing (nwt) by (mw,t — nk,x) to obtain 


VOD, 
_ 4A sin(n@,t —nk,x) 
@j--— pea 


n 
n=1,3,: ++ 


where ky = w;/v with v the phase velocity. 


6.7.2 Nonperiodic Pulses and Fourier Integral 
Technique 


Real waves, such as water waves, a pulse traveling on a string, or the sound of a drum, are 
not sinusoidal waves. For instance, suppose a taut string is given a snap at one end once 
and then the end is held fixed in one place, as shown in Fig. 6.15. This results in a bump 
in the string, which moves towards the other end. Unlike the harmonic wave of a single 
frequency, the fate of a finite duration pulse depends on whether the medium is dispersive 
or non-dispersive. 

As we have studied previously, the wave speed of a harmonic wave is independent of 
frequency (or, equivalently, the wavelength) in a non-dispersive medium, but depends on 
the frequency in a dispersive medium. For instance, the speed of light in a vacuum is 
the same for all frequencies but in glass it is different for different frequencies. We will 
see below that a finite-duration pulse can be shown to be a superposition of harmonic 
waves of infinitely many frequencies. In a dispersive wave each of the component har- 
monic waves will travel at a different speed and hence they will move to different distances 
in the same time. Thus, a pulse will be distorted as it moves in a dispersive medium. 
However, in a non-dispersive medium every component harmonic wave in a pulse will 
move at the same speed and hence the shape of the pulse will not change, as shown 
in Fig. 6.15. 


Movement of a Pulse in a Non-dispersive Medium 


The dynamics of a pulse in a non-dispersive medium is simple since the pulse of the 
shape will not change with time or distance traveled. Generally, suppose we have a one- 
dimensional wave with the pulse at time ¢ = 0 given by a function f(x). That is, the wave 
function W(x, 2) at t = 0 is 


W(x, 0) = f(x). 


Suppose the pulse is moving towards the positive x-axis with speed v. Since the medium is 
non-dispersive we need only one speed, since every wave of every frequency will move at 
this speed. In time t, each point of the pulse would have moved a distance 


Ax Sot, 
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Fig. 6.15 Generation and movement of a 
wave pulse on a string. 
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Therefore, if the pulse were centered at x = 0 at t = 0, the wave would be centered at x = vt 
at time ¢. Therefore, the wave function at time t will be 


w(x,t) =f(«-vt) (Non-dispersive). 

If the wave were moving towards the negative x-axis, the wave function at time t would be 
w(x,t) =f(x+vt) (Non-dispersive). 

That is, 


if w(x, 0) = f(x), then w(x, 1) = f(x = vt). (Non-dispersive) (6.136) 


Similarly, suppose a pulse were generated at x = 0 by some motion given by 
w0,0) = g(. 
Then, the wave moving towards the positive x-axis would be 
x 
¥58) =e(t-=), 
v 
and the wave moving towards the negative x-axis would be 
x 
W(x, 1) =e (s+ =). 
v 
That is, 


if (0,2) = g(t), then (x1) =8 (« + “) _ (Non-dispersive) (6.137) 


Example 6.8 Pulse in a Non-dispersive Medium 


A taut string is fixed between two posts that are far away from a pulse generator. Let the string be along the x-axis with the generator 
driving a pulse of finite duration. For simplicity, let the pulse be of the shape shown in Fig. 6.16, which is generated by pushing the 
string towards the positive y-axis uniformly for a duration Az = t and then pulling the string at x = 0 back to y = 0 and keeping it 
there from then on. Two waves are generated, one traveling towards x = —oo and the other towards x = oo, both at speed v. 


(1) Draw the shape of the pulse at the following instants t= 1, and an arbitrary instant ¢t > T. 
(2) What is the analytic expression of the displacement at x = 0 as a function of time ¢? 


(3) What is the expression for the wave function (x, t)? 


vy, 2) 


Fig. 6.16 Displacement at x = 0 caused 
by a pulse generator. 
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Solution 


(1) Figure 6.17 shows the two waves generated by the wave generator at x = 0. The tips of the pulses on both sides are moving 
away from the origin and at time ¢, they reach 4 
distance v(t —T) by the instant t. 


tut. The displacement w = a is generated at instant t = t, which moves to a 


Fig. 6.17 The waves at t = t and an arbitrary time t. 


(2) The analytic expression of the pulse generated at x = 0 given in Fig. 6.16 will have three pieces: 


0 -00 <1<0 

¥O0=4 9 ox<t<r . (6.138) 
‘C. 
0 t>T 


(3) Since we know the pulse at x = 0 and the speed of the pulse v, we can replace t by t-x/v to obtain the pulses at the right 
and at the left, 


x 
0 -00 <1--— <0 
v 
a x x 
wWx«>0,0 = “(:-=) os(e-“)er, 
T v v 
x 
0 (:-=) 7 
v 
x 
0 00 <t+- <0 
v 
a x % 
W(x < 0,0) = = («+ =) 0<(c+ Jee 
55 v v 
x 
0 («+ =) >T 
v 
Sometimes, it is helpful to re-write these wave functions with the pieces in x. For the x > 0 part this will work out to be 
0 vw<t<©w 
w(x > 0,0) = mee (x-vt) v(t-t)<x<ut. 
UT 
0 0 <x < v(t-T) 


continued 
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Example 6.8 continued 


To arrive at this, I have made use of the following: 


x x 
Q=fr <tT => -t< <-t+tT = vt>x>v(t-T), 
Uv U 


(:-=)>c => 0<x < v(t-T). 
v 


The student should work out the x < 0 part similarly. 


x x 
oo <t <0 = -t-w< <-t => o>x> uv, 
v v 


Fourier Integrals and Frequency Content of Waves 


The movement of a pulse in a dispersive medium is done by expressing the finite pulse in 
terms of the frequency content of the pulse, evolving each harmonic component according 
to its speed, and then recovering the pulse at an arbitrary instant by combining the harmonic 
components. 

To find the harmonic content of a pulse we need Fourier analysis. The Fourier analysis 
of a periodic pulse is in terms of discrete frequencies. But, the Fourier analysis of a pulse 
requires continuous frequencies. Thus, the Fourier representation of a nonperiodic pulse 
will be in terms of integrals over sine and cosine functions rather than as a series of dis- 
crete terms of sines and cosines. This representation of a nonperiodic function is called the 
Fourier integral technique. In this technique, the sine and cosine coefficients are continuous 
functions of frequency and the representation is in terms of integrals. In this section we will 
illustrate the method of Fourier integrals by applying the method to a few examples of wave 
pulses. 

According to the Fourier integral theorem, the Fourier representation of a piece-wise 
smooth function f(t) over the domain -oo < t < o is given by the following Fourier 
integrals in terms of frequencies 0 < w < co: 


io — [ 4 cos(wt)da + i. B(@) sin(wt)dw, (6.139) 


where the cosine and sine coefficients are related to the function f(t) by the inverse Fourier 
integrals, 


Alo) = = il 7 f(t) cos(wt)dt, (6.140) 


Bio) = = / i FQ sin(wt)dt. (6.141) 


The function A(w) is called the cosine transform of f(t) and function B(w) the sine trans- 
form. The functions A(w) and B(w) give us the frequency content of the disturbance given 
by f(t). Fourier trasforms are also defined using complex exponentials as in Eqs. 6.166 and 
6.177 below. 


The width Aw of the distribution of A(w) and B(w) describes a frequency bandwidth. 
We will find in our examples that often these Fourier transforms have a peak at some fre- 
quency and are significant within a range of frequencies. In that case the bandwidth is easily 
obtained. Furthermore, if the pulse is spread over a time interval Az, then the bandwidth 
Aq is inversely proportional to Ar. That is, in general, 


Aw = —, 


6.142 
Ma ¢ ) 


with a a numerical factor which depends on the details of the pulse. 


Frequency Content of a Square Pulse 


Suppose a square pulse is generated by a vibrator attached to a taut string at x = 0 and the 
wave is sent towards the positive x-axis. For the sake of getting only the cosine coefficient to 
be non-zero, we assume the pulse to be symmetric about t = 0, as shown in Fig. 6.18. Let 
the pulse have displacement D from the equilibrium and last for a time At, 


0 00 < t <-At/2 
w(0,0) = D -At/2<t<At/2 . (6.143) 
0 At/2<t<o 
Since the function is an even function, we will have B(w) = 0 and A(w) will be, 
1 a? 2D J sin @At/2) 
A(@) = — Dcos(wt)dt = —— | ————— }. (6.144) 
UT J-At/2 ss o 


The quantity within the brackets [---] contains the frequency spectrum of the cosine trans- 
form. We can multiply and divide the expression on the right by At/2 so that the quantity 
within the bracket can be written as a sinc function that we have encountered before, 


_ DAt [= | _ DAt 


ae) wAt/2 


sinc (wAt/2). (6.145) 


18 


A plot of A(@) is shown in Fig. 6.19. The plot shows that the most important frequencies 
are in the range w = 0 to around w = 27/At. The frequency bandwidth can be defined 
from this plot to be 


_ 20 


Aw = —. 
At 


(6.146) 


Using the expression for A(w) and with B(w)=0 we find that the square pulse spread 
symmetrically about ¢ = 0 has the following Fourier representation: 
DAL . 
w(0,t) = — sinc (wAt/2) cos(wt)do. (6.147) 
0 1s 
If you carry out this integral you will obtain the piece-wise function given in Eq. 6.143. 
Since the wave on a strings is a non-dispersive wave, each frequency component wave will 
travel with the same speed. Therefore, the wave generated at x = 0 at time t = 0 will reach 


point x = x at time f,,, = t—x/v, where v is the phase velocity. This implies that the wave 
function at x will be 


© DAt ., 
w(x, 2) =| oo sinc (wAt/2) cos[w(t—x/v)]da. (6.148) 
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D 
1 
-Av/2 0 At/2 


Fig. 6.18 A square pulse generated during 
-At/2 <t < At/2 at x = 0 1s sent towards 
the positive x-axis. 


=> w 
Aw 


Fig. 6.19 A plot of |A(w)| versus w shows 
the frequency bandwidth Aw. Note: |A| = 0, 
when wAt = 2m. 
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y(0,t) 


Fig. 6.20 A wavetrain containing five peri- 
ods. Such a wavetrain can be generated by 
oscillating one end of a string for five full 
cycles. 


If the wave were non-dispersive, we would still have this expression, except that v on the 
right side would be the function v(w). 


Frequency Content of a Wavetrain 


Suppose that the vibrator in Fig. 6.6 oscillates for a duration -At/2 < t < At/2 ata fixed 
frequency wo and then stops. How would the disturbance so generated travel in the string? 
Let the wave created on the string be sinusoidal, of frequency wo, as given in Fig. 6.20, but 
lasting for only a limited time. These waves are called wavetrains. For the sake of simplicity 
in calculations, let us assume that the wavetrain is an even function of time f lasting for some 
duration At, 


0 -00 <t <-At/2 
w(0,t) = Wo Cos(wot) -At/2<t<At/2. (6.149) 
0 At/2 <t< oo 


Will this vibration produce a harmonic vibration of frequency wo? This is a tricky question 
since, if the wavetrain went through a very large number of cycles, the waves from these 
vibrations would be very similar to a harmonic wave. However, if the wavetrain lasts for 
only a few cycles, then the wave is not going to be a harmonic wave, even though it might 
appear harmonic were you to look at the wiggles only. Instead, a finite wavetrain given in 
Fig. 6.20 consists of many frequencies centered about wo, as we will see below when we 
calculate the Fourier transform. 

Since the function y (0, 2) is an even function (our choice) the sine transform will be zero 
and the cosine transform will be 


1 co Wo At/2 
A(w) = =/ w(0,t) cos(wt) dt = % f : cos(wot) cos(wt) dt. (6.150) 
-0O —At/. 


We can express the product of cosines as the sum of cosines using the following 
trigonometric identity: 


2cosAcos B = cos(4 + B) + cos(A-B). (6.151) 


Then, we can integrate the two cosine terms to obtain the following expression for the cosine 
transform: 


A(w) = Mo" [sinc (wo + w) At/2} + sinc{ (ww) At/2}], (6.152) 
where 
' sin x 
sinc(x) = ——. 
x 


The first term here will be peaked at w = —wo and the second at w = wo. Within a width of 
about 47:/At, the two peaks decay away rapidly. Since we are only interested in positive fre- 
quencies, the contribution of the first term in the positive frequency part will be negligible. 
Therefore, we can neglect the first term and we obtain a simpler expression, 


A(w) = 


WOES siete W213 (6.153) 
2n 


From the zeros of the sinc function we can assign a width to the central peak, which shows 
that significant contributions are in the approximate range wo — 27 /At and wo + 27/At, 
giving the bandwidth to be 


_ An 


Aw = —. 
At 


(6.154) 


Using B = 0 and A(w) obtained here, we can write the wave at x = x by substituting ¢ in 
y (0, t) by t-x/v, 


WX = [ 4 cos(@[t — x/v]) do. (6.155) 


Since, the energy transported by a harmonic wave is proportional to the square of the amp- 
litude of the harmonic wave, the power flow at any point will also be proportional to the 
square of the amplitude, as given by 


aw\? 

P(x =Z{—]. (6.156) 

Averaging over time we find that the average power in the range w and w + Aw is given by 
Z 2 

(P@)) = 5° A(w)*. (6.157) 


Figure 6.21 displays the power spectrum for three different wavetrains of durations 5 pe- 
riods, 10 periods, and 100 periods. It is clear that the 5-period wavetrain contains significant 
amounts of other frequencies. It is also clear that longer wavetrains have lesser amounts of 
other frequencies. The wave with 100 periods is sharply peaked about the frequency of the 
oscillation that generated the wavetrain. 


1.0 


0.8 
2 5 periods 
See 
Ei , 10 periods 
fos) 
Vv 
= 0.4 100 periods 
n 
He) 
< 

0.2 

0.0 
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Fig. 6.21 The frequency content of wave- 
trains. The intensity of finite sinusoid wave- 
trains of 5 periods, 10 periods, and 100 peri- 
ods are plotted against frequency in terms of 
the frequency of the sine. Duration of the pulse 
At and the width of the frequency spectrum w 


are inversely related, Aw ~ AG That is, tf the 


wavetrain lasts longer, then it contains fewer 
frequencies around the central frequency. 
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V(x,0) 


> xX 


Fig. 6.22 A Gaussian pulse symmetric 
about x = 0 is given by W(x) = Wo ele 


where A is the height at the center and 2b is 
1 

the width of the pulse when w(x) is — x A. 
e 


In the two examples above we have done Fourier analysis in time-frequency (t, w) vari- 
ables. Since time and space are linked in a wave motion by the argument t — x/v we can 
equally well perform the calculations in space—wave number variables (x, k). Similarly to the 
Fourier transform of f(t) in terms of frequency w, we have a Fourier transform of a function 
f(x) in terms of wave number k, since wave number is the spatial frequency, counting the 
number of wavelengths in a distance 27 [meters] if wavelength is expressed in meters just 
as w is the number of cycles in a time 27 [seconds] if the period is expressed in seconds. 
The Fourier and inverse Fourier pairs of f(x) can be written as 


fe. <) [o.e} 
f@= / A(R) cos(kx)dk + [ B(k) sin(kx) dk, (6.158) 
0 0 
where the cosine and sine coefficients are related to the function f(x) by the inverse Fourier 
integrals: 
1 foe) 
A(k) = — / Ff (x) cos(kx) dt, (6.159) 
HT Joo 
1 co 
Bik) = — / Ff (x) sin(kx) dt. (6.160) 
oa [oe 


Given the wave profile y (x, 0) at t = 0 we can determine its cosine and sine transforms A(R) 
and B(k). This gives us the Fourier representation of the wave profile. The traveling wave at 
time t would be obtained by replacing x by x—vt if the wave is traveling towards the positive 


X-axis, 
w(x, t) = [a cos(R[x — vt])dk + i BCR) sin(k[x — vt]) dk, (6.161) 
0 0 


where the phase velocity v = w/k may be a function of k if the wave is non-dispersive. 


Frequency Content of a Gaussian Pulse 


In the two examples above we have done Fourier analysis in time-frequency (t, w) variables. 
Since time and space are linked in a wave motion by the argument t—x/v we can equally well 
perform the calculations in space-wave number variables (x, ). As an example of an ana- 
lysis in the (x, ) pair, consider a wave pulse that has a Gaussian shape in the x-coordinate 
centered at x = 0 at ¢ = 0, as shown in Fig. 6.22. We will obtain the frequency content of 
this pulse and its movement towards the positive x-axis. 

Let the peak value of the displacement w(x, 0) be Wo and the width of the pulse be 0. 
The wave function at this instant y(x, 0) will be given by a Gaussian function of x, 


W(%0) = vo. (6.162) 


Similarly to the Fourier transform of f(2) in terms of frequency w, we have a Fourier trans- 
form of a function f(x) in terms of wave number k since the wave number is a spatial 
frequency, counting the number of wavelengths in a distance 27 [meters] if wavelength is 
expressed in meters, just as w is the number of cycles in a time 27 [seconds] if the period is 
expressed in seconds. The Fourier and inverse Fourier pairs of f(x) can be written as 


f(x) = i * Ab) cos(kx) dk + [ * BOD sin(kx) dk, (6.163) 
0 


where the cosine and sine coefficients are related to function f(x) by the inverse Fourier 
integrals, 


awe? i} " f(x) cos(kx) dt, (6.164) 
HT Joo 

pms / * F(x) sin(kx) dt. (6.165) 
T Joo 


To understand the evolution and traveling of this pulse in time, we first need to find out 
how much of each normal mode is contained in the pulse. Since the pulse is given in space, 
we will conduct the Fourier analysis in space, i.e. for the variable x. This is similar to the 
wavetrain problem where we performed the Fourier analysis with respect to ¢. 

Rather than perform the sine and cosine transforms we will do the calculations in com- 
plex notation. In complex notation we write the Fourier integral pair as [y(x), ¥(R)] as 
follows: 


ieee / We dk (6.166) 
~ Tie ds 
wk) = _ il : 10) & de, (6.167) 


where 1/27 is included to make the formulas symmetric in the calculations. The Fourier 
transform of w(x, 0) given in Eq. 6.162 gives 


WR, 0) = r(x, 0) &* dx = A eis (6.168) 
Te Io ~ /2 : ; 


The quantity Y(k,0) gives the contribution of the mode with wave number & to the 
Gaussian pulse. Here, it turns out that (Rk, 0) is a Gaussian function of & similarly to the 
way w(x, 0) is a Gaussian function of x. We say that Y(k, 0) is a Gaussian in the k-space. 
The width of W (2, 0) in the k-space tells us how many different k are contained in w(x, 0). 
From Eq. 6.162 we see that 2b is a measure of the width of the pulse in real space, which is 
the width along the x-axis, also called the x-space, 


Ax = 20. (6.169) 


From Eq. 6.168 we deduce that ; is the width in the k-space, 


1 
Ak= 5. (6.170) 


We note that the width in the x-space and width in the k-space are inversely related, similarly 
to the relation between the width in w and t found when we studied the wavetrain in time, 


2 
Ak = —, or, AkR~ —. (6.171) 
Ax x 


Spectrum Analysis of Waves 


219 


220 


Traveling Waves in One Dimension 


Now, from the known mode content W(, 0) at time t = 0, we can find the mode content at 
a later time ¢ by evolving each mode in time according to its corresponding frequency, 


W(k, 1) = U(R, 0) ," (6.172) 


where w depends on k through the dispersion relation of waves on the medium, which for a 
taut string was found to be 


@ = vk, (6.173) 


where v = ./7'/, and where T is the tension in the string and yz is the mass per unit length. 
Replacing w in Eq. 6.172 by vk we obtain the following for the Fourier transform of wave 
function at time ¢: 


W (kt) = U(R, 0) eo, (6.174) 


which can be transformed back to find the wave function at an arbitrary time t, 


w(x, t) = Wk, t) e** dk, (6.175) 


1 foe) 
Jon i 
ee: (6.176) 


which shows that the Gaussian wave travels on the string towards the positive x-axis with 
velocity v and maintains its shape. The maintenance of shape in the present example is 
possible because every mode travels at the same speed v, which is a direct consequence of 
the dispersion relation w? = vk’. 


6.8 Doppler Effect 


So far in our discussion, there has been no motion of the detector or the source of the 
wave with respect to the medium. Hence, in all the foregoing studies, we have assumed that 
the frequency of the wave detected is the same as that of the source. However, if either 
the source or the detector moves with respect to the medium, there will be a difference 
between the frequency detected at the detector and that produced at the source. This effect 
is called the Doppler effect, named after the Austrian physicist Christian Johann Doppler 
(1803-1853), who in 1842 proposed the effect in his book entitled, Uber das farbige Lict der 
Dopperlterne, which means “the colored light of double stars.” 

The Doppler effect also provides an explanation for the high pitch of an incoming train 
whistle and low pitch for a train moving away. To be sure, the incoming train whistle also 
appears louder since the whistle is blown in the direction of the platform, but here we are 
not concerned with the loudness, rather the pitch or frequency. This is also the reason why 
the spectrum of light is shifted to the lower frequency, the so-called red-shift, if a star or a 
galaxy is moving away. 


6.8.1 Non-relativistic Doppler Effect 


The formula for the Doppler effect depends on whether any of the speeds involved are 
relativistic. Let us first consider the case of speeds that are much smaller than the speed 
of light. The non-relativistic result obtained here will not work for a light wave, but will be 
quite adequate for most other waves. 

To understand the Doppler effect we will first consider two instances, one in which 
the source is stationary with respect to the medium while the detector moves at a constant 
velocity, and the other in which the detector is stationary with respect to the medium and the 
source moves with a constant velocity. Then we will combine the results to figure out what 
would happen when both the source and the detector move with respect to the medium. 
To keep it simple the relative motion will be kept along the line joining the source and the 
detector, which will be taken to coincide with the x-axis, with the positive x-axis pointing 
from detector to source. 


Moving Detector and Stationary Source 


Let vp be the speed of the detector while the source is fixed with respect to the medium, 
and wv be the speed of the wave in the still medium (Fig. 6.23). Note that if the detector 
is moving away from the source with a speed greater than the speed v of the wave in the 
medium, then the wave will never catch up. Therefore, we will impose the restriction that if 
the detector is moving away from the source, its speed be less than the wave velocity, 


Up < v if detector moving away. 


We do not need any restriction if the detector is moving towards the source. Let fo be the 
frequency of the wave emitted by the source. That is, there will be a new wave front every 
1/fo second. Wavefronts from the source will travel towards the detector at speed v with the 
distance between the wavefronts equal to A = v/fy, which is the wavelength i. 

For non-relativistic speeds, e.g. v and up < c, the speed of light in a vacuum, the speed 
of the detector with respect to the moving wavefront will be v + vp if moving towards the 
source, and v— vp if moving away from the source. Hence, the distance 4 between the 
wavefronts will be covered by the detector in a different time than 1/f). Let Tp be the time 
the detector encounters the successive wavefronts. Then Tp will be 


(6.177) 


UiUp 


x + when detector moves towards the source 
— when detector moves away from the source. 


The frequency of the wave detected by the detector will be the inverse of this time period. 
Therefore, the frequency detected by the moving detector will be 


(6.178) 


1 (: + 2) | + when detector moves towards the source 
0 
v 


— when detector moves away from the source. 


Thus, when the detector moves towards the stationary source, the frequency at the detector 
is higher than that produced by the source, and when the detector is moving away from the 
stationary source, the frequency detected is lower than that produced. This explains why 
the pitch appears higher if you run towards a stationary horn and lower if you run away 
from the stationary horn. 
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Fig. 6.23 Doppler effect when the detector 
moves while the source remains stationary. 
When the detector is moving towards the sta- 
tionary source, the detector encounters the 
wavefronts with greater frequency and there- 
fore it will register a higher frequency for the 
wave. If the detector were to move away from 
the source, the wave fronts would reach the de- 
tector over longer time intervals and hence the 
detector would register a smaller frequency. 
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Fig. 6.24 Doppler effect when the detector is 
stationary while the source is moving. The 
source sends out wavefronts spaced equally in 
time at the rate of 1/fo per wavefront. But, 
these waves are centered at different places 
because they are generated at the instantan- 
eous position of the source, which is changing 
with time. The distance between the wave- 
fronts in front would be less than the distance 
behind the wavefront. The wavefronts travel 
at the same speed in the medium regardless of 
the state of motion of the source. This means 
that the detector behind the source will register 
longer time periods or lower frequencies and a 
detector in front of the source will show higher 
frequency with respect to the frequency with 
which the waves were emitted at the source. 


Moving Source and Stationary Detector 


Consider a source of a wave that moves with speed us with respect to the medium in which 
the wave travels at speed v while the detector is fixed in place with respect to the medium, 
as shown in Fig. 6.24. 

Even though the source is moving, it still emits waves at the same frequency fo. Waves 
move out in expanding spheres centered at the instantaneous location of the source, which 
is changing in time due to the movement of the source. Hence, to an observer stationary 
with the medium, the wavefronts will be spaced differently on the two sides of the source. In 
front of the source, they will appear more closely spaced and behind, more widely separated, 
because as the source moves, it reduces the distance between a previously emitted wavefront 
and itself before laying the next wavefront’s source point. Therefore, the wavelength will be 
different in front of the source than behind it, 


v-U, in front of the source, vs < v 
em ¢ s)/fo S (6.179) 
(v+vugs)/fo behind the source. 


Since the speed of the wave is v in the medium, the frequency observed at the detector will 
be v/A, 


+ behind the source 


— in front of the source, vs < v. 


(6.180) 


Both Source and Detector Moving 


It is quite common for both the source and detector to move with respect to the medium. 
In that case we can imagine a stationary frame of reference in the medium, and then per- 
form a two-step process. First we find the frequency in the imagined stationary frame using 
the source-moving transformation, and then find the frequency detected by the detector- 
moving transformation. Let fo be the frequency of the source, and vs, vp, and v the speeds 
of the source, the detector, and wave with respect to the stationary medium. Let fy, be 
the frequency in the imagined frame stationary with respect to the medium, and / be the 
frequency observed in the detector. 

The following two-step process will give the frequency observed by the detector in terms 
of the frequency produced at the source: 


v + behind the source 
iu = to . (6.181) 
vt us — in front of the source, vs < v, 
vtup + when detector moves towards the source 
f= Ju (6.182) 
v — when detector moves away from the source. 


We can combine these equations to obtain one equation giving us the frequency detected 
to the frequency produced, as long as we remember the meaning of the different signs, 


(6.183) 


6.8.2 Relativistic Doppler Effect 


The non-relativistic Doppler effect shows that the effect is different when the source is 
moving or when the observer is moving. Thus, using the non-relativistic Doppler effect it 
is possible to tell which one of the two frames, the source frame or the observer frame, is 
moving even though they may be moving at uniform velocity with respect to the medium. 
This would not happen if you did not have a medium which takes part in the motion of 
waves. 

In the case of light waves no medium is necessary. When we work out the frequency of 
light observed by a detector the shift in frequency is the same whether the source is moving 
or the observer is moving—the effect depends only on the relative motion of the source and 
the observer. Once again, let fo be the frequency of the emitted light in the rest frame of 
the emitter and f the frequency of the light detected, regardless of the state of motion of 
the detector. Then, we will find below that the Doppler effect, now called the relativistic 
Doppler effect, give the following relation: 


1-V/c Observer receding: V > 0 
f=ho ; (6.184) 
1+V/c Observer approaching: V < 0. 


To derive this result we will look at a plane wave source traveling along the x-axis. To 
study a moving source we will place the source at the origin of the S’ frame which moves 
relative to the S frame towards the positive x-axis with speed V as before, as shown in 
Fig. 6.25. 

The wave emitted by the source will be traveling towards the negative x-axis to reach the 
detector at the origin of the S frame, which is to the left of the origin of the source at the 
origin of the S’ frame for t > 0. Therefore, the wave at the detector has the following wave 
function at points on the x-axis in the S’ frame: 


2 
W' (x's) = Wi cos (= + anf (6.185) 
0 


The Lorentz transformation gives the following relations among the coordinates of S and S’ 
frames: 


V 
i=y(t 2 »), x=y(x-Vt, y=», 2 =2, (6.186) 


where y = 1/,/1-V2/c?. 


Now, we express x’ and ¢’ in Eq. 6.185 in terms of x and t and collect terms in the argument 
of the cosine as a term multiplying x and another term multiplying 1, 


W’ (0D) = Wh cos [2xv (= 2) x+2ry G ~) i} (6.187) 


In the S frame the wave will be represented by 


20 
w(x, 2) = Wo cos (F++200/). (6.188) 
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Source at rest at 
origin in S’ 


Fig. 6.25 To calculate the Doppler effect we 
place the source of the sinusoidal wave at rest 
at the origin of the S' frame. 
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We can ignore the amplitudes and look at the phase to determine the frequency of the wave 
in the S frame in relation to the frequency of the same wave in the S’ frame. Equating the 
factor that multiplies 271 in the argument of the cosine function in Eqs. 6.187 and 6.188 
gives the desired relation of the frequency detected in the lab (S) frame in terms of the 
frequency in the rest (S’) frame, 


V 


f=r(0-Z). (6.189) 


We can write the right side of this equation in terms of fy) by noting that foA9 = c, where c is 
the speed of light. Thus, 


1-V/c Observer receding: V > 0 
f=ho ; (6.190) 
1+V/c Observer approaching: V < 0. 


Example 6.9 Doppler Shift in Astronomy 


The spectrum of light from radio galaxy 8C1435+635 is shifted in wavelength considerably from what you see when emitting atoms 
are at rest or moving slowly. For instance, the Lyman a line from the hydrogen atom spectrum is observed at 639.2 nm, instead of 
121.6 nm observed in the lab. Since the wavelength is increased, which is same as frequency decreasing, the galaxy must be receding 
with respect to us. Suppose, the galaxy is receding directly away from us, what will be the speed of recession? 


Solution 


We use the Doppler formula in the wavelength form, 


¢. ¢ 1-V/c 


A AV LEV /c 


Rearranging we find 


1+V/c 
1-V/c 


= (A/Ao)? = (639.2/121.6) = 27.6. 


Therefore, 


27.6-1 
V = (| — ]} c=0.93¢. 
27.641 


This says that the radial velocity of the galaxy is 93% of the speed of light. In astronomy, one defines a related quantity called the 
red-shift or z of recession by 
Ah 
Z=—. 
Ao 
This galaxy has a z of 


: 638.2 nm—-121.6nm 
- 121.6nm 


= 4.25. 
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6.8.3 Doppler Effect and Aberration 


In the last subsection we studied the relativistic Doppler effect for the relative motion along 
the line joining the source and the observer. Now, we suppose the source of the wave is in 
the xy-plane and is at rest in the S’ frame at an angle 0’ in the first quadrant from the origin 
and counterclockwise from the x’-axis as shown in Fig. 6.26. 

The propagation vector for the ray from the source will be 


pa (-cos@’i-sind’j) (6.191) 

Ao 
where k is the wave number, and fi and j are unit vectors towards the positive x’ and y’ 
axes respectively. The wave number & is related to the wavelength 4 by k = 27/i. Using 
a general form for the oscillating part of plane waves to be discussed in the next chapter, 
~ cos(k - 7 —2zrft), the wave function for this wave will be 


20 
W' (x's 9’, t') = Wo cos ri (-x’ cos 6’ — y’ sin 6’) anf | : (6.192) 
0 
Now, we express x’, y’, and ¢’ in this equation in terms of x, y, and t using Lorentz trans- 


formations, and collect terms in the argument of the cosine as a term multiplying x, a term 
multiplying y, and another term multiplying t. We also use Aofo = c to simplify, 


, ep 1 ! V 
w' (x,t) =o cos | 2my — | -cosé’+ — | x 
io Cc 


sin 0’ V : 
i Saree ae aL 1-— cos6’} t]. (6.193) 
0 Cc 


The detector/observer at the origin of the S frame will find this wave coming from the 
direction 6 and assign the following wave function: 


w(x, 0) = Wo cos | = (xcos@ + ysin@) 2nit| ‘ (6.194) 


Now, we equate the coefficients of x, y, and ¢ in the argument of the cosine in the last two 
equations to obtain 


cos@ 1 at V (6.195) 
rt vs, cos 6’ 4 Pa : 
sind _ siné’ (6.196) 
Rh dy? : 
V / 
f=y{(1-— cos@’) f. (6.197) 
c 
y J 
Source at rest in S’ 
S Ss e 
“ a Fig. 6.26 To calculate the aberration we 


xX, xX place the source of the sinusoidal wave at rest 
in the S' frame in the direction 0’. 
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We can eliminate cos 6’ in Eq. 6.197 in favor of cos@ by using Eq. 6.195. This gives the 
Doppler shift from a source whose direction is 6 in the frame of the observer, while the 
source is moving at velocity in the direction of 6 = 0, i.e. the positive x-axis, 


f= aes] 4 (6.198) 


1+ cos 


There is a Doppler effect even when the source is moving in the perpendicular direction. 
To see that, we set 9 = 90° in this equation giving the Doppler shift of an object that is to- 
wards the y-axis and moving towards the positive x-axis. This effect is called the transverse 
Doppler effect, 


f=fo V1-V7/c?. (6.199) 


The transverse Doppler effect is much weaker than the longitudinal Doppler effect obtained 
in Eq. 6.190. Let us expand Eqs. 6.190 and 6.199 in powers of V/c. Let us designate the 
longitudinal Doppler by /; and the transverse Doppler by /,, 


. V 1 
fi ale =) ae =fy (1-V/e+ V?/2c? +--+), (6.200) 


fi =foV1-V2/c? = fo (1L-V?/2c? +++). (6.201) 


Dividing Eq. 6.196 by Eq. 6.195 gives us the following relation between the direction of the 
source in the two systems: 


_ sind’ /1-V2/c? 


tan@ = 6.202 
Be cos 0’—V/c eet) 


This relation says that light emitted at a direction 0’ in one frame will come from direction 
6 in the other frame. The phenomenon is called aberration of light. For instance, if the 
source is on the y’ axis, the angle 6’ = 90°. But the angle 6 in the S frame will be 


6 =-tan! (: = ay ~ —tan! (hs (6.203) 


V/c 


6.8.4 Ives—Stilwell Experiment 


In 1938 Ives and Stilwell conducted an experiment to verify the longitudinal Doppler ef- 
fect. For technical reasons they could not perform the transverse Doppler effect which 
would require examination of the light emitted perpendicular to the emitting particle. In the 
Ives—Stilwell experiment canal rays (which are rays of positive ions) from a hydrogen gas 
discharge were accelerated to high speeds, as shown in Fig. 6.27. The ions then recombined 
with electrons to produce light. 
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Ives and Stilwell detected the hydrogen emission in the blue, the Hf line, for both for- 
ward and backward emitted light with the arrangement of a mirror in the tube. By varying 
the accelerating voltage they could control the speed of the emitted ion. They found the 
emitted light contained light of original wavelength 4849.32 A and two symmetrically dis- 
placed wavelengths, one at a higher wavelength and the other at a lower wavelength. The 
magnitude of displacement of the wavelength depended upon the accelerating voltage. From 
the theory of the Doppler effect, if we ignore u/c” compared to v/c, then from Eq. 6.198 
we expect 


Fig. 6.27 A schematic picture of the appar- 
atus used by Ives and Stilwell to investigate 
Doppler shift. 


f ® fo L-(V/c) cos 6] , 


which can be written for the wavelength as 


x . [1-(V/c) cos 6]. 


~rlo 


From this equation we can deduce the fractional shift AA in the wavelength, 


Ar 


V 
—| = — |cos@|. (6.204) 
ho Cc 


Now, the speed of the light emitting particle can be related to the accelerating voltage €, 
1 2 
e€ = ra 5 (6.205) 


where ¢ is the electronic charge and © is the mass of the emitting particle, which was either 
Adz or H; in their experiment. From Eqs. 6.204 and 6.206 we see that 


Ad 
7 | = const x VE. (6.206) 


cos 


In the Ives—Stilwell experiment, rays were examined at 7°. A plot of AA adjusted by dividing 
by cos 7° versus € from the paper by Ives and Stilwell is shown in Fig. 6.28. The data shows 
a good fit to prediction up to the linear approximation and confirms the predictions of the 
relativistic Doppler effect. 
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Fig. 6.28 Doppler shift is plotted versus the 
square root of the voltage, which is pro- 
portional to the speed of the light-emitting 
particle. The dashed line ts the theoretical 
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prediction in the linear approximation. 
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EXERCISES 


(6.1) A harmonic traveling wave on a string is given by the following transverse 
displacement y as a function of x and ¢: 


(x,t) = 0.05 cos(27x — 2007 t), 


where x and y are in m, and fis in sec. Find the values of the following quantities. 


(a) 
(b) 


Amplitude of the wave. 

The displacement of a particle of the string at (i) x = 0 and (ii) x = 0.1 mat 
an arbitrary instant ¢. 

Wavenumber. 

Angular frequency and frequency. 

Wavelength. 

Period. 

Phase velocity. 

Speed of a particle at x = 1 m at t = 1/600 sec. 

Maximum speed of any particle of the string and compare that to the wave 
speed. 

Minimum speed of any particle of the string. 

If mass per unit length of the string is 0.01 kg/m, what is the tension in the 
string? 


(6.2) A harmonic transverse wave is traveling on a stretched string of tension 100 N and 
mass per unit length 0.01 kg/m with a wave amplitude of 4 cm and wavelength of 
0.5 m. 


(a) 
(b) 


What is the wave function if the wave is moving towards the positive z-axis? 
What is the wave function if the wave is moving towards the negative z-axis? 


(6.3) A harmonic longitudinal wave moves in a slinky of mass density 20 g/cm. The wave 
is given by the displacement y(z, t) = 2 cos(0.82 2 + 2872), where wW is in cm, 2 in 
cm, and ¢ in sec. 


(a) 
(b) 


Which way in space is the wave traveling? 
What is the speed of the wave? 


(6.4) 


(6.5) 


(6.6) 


(6.7) 


(c) What is the tension in the slinky? 

(d) What is the average power transported by the wave? 

A harmonic transverse wave on a taut string is given by v(x, t) = 3.cos(2007x + 

4007 t), where x and y are in cm and £ is in sec. 

(a) What is the speed of the particle at x = 0 at t = 0.001 sec? 

(b) What is the phase difference in the vibration of the particle at x = 0 during a 
time interval of At = 0.002 sec? 

(c) What is the phase difference in the vibration of the particles at x = 0 and at 
x = 1 cm at the same instant t = 0? 

In the text we studied a semi-infinite string vibrating at one end. Consider now a 

very long string of mass density jz [mass/length] along the x-axis, extending from 

—oo to +00, kept at tension J’. Suppose we vibrate the string at x = 0 by displacing 

the point at x = 0 along the y-axis such that the displacement of the string at x = 0 

is given by 


y(x = 0,1) = vo cos wt. 


This vibration will send waves on both sides of x = 0. One wave will travel towards 
x = +00 and the other towards x = -oo. 

(a) Find the expressions of the two waves. 

(b) Find (i) the force applied at x = 0 and (ii) the power supplied by this force. 
Recall that we can write a standing wave as a superposition of two traveling waves, 


Standing wave: A cos(Rx) cos(wt) = 


A A 
5 cos(kx - wt) + 5 cos(kx + wt). 


(a) Write the following traveling wave as a superposition of standing waves: 
A cos(kx- wt). 
(b) Write the following superposition wave of two traveling waves: (x,t) = 
A cos(kx- wt) + B cos(kx + wt), as a superposition of two standing waves. 
Traveling wave on a transmission line. Consider a co-axial cable placed along 
the x-axis with an AC source at x = 0, V(t) = Vo cos(wt), as shown in Fig. 6.29. 
The other end of the co-axial cable is infinitely far away so that we do not have 
a reflected wave, just one wave traveling away from the source. Let C and L be 
the capacitance and inductance per unit length of the co-axial cable. This lossless 
(since resistance R = 0) transmission line is modeled by series inductors and parallel 
capacitors placed periodically with repeating units separated by Ax = a. 
(a) Consider the circuit between arbitrary points x and x + a where x = -1) a 
for some integer j. Examine the charging of the capacitor and show that in the 
limit a > 0 it gives 


al aV 
=-C 


ay aa 


(b) Examine the voltage across the inductor and show that 


aV al 
Beh =) Ay 
ax ot 


Exercises 


229 


230 Traveling Waves in One Dimension 


Fig. 6.29 Exercise 6.7. 


(c) From (1) and (2) deduce the following transmission line wave equations: 


a7r ar afV a?V 
5 =LC ; 
ax2 at ax? ar 


(3) 
(d) Verify that (x, t) and V(x, 2) satisfy the following traveling wave solution: 
I(x, 1) = Ip cos(kx-ot), V(x, t) = Vo cos(kx-wt), 


where k = 277/A with A the wavelength, and find the relation between Jp and Mp. 
(e) Find the characteristic impedance Z of the transmission line, defined by 
V(x, t) = Z1(x, 2). 
(f) Find the average power the source puts into the transmission line. 

(6.8) A harmonic current wave of amplitude 10 mA and frequency 100 MHz on a trans- 
mission line moves at a speed 1 x 108 m/s. Suppose the transmission line is laid out 
along the z-axis. 

(a) Write the wave function of the wave moving towards the positive z-axis. 

(b) What will be the phase change [in rad] of the wave at z = 0 in a time duration 
of At = 2.0 nanosec? 

(c) How far apart are two points in space at which the phase difference is 0.5 rad? 

(d) If the transmission line has a capacitance of 0.1 wF/m, what is the inductance 
per m? 

(e) Find the characteristic impedance of the transmission line. 

(6.9) Wave in coupled pendulums. Consider identical pendulums of mass m, length / 
coupled by identical springs with spring constant K, as shown in Fig. 6.30. Note: 
We will use K for spring constant and reserve k for the wave number. 

The displacement of the first mass which is at x = 0 at equilibrium is controlled 
by the vibrator and is given by 


Wo =A cos(wt). (1) 


(6.10) 


(6.11) 


(a) 


(b) 


(c) 
(d) 
(e) 


Vibrator fe) t | > Xx 
Fig. 6.30 Exercise 6.9. 


Examine the forces on the 7-th mass and deduce the following equation of 
motion of this mass: 
ay; mg 


a = Wit K Wier -2Wi + Wi). 


Suppose the wavelength 4 of the wave propagated through the system is much 
larger than a so that the collection of displacements {w;(¢)} can be treated as a 
continuous function of x and written as y (x, ). In the continuum limit we can 
replace the ratio of a finite difference over a distance a by the corresponding 
derivative. From the equation of motion for the 7-th mass in the sequence, 
show that in the continuum limit the displacement obeys the following wave 
equation: 


ry sg 
l 


ok ay 
ar 


m ax” 


v4 2) 

Find the dispersion relation. 

Find the phase and group velocities. 

Solve Eq. (2) with the condition in Eq. (1) to obtain a traveling wave down the 
chain of coupled pendulums. 


A very long spring with spring constant K, total mass M, and length L is tied at 
both ends so that the tension in the spring is 7. The spring is then set in motion in 


the lowest longitudinal mode. 


(a) 
(b) 
(<) 


Find the wave function for a standing wave of the lowest frequency mode. 
Find the time-averaged kinetic energy per unit length of the spring. 
Find the time-averaged potential energy per unit length of the string. 


A transverse wave V(x, ¢), is riding on a taut string with speed v = 50 cm/s, which is 
independent of frequency. At t = 0 the wave has the following profile: 


y(x, 0) = 2 cos(107x) + 3 cos(157x), 


where x and y are in cm. Find the wave function at an arbitrary instant t if the wave 
is moving towards the positive x-axis. 
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(6.12) A transverse wave v(x, ¢t) is generated on a taut string which is along the x-axis. 
The wave moves with speed v = 50 cm/s, which is independent of frequency. The 
particle of the string at x = 0 vibrates with the following vibration as the wave moves 
past this point while traveling in the positive x-axis direction: 


(0, t) = 2cos(107 1) + 3. cos(15z2), 


where y is in cm and f¢ is in sec. Find the wave function at an arbitrary place x and 
arbitrary instant. 

(6.13) A diffraction grating is made by etching saw teeth on a flat surface. The saw teeth 
“look” like a sawtooth wave pattern, as shown in Fig. 6.31. Suppose the saw teeth 
are along the x-axis as shown in the figure. 

(a) Write the given sawtooth plot as a periodic function of x. 
(b) Find the Fourier series representation of the periodic function. 


—3a —2a -a O a 2a 3a 


Fig. 6.31 Exercise 6.13. 


(6.14) Avery long string of linear density pz is tied to a mechanical vibrator at one end and 
the other end is fixed at a faraway point such that there is a tension 7 throughout 
the string. Let the string be along the positive x-axis with the vibrator at x = 0. 

At ¢ = O the vibrator gives a square pulse by suddenly pushing the string up 
to a displacement y = 0, holding the end of the string in that position for a time 
duration tT, and then pulling back to the equilibrium position thereafter. The pulse 
so generated moves towards the other end. You can ignore the time in which the 
string changes from y = 0 to y= band from y = bto y= 0. 

(a) Find the state of the string at an instant t before the pulse reaches the end, 
assuming non-dispersive behavior. 

(b) Describe what will happen to the pulse if the dispersion relation has the fol- 
lowing form: w* = a*k*. Give an expression, which can be in an integral form, 
of the wave at an arbitrary time t. 

(6.15) Suppose an infinitely long string of mass per unit length yz and tension T is placed 
along the x-axis and is driven by an oscillator at x = 0. The resulting vibrations at 
x = 0 have a saw-tooth pattern similar to the figure in Fig. 6.31, except that the 
abscissa in the figure is ¢ instead of x. 

(a) Assuming a non-dispersive behavior for the string find the expressions for the 
wave function y(x, ft). 
(b) What is the power output of the wave generator? 


(6.16) 


(6.17) 


(6.18) 


(6.19) 


A wave packet for a one-dimensional wave moving towards the positive x-axis has 
the following profile in the wave number space: 


Ty ko <k<ky + Ak 
0, otherwise 


A(k) = | 
B(R) = 0, 


where A(k) and B(R) are the cosine and sine transforms. 

(a) Find the wave profile w(x) in the x-space. 

(b) What is the wave function at arbitrary time if the speed of the wave is v, which 
is independent of frequency. 

(c) Plot w() for the following values of kg and Ak and make observation about 
the relation between Ak and Ax: (i) kp = 1, AR = 1, Gi) Ro = 1, AR = 0.5, 
iii) kp) = 1, AR=0.1. 

Lorentzian Wave. Suppose a transverse wave on a taut string of tension 7 in the 

shape of the Lorentzian function is traveling towards the positive x-axis, 


bw? 


x,t) = ————, 
yO) (x — vt)? + w2? 


-00 <x <O, 


where b > 0 is the value of y at the peak. 

(a) Plot y(x,2) versus x at t = 0 for w = 1 and w = 2 and comment on what 
you see. 

(b) Show that the width of y(x, 0) at half-height is 2z. 

(c) What is the velocity of a particle at x = x at instant rf? 

(d) Let w = 1 and b = 1. Plot the wave profiles at ¢ = -0.5 and t = 0.5 and the 
velocity profile at t = 0 on the same graph. Does the velocity plot make sense? 
Why, or why not? 

(e) Find the energy contained in the pulse at t = 0. 

Two transverse pulses with opposite displacements ride in a taut string of tension 

T. The pulses have the shape of the Lorentzian function. The net displacement of 

the string at arbitrary time is given by 


bw? bw 


x,t) = + 
9050) (x-vt+a?2+u2  (x+vt-a)? +4?’ 


with -co <x<o, a>w>0. 

(a) Show that at ¢ = 0 the two pulses are centered about x = —a and x = a with the 
pulse on the negative x-axis moving towards the positive x-axis and the pulse 
on the positive x-axis moving towards the negative x-axis. 

(b) Sketch the velocity profile of the wave at t = 0 and compare it to the wave 
profile. 

(c) Find the time when the two pulses will completely overlap each other and the 
string will have a zero displacement everywhere. 

(d) What happens after this time? Explain, your finding. Hint: Look at the velocity 
profile. You may experiment with numerical values and make sketches to get 
an idea about what may be happening here. 

A car horn at rest sounds a frequency of 400 Hz. 

(a) You are running towards the horn at a speed of 10 m/s, what frequency will 
you hear? 
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(6.20) 


(6.21) 


(6.22) 


(6.23) 


(6.24) 


(6.25) 


(6.26) 


(b) What frequency would you hear if you were running away from the horn? 
Assume the speed of sound in air to be approximately 343 m/s. 

A car horn at rest sounds a frequency of 400 Hz. 

(a) Ifthe car is moving towards you at speed 10 m/s, what frequency will you hear? 

(b) If the car is moving away from you at speed 10 m/s, what frequency will you 
hear? Assume the speed of sound in air to be approximately 343 m/s. 

While sitting on your porch you hear a fire engine siren at a frequency 1650 Hz 
approaching you, and a frequency 1550 Hz when receding from you. From this 
data, determine the speed of the fire engine assuming it to be constant and the 
frequency of the sound generated by the fire engine. Use 343 m/s for the speed of 
sound. 
A humming bird is flying towards you with speed 10 m/s with respect to the ground 
while you are driving towards it at 20 m/s with respect to the ground. You hear 
sound of frequency 450 Hz. What is the frequency of the sound that the humming 
bird is making? Use 343 m/s for the speed of sound. 
A prominent emission of light from an excited hydrogen atom occurs in the Lyman 
series line L,. Light corresponding to the Ly, line has a wavelength of 121.6 nm 
when the emitting atom has a low speed and is considered to be at rest. The Ly line 
in the light from some star is observed to have a wavelength of 486.4 nm. Suppose 
the star is moving directly away from Earth, what is the speed of the star with respect 
to Earth? 

(a) Find an approximate relativistic Doppler effect formula when v << c keeping 
terms up to linear in v/c. 

(b) A police car parked at the side of the road sends out electromagnetic waves of 
frequency 5 GHz. What will be the frequency of the reflected wave from a car 
that is approaching the police car at a speed of 100 mph? Assume the wave is 
almost parallel to the velocity of the car. 

A galaxy is moving away from Earth at a speed of 0.9c. (a) What will be the wave- 

length observed on Earth corresponding to a radio wave emitted at wavelength 21 

cm from the galaxy? (b) The red-shift 2 of a galaxy is defined by z = AA/Ao, where 

Ad is the change in the wavelength and Ap is the emitted wavelength. Find the 

red-shift of the galaxy. 

The red-shift z of a galaxy is defined by z = Ad/Ao, where Ad is the change in the 

wavelength and Ao is the emitted wavelength. A quasar is found to have a red-shift 

of 20. Supposing the quasar is moving away from Earth, what is the speed of the 
quasar with respect to Earth? 
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7.1 Waves in Three Dimensions 235 
Chapter Goals 7.2, Acoustic Waves in Fluids 240 
In this chapter we will study waves in three dimensions. The concepts related to 7.3 Electromagnetic Waves 251 
three-dimensional waves will be illustrated by using electromagnetic and matter waves. 7.4 Matter Waves 265 
You wa Hose about propagation vectors, plane waves, mixed harmonic waves, and 7.5 Shock Waves 269 
polarization of waves. 
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To keep the mathematics simpler we have worked largely with waves in one-dimensional 
space. Most waves of interest, whether electromagnetic, sound, or matter waves, actually 
travel in a three-dimensional space. Although most of the fundamental properties of waves 
from one-dimensional examples can be extended to higher-dimensional cases, waves in two 
and three dimensions have additional properties and we will discuss them here. 

Many interesting phenomenon associated with waves can be illustrated by sound and 
light waves. Maxwell showed that light waves are actually electromagnetic waves. Therefore, 
we will learn about the formulation of light as electromagnetic waves first. Other examples 
of waves in three dimensions, such as sound and matter waves, will be described using the 
language we will develop for electromagnetic waves. 


7.1 Waves in Three Dimensions 


7.1.1 Harmonic Waves 


Generalization of the one-dimensional classical wave equation describes many types of 
waves, in particular, the sound wave and the electromagnetic wave. Let w(x, y, 2, t) be the 
displacement of a property that obeys the classical wave equation for a wave of speed v. In 
the case of the sound wave y stands for the difference in pressure at (x,y, 2) from the am- 
bient pressure, while in the case of electromagnetic waves w stands for one of the Cartesian 
components of the electric or magnetic field at (x, y, z). The classical wave equation in three 
dimensions is 


2 2 2 2 
ee ee 


ae ax2 v2 22 
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The harmonic wave solution of this equation refers to the harmonic time variation. That is, 
the solution can be taken to have the following form, using complex notation for simplicity: 


U(x. 250) = f(y ze, (7.2) 


where w is the frequency of the wave. Then, the two time derivatives will give rise to -—w? wy. 
Therefore, the space part of harmonic waves will obey 


af tf af wo : 
2 t aye t ae2 = D f. (harmonic wave) (7.3) 


In one dimension, function f was a function of only one coordinate, which we had taken to 
be the x-axis. Consequently, this equation required boundary conditions at the two ends of 
the one-dimensional medium. In two dimensions f will be a function of two coordinates and 
the boundary will be a curve bounding the medium in a two-dimensional surface. In three 
dimensions f will be a function of all three coordinates and the boundary will be a surface 
enclosing the volume of the medium. 

In previous chapters we had found that a wave in one dimension can be either a standing 
wave or a traveling wave—if the medium is bounded in a finite length we get standing waves 
and if the medium is unbounded we get traveling waves. The situation is more complicated 
in three dimensions with more options than a wave being either a standing wave or a trav- 
eling wave. In three dimensions you can have the medium bounded in all three directions, 
bounded in just two directions, or bounded in only one direction, or completely unbounded 
in all directions. Therefore, we can get standing waves in all three directions and no travel- 
ing wave, standing waves in two directions and a traveling wave in one direction, a standing 
wave in one direction and traveling waves in two directions, or traveling waves in all direc- 
tions. For instance, when sound is sent through a rectangular pipe, the sound in the pipe 
consists of a traveling wave in the direction of the pipe and standing waves in the two other 
directions perpendicular to the axis of the pipe. 


7.1.2 Plane Traveling Harmonic Waves 
in Three Dimensions 


A particularly simple solution of the three-dimensional classical wave equation, Eq. 7.1, 
takes the following form in complex notation: 


W(x, 2 t) = Cel hxx + ky + hez— wt) | (7.4) 


where k,, ky, and k, are constants, and C is a complex constant, whose magnitude A is the 
amplitude of the wave and whose phase ¢ is the phase constant of the wave, 


C = Ae’®. (7.5) 


The real part of this complex solution is the physical solution, which would be 


W(x V5 25 t) = Acos(k,x + kyy + k,z—-wt + ). (7.6) 


Inserting the solution from Eq. 7.4 into Eq. 7.1 we find that the classical wave equation has 
the following dispersion relation: 


w? =v" (ky +k + Re). (7.7) 


We notice that the constants k,, k,, and k, are the Cartesian components of a vector whose 
magnitude is the wave number k of the wave. Therefore we define a wave number vector, 
k, also called the propagation vector whose Cartesian components are k,, ky, and k;, 


B= RX + Ryd + Rods (7.8) 


where x, ), and 2 are unit vectors towards the positive Cartesian axes, 


Rah HB SH, (7.9) 
RoR B=-3=0, (7.10) 
Rxh=B Dx BHR BxR=S. (7.11) 


Note that we are using x, 9, 2 in place of 1,7, & since we are reserving k for the propagation 
vector. 


The magnitude of vector kis the wave number k which is related to the wavelength A of the 


wave by the usual relation, 
20 
ae k= [Ro + 2 + ke. (7-12) 


The direction of the vector k is the direction towards which the wave travels. For instance, 
if the wave is traveling towards the positive x-axis we will have 


k, =k, ky =0, kz = 0, (7.13) 
and the wave function will be 
W(x, 2 t) = Ael® cikx g-twt = Aeihx-ott 9) i (7.14) 


The real part of this complex wave function is the wave function that we need here. This 
gives the following for the wave function of a plane harmonic wave traveling towards the 
positive x-axis. 


W (x,y, 250) = Acos(kx-wt + @). (7.15) 


We see that the wave function of a plane harmonic wave is like that of a one-dimensional 
wave, although it travels in three-dimensional space. This occurs because the wave 
amplitude is independent of the points perpendicular to the wave direction. 


7.1.3 Wavefront and Phase Velocity 


The harmonic plane wave given in Eq. 7.6 is a function of a cosine (you could alternatively 
write this as a sine). The argument of sine or cosine here is called the phase of the wave. 
The phase (x,y, 2, t) at a particular location at some instant of time has the following value: 


P(X Vy 21) = ky xthyythk,z ot+¢=k-F-ott¢o. (7.16) 
Now, note that for a fixed t and fixed , this equation is an equation of a plane, 


R,x + kyy + kez = constant. (7.17) 
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~y 


(a) Plane wavefronts 


ay 


k 
(b) Spherical wavefronts 


Fig. 7.1 (a) Plane wavefronts. The propaga- 
tion vector is pointed towards a unique direc- 
tion for plane waves. (b) Spherical wavefronts. 
The propagation vector points in different dir- 
ections at different points of the wavefront for 
a spherical wave. 


Consider two points (x, y, 2) and (x+dx, y+ dy, z+dz) in this plane. Since vector kis constant 
in space, Eq. 7.17 says that & is perpendicular to the displacement vector dr = dxx+dyy+dz2, 


k- dF =0. (7.18) 


These planes are called wavefronts. For plane harmonic waves, the wavefronts are planar, 
as illustrated in Fig. 7.1(a), but for other types of waves, they may have other shapes. For 
instance, for spherical waves, the kind of waves that are emitted from a source isotropically 
in all directions, the wavefronts are spherical, as illustrated in Fig. 7.1(b). 

Suppose we follow the motion of a planar wavefront corresponding to a particular value 
of the phase gy. During an interval dt the wavefront will move a displacement d7 in the 
direction of & such that no change in phase occurs. Setting dy = 0 in Eq. 7.16 we find 


do(x,¥,2,0) =k-dF-a dt =0. (7.19) 


Let the distance in space in the direction of R be dl such that k-d7 = kdl. Then, this says that 


Meat, 222 (7.20) 

cine tak 
where k is the magnitude of the propagation vector. The quantity d//dt is called the phase 
velocity v,; actually it is the magnitude of the phase velocity, whose direction is in the 
direction of the propagation vector k. For the classical wave equation we see from above that 


dl @ 


Up = cr = z =v, (7.21) 


where v is the velocity parameter in the classical wave equation, which depends on the elastic 
and inertial properties of the medium. In a non-dispersive medium, such as the string or 
vacuum for electromagnetic waves, the parameter v is independent of w (or k). In these 
media, the dispersion relation is a linear relation between w and k of the wave, and the phase 
velocity v, is not a function of k or @, 


@=v,k. (Non-dispersive medium) (7.22) 


On the other hand, in a dispersive medium, v is a function of w (or equivalently of k). For 
instance, v for electromagnetic waves in a dielectric is a function of w, which is responsible 
for different amounts of bending of light rays depending upon the frequency when they 
pass through glass or water. This will make v, a function of w (or equivalently of k). Let 
us write the phase velocity in a dispersive medium as a function of k as vp,(k). This means 
that in a dispersive medium the dispersion relation is a more complicated relation between 
w and k of the wave, 


w= u,(k) k. (Dispersive medium) (7.23) 


In a dispersive medium a more important velocity is the group velocity 3,. You may recall 
from the last chapter that the group velocity for one-dimensional waves is given by 


dw 


= x (one-dimensional case) (7.24) 


Ug 


The three-dimensional generalization of this will be the vector group velocity, 


dM en dw i dw (7.25) 
i se oe 


7.1.4 Spherical Traveling Harmonic Wave 


Suppose a wave transmitter is at the origin and it is sending out waves isotropically in all 
directions. Such a traveling wave will depend only on the radial coordinate r of the spherical 
coordinate system, which is related to the x, y, and z of a point by 


ra Vx2 +52 + 2%. (7.26) 


The radially outward moving spherical wave of frequency w and wave number & is given by 
the following wave function w(r, 2): 


A. : 
wr, t) = = gilkr-iwt +) (7.27) 
r 


You can verify that this is a solution of the three-dimensional classical wave equation, Eq. 7.1 
if you cast the equation in spherical coordinates. I leave that calculation for you to do. Here 
is the spherical coordinate form of Eq. 7.1, 

1a a 1 #& 1 a/. a 1 a 

“ pit) + 5 ¥ : sing aS ula (7.28) 

ry Or ar r2sin?¢ 067 sing dg aod wv or 
where ¢ is measured from the positive z-axis and 6 is in the xy plane with respect to the 
positive x-axis. 


The wave function in Eq. 7.27 has a spherical shape for constant phase, that is, the wave- 
fronts are spherical about the origin. The wave function Eq. 7.27 give the displacement of 
the medium from equilibrium at a point a distance r away. If the wave transmitter is not at 
the origin, you can replace r accordingly by the distance from the source. We find that the 
amplitude of the wave decreases with distance from the source, unlike the plane wave whose 
amplitude is independent of position. 


7.1.5 Mixed Harmonic Waves 


A wave guided by a rectangular pipe such as shown in Fig. 7.2 is a traveling type of wave 
along the pipe and standing waves in the two perpendicular directions. Consider a wave 
that obeys the classical wave equation with wave speed v, guided through a pipe that has a 
rectangular cross-section with z-axis along the pipe and x- and y-axes parallel to the rect- 
angular sides. Suppose the rectangular cross-section is in the area enclosed by 0 < x < a 
andOQ<y<b. 

Then, the wave traveling in the pipe will be standing waves in x- and y-directions and a 
traveling wave in the z-direction. 


W(x; N52 0) = Asin(k,x) sin(kyy) cos(kzz— wt + d), (7.29) 
where k, will be a continuous variable and k, and ky will have discrete values given by 


hk, =nat/a, n=1,2,3,..., 


ky =mm/a, m=1,2,3,.... 
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Fig. 7.2 Wave through a rectangular wave 
guide has a traveling wave along the guide 
and standing waves in the directions perpen- 
dicular to the guide. 
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{Mode (1,1)} 


1.0 0.0 


{Mode (2,1)} 


1.9 9-0 


{Mode (2,2)} 


Fig. 7.3 Relative intensity across the cross- 
section for modes (1,1), (2,1), and (2,2) in a 
rectangular wave guide. 


By substituting the wave function in the classical wave equation you can verify that the 
dispersion relation of the wave is 


nn? nen? 
waw(ktki+k)=v ( ae ae: ). (7.30) 


Here |k,| is the wave number of the propagation direction and therefore, the wavelength 
of the traveling wave is 27/|k,|. For a wave traveling towards the positive z-axis k, > 0 
and that traveling towards the negative z-axis, k, < 0. We drop the subscript z from k, and 
consider only the wave moving towards the positive z-axis. Each mode of the wave can be 
labeled with the indices m and m of the standing waves along the x- and y-axes respectively. 
For instance, for mode n = 1, m = 1, the dispersion relation is 


2 2 
@, -7(3+ ohh), (7.31) 
a 


2 4 2 
w, =v (5 $2 4 Hs). (7.32) 


The lowest frequency that will travel through the wave guide will be when k, = 0. We see 
that this will happen for the n = 1, m = 1 case, since for all other cases the frequency will 
be higher when k, = 0 in the dispersion relation for the corresponding mode. This is the 
lowest frequency cutoff for the wave guide, 


Weutoff = UV: 2) AP amt (7.33) 


The intensity of the plane wave along the wave guide varies across the cross-section of the 
guide but does not vary along the longitudinal direction. The variation across the cross- 
section is different for different modes. 

Figure 7.3 shows the variation for modes (1,1), (2,1), and (2,2) in the case of a square 
cross-section. We notice that the lowest mode, (1,1), has the intensity peaked at the center 
while mode (2,1) has two peaks with zero intensity in the center, and mode (2,2) has four 
peaks. Similar modes exist for light traveling through an optical fiber. Since optical fibers 
are usually cylindrical in shape, the functions there are Bessel functions in place of the sine 
and cosine functions. 


7.2 Acoustic Waves in Fluids 


Acoustic waves are traveling vibrations in a medium, which can be solid, liquid, or gas. 
Acoustic waves in fluids (gas or liquid) are particularly simple since fluids can support only 
longitudinal stress if viscosity can be ignored. Therefore, only longitudinal acoustic waves 
propagate in fluids. The acoustic wave in air with frequency in the audible range, 20 Hz to 
20,000 Hz, is also called sound, while the waves of frequency lower than 20 Hz are called 
infrasound, and those above 20,000 Hz are called ultrasound. The speed of acoustic waves 
in a medium depend on the properties of the medium, such as bulk modulus and density, 
as we have seen for waves on a taut string. This will become clear with our derivation of the 
wave equation for acoustic waves. 


7.2.1 Acoustic Wave Equation in Fluid 


Since hydrostatic pressure is the only stress in a fluid, the restoring force for vibrations 
in a fluid can only be sustained in the direction of the wave motion. That is, we have only 
longitudinal waves in a fluid. In an earlier chapter, Section 4.5.2, we studied the longitudinal 
vibration of a rod. Here we need to extend that study to the longitudinal vibration of a fluid 
in an arbitrary direction. 

First note that when the fluid is at rest, the forces from pressure from various directions 
on any element of the fluid are balanced. For instance, consider an element of the fluid, 
shown in Fig. 7.4. As shown, there will be forces on all six faces of the box by the fluid 
elements outside the box due to the pressure in the fluid. 

When the fluid does not have a wave in it, the pressure will only be the ambient pressure, 
po» Which will vary with depth, here, along the y-axis. Let us ignore the variation of po with 
depth and take po to be uniform. Thus, at equilibrium we will have 


F (on left face) + F,,(on right face) = 0, (7.34) 
F,(on top face) + (on bottom face) = 0, (7.35) 
F,(on front face) + F,(on back face) = 0, (7.36) 


where the force on each face is pressure times the area of that face, 


F;(on a face) = +po x area of the face, (7.37) 


where the sign is plus(+) when the force is pointed towards the positive axis and minus(-) 
when pointed towards the negative axis. Now, when a wave travels through the fluid, 
the fluid will be out of equilibrium. Pressure and density will differ from the equilibrium 
pressure and density and will be functions of position and time. Let 


P(X Ys By t) = pot 5P(% MV By t), P(X5 V5 By t) = pot 5p (Xs V5 By t). (7.38) 


The change in pressure causes an incremental stress in the fluid, which is related to the 
volume strain, 5V, which is the fractional change in volume, 


_ AV 


8V ; 7.39 
V (7.39) 


F(top) 


F(back) 


p(x + Ax)AyAz 


F(front) AX 


F(bottom) 
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Fig. 7.4 Stress forces acting through the sur- 
face of an element of the fluid of volume 
AxAyAz located at point (x,, 2). The force 
on any side is equal to the pressure at that 
side and the area of that side. The strain of 
the volume element is defined by the fractional 
change in volume as a result of compression or 
rarefaction. 
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At a place where the pressure is higher than the ambient pressure, the volume is a little 
compressed and at a place where the pressure is less than the ambient pressure, the volume 
is a little expanded. The incremental change in the volume can be expressed in terms of 
displacements of the fluid particles. Consider the change in volume of the element AxAyAz 
at (x,y, 2) to AxAyAz + 6V and let the x-, y-, and z-components of the displacements of 
the particles in this volume be 5x, dy, 5z, respectively. Then, the volume strain will be 


06x addy dz 
Ax + —Ax][{ Ay+ —Ay] |{ Az+ —Az]-AxAyAz 
Ox ay 0z 


AxAyAz 


6bV= 


(7.40) 


_ 06x ddy 0852 


= + pce ee (7.41) 
ox ay Oz 


We can write this in a more compact vector notation using the vector operator V and the 
displacement vector 57 = 16x + j5y + k5z, 


V=i—+j— +k. (7.42) 
Using VY; the volume strain can be written as 
volume strain, V = V - 67. (7.43) 


According to Hooke’s law, as long as stress and strain are not too large (6V « 1), we will 
have a linear relation between them, 


bp = -B6V, Et) 


where B is the bulk modulus. This gives the following relation between the incremental 
pressure and the displacement: 


bp = —BV - 57. (7.45) 


To find the wave equation we will need the equation of motion of the fluid, which can be 
obtained by considering an element of the fluid at an instant when it is not in the equilibrium 
state. Then, the two time derivatives of the displacement vector 47 will give the acceleration 
of the element and the net force will be from the imbalance of the incremental pressure 6p 
at different faces of the fluid element. In Fig. 7.4 we see that the x-component of the net 
force will be 


F. = F(x + Ax, y, 2, 0) + (59, 2, 0)] AyAz (7.46) 
—5 +A NID —6 9 Yo o> 
_ [dp(x+ Ax y au P(X; V> 25 0)] ee (7.47) 
x 


06 
_— — AxAyAzg. (7.48) 
x 


Similarly you can show the y- and z-components of the force are 


6p 
ty =-—— AxAyAz, (7.49) 
ay 
06 
F,= a AxAyAz. (7.50) 
0z 
Let Am be the mass in the volume element, 
Am = poAxAyAz, (7.51) 


where (op is the density of the fluid. Therefore, the equation of motion of the particles in the 
box will be 


asp 075x 
Fy 7 > a 5 7.52 
y = ma ae PO ae (7.52) 
ddp a75y 
Fy > = 5 7.53 
'y = May ay Po ae ( ) 
F. EP a Oe (7.54) 
In vector notation, the equation of motion will be 
wees (7.55) 
P = Po AD : 


We can eliminate 57 from this equation by making use of the Hooke’s law equation, Eq. 7.45. 
You can work with x-, y, and g-components separately, or work in vector notation with all 
components in one place. I will work in vector notation here. Taking the divergence of both 
sides of Eq. 7.55 we get 


oS 7s 2 
-¥ Yop = pos (v 57), (7.56) 


where I have pushed the space derivative through the time derivative on the right side. The 
left side is just the second derivatives, 


Ss 02 02 02 5 
V-V= axa + ae + ag =V*. (7:57) 
Now, using Eq. 7.45 here, we get 
2 Po asp 
V*ép= Boe (7.58) 


This is classical wave equation for the incremental pressure with speed, 


B 
a2 |=, (7.59) 
Po 
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which is the speed of the sound wave in the fluid. Equation 7.58 is a pressure wave equation 
suitable for studying a sound wave in a fluid such as air or water. We can write the acoustic 
wave equation in standard form by replacing the constants on the right side by the speed of 
the wave, 


1 0°5p 
V2 5p) en 7.60 
ee (7.60) 


The bulk modulus B depends on the thermodynamic properties of the material. Previously 
we have noted that oscillation of the particles in a sound wave occurs much too fast for the 
process to be isothermal (i.e. constant temperature); instead, the process is mostly adiabatic 
(no exchange of heat, i.e. constant entropy). In adiabatic processes, pressure and volume 
change on an iso-entropic adiabatic curve. Using the adiabatic properties of air we can show 
that speed of wave can be obtained from temperature of air (see Eq. 7.68 below). 


Example 7.1 Speed of Sound in Air 


Assuming air to be an ideal gas of molecular weight 28 g/mole and ¢/cy = Z, which is suitable for diatomic molecules such as 
nitrogen and oxygen at room temperature, find the speed of sound in air at TJ = 300 K. 


Solution 


In an adiabatic process for an ideal gas, pressure p varies with volume V according to the following relation: 
pV” = constant (ideal gas, adiabatic process), (7.61) 


where y is the ratio of the specific heat at constant pressure and at constant volume, 


Therefore, the incremental pressure 5p and the corresponding volume change AV will be related by 


V’dp+yp V-’-1AV =0, (ideal gas, adiabatic process) (7.63) 
Therefore, 
ae =-y a (ideal gas, adiabatic process) (7.64) 
AV V 


With 6V = AV /V in Eq. 7.44, we find that the bulk modulus for air will be 


Since the deviation in pressure is assumed to be small compared with the ambient pressure, pp, we can replace p(= po +dp) here by po, 


yY =&/cy. (7.62) 


Bair = YP. (7.65) 


Bair = Y Po- (7.66) 
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Therefore, the speed of the sound wave in air will be 
B YPo 
Vair = ,| — = ,/—. 
Po Po 


speed of sound in air in terms of the temperature of air, 


Vin air = V yRT/p, 


of 27 °C = 300 K: 


(7/5) x 8.3 [J Kmole™] x 300 [K] 
Vin air = 
ak 0.028 [kg mole] 


By using the ideal gas equation, p = RT p/w, where yu is the molecular weight and R the universal gas constant, we can express the 


where T is to be expressed in the absolute (Kelvin) scale. For a diatomic molecule such as nitrogen at room temperature y = 7/5. 
Supposing the air to be all nitrogen, we have jx = 0.028 kg/mole. We get the following for the speed of sound at room temperature 


= 353 m/s. 


(7.67) 


(7.68) 


(7.69) 


7.2.2 Plane Acoustic Wave 


Acoustic wave equation, Eq. 7.60, has the same form as the classical wave equation. There- 
fore, solutions of the acoustic wave equation will be similar. A particularly simple wave is the 
plane wave. Let x-axis be the direction of the wave, i.e. the wave is moving either towards the 
positive x-axis or towards the negative x-axis. A plane acoustic wave will then have pressure 
variations 6p only as a function of x and ¢ and will not depend on y or g. In that case, the 
wave equation Eq. 7.60 simplifies to 


a76p = 1075p 
Se, 7.70 
ax? vw at? ( ) 


Harmonic Plane Waves 


Harmonic plane waves can be produced by the vibrations of a flat plate moving back and 
forth perpendicular to the plate. The plate can vibrate in any arbitrary way or vibrate at a 
particular frequency. When the plate vibrates harmonically at a particular frequency @, it 
will produce a harmonic plane traveling wave of that frequency and the incremental pressure 
will vary harmonically in space and in time. Let k be the wave number of the wave. Then, 
for a plane harmonic wave traveling towards the positive x-axis, it would be given by the real 
part—we use complex notation here for simplicity in calculation—of 


8p (x51) = Pine, (7.71) 


where ?p,, is the maximum pressure change at any point. For a wave moving towards the 
negative x-axis, the kx term in this equation will be negative. 


Dispersion Relation 


Putting the harmonic wave solution, Eq. 7.71 into Eq. 7.70 we obtain the dispersion relation 
of a sound wave in a fluid, 


w = vk’, (7.72) 
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which for positive w gives 
@ = vk, (7.73) 


Since w is a linear function of k, sound waves in fluids are non-dispersive with group velocity 
and phase velocity equal, 


Up WD=V, Ug v. (7.74) 


Characteristic Impedance 


The characteristic impedance of the medium is defined by the ratio of the incremental 
pressure (5p) and the displacement velocity (|d5r/dt|). If 6p is harmonic so would the 
displacement 57 be, as you can see from Eq. 7.55, 


OF = Fyerke- Or +), (7.75) 


where ¢ is the phase of the displacement compared to the pressure and 7, is the amplitude 
of the displacement vector wave. From the plane wave solution in Eq. 7.71 for 6p, the dis- 
placement velocity has only the x-component non-zero. Using the plane harmonic solution 
of Eq. 7.71 in Eq. 7.55 we find that 


k 
Xm = 2 Pm ’ = m/2, (7.76) 
@” po 


where x,, is the x-component of the displacement amplitude 7,,,, whose y- and z-components 
are zero here. Therefore, the displacement wave for the longitudinal displacements along 
x-axis is 


k m i 
Si ss pi(ex-ot+a/2) (7.77) 
@* Po 
The velocity wave will be 
dbx _ -1RPm gitkx-ot+ 7/2) RPm gitx-o0) | (7.78) 
dt @o wpo 


where I have used —i = ¢'”/?, which cancels out the phase constant. Thus, the velocity wave 


is in phase with the pressure wave. The ratio of the amplitudes of the pressure wave and 
velocity wave gives us the characteristic impedance Z of the medium, 


pag NS pay (7.79) 


7 RPm/@po ~ k 


Since v = ./B/po we can also write the characteristic impedance in terms of the bulk 
modulus and density of the medium, 


Z = pov = V Boo. (7.80) 


For air treated as an ideal gas this would be 


Z = JY Popo = PoVyRT/p. (7.81) 


7.2.3 Intensity of Acoustic Waves 


The intensity of a wave gives the time-averaged power flow per unit area. Let us find the 
expression by adding up the kinetic and potential energy flows for a plane wave. The density 
of the kinetic energy in the wave will be given by the kinetic energy of each particle in a unit 
volume. Thus, 


2 


1 dbr 
KE/volume = = fo |Re ons (7.82) 
2 at 
In the present example, we get 
1 (kpm\* 
KE/volume = = po (2) cos? (kx — wt). (7.83) 
2 wpo 
Writing w/k = v in this expression we can simplify to 
1 2 
Brice La pe ay (7.84) 


KE/volume = = 
2 pov? 
For the potential energy, recall that in the case of Hooke’s law force, the force varies linearly 
with deformation, as in the mass/spring system. In the mass/spring system, this leads to the 
potential energy being equal to the product of half the force and the displacement, 


1 1 1 
U= 5 he = 5 (ex) x = 5 Fe. (7.85) 


A similar analysis of the stress-strain due to the acoustic wave from the incremental pressure 
dp accompanying strain 5V = AV /V will give the potential energy per unit volume, 


PENNE = Laps OE (7.86) 
volume = > psV = 5 . 
For the plane harmonic wave in Eq. 7.71 we get 
PE/vol _ 1 (RelSp])? _ 1 py, 2(h 1) (7.87) 
volume = 5 B 5B COs (kx wr). : 
With v? = B/po we can also write this as 
1 2 
Pm 6682 —wt). (7.88) 


PE/volume = — 
2 pov 


We notice that the potential energy density is equal to the kinetic energy density. This is the 
same conclusion as we found for the wave on a string. Both of these examples are examples 
of elastic waves in a non-dispersive medium. In these medias the wave carries, on average, 
equal amounts of kinetic and potential energies. The total energy density will just be the 
sum of the potential and kinetic energies, 


Pin 


E/volume = KE/volume + PE/volume = 5 cos? (kx — wf). (7.89) 
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The energy contained in volume AA, where A = 277/k is the wavelength and A is the area of 
cross-section, will pass in a time given by 4/v. Therefore, the energy flux per unit time, or 
the power flux at any time at any instant will be 


2 
Pin 


GID po? cos? (kx — wt) 


P/area = 


= Pn 2 
= —  cos*(kx-wt). (7.90) 
Pov 


Averaging this over time, which can be done by averaging over one period, gives us the 
average power flow per unit time, which is also called the intensity of the wave, 


Intensity, J = (P/area) 


Qx/o p2 
= ~ | Pin cos? (kx — wt) dt 
2m Jo Pov 


2 
= Pm, (7.91) 
2/o0v 


Writing impedance Z for pov, we can get a compact expression for the intensity of the 
acoustic wave, 


1p, 


[=~ 7.92 
TZ (7.92) 


Recall that this is similar to the power flux in an AC circuit, which has P,,;5 = (1/2) V2 /Z. 
In AC circuits, the power can also be written in terms of the current. Similarly, the power 
flux in the acoustic wave can also be written in terms of the amplitude of the velocity wave, 
which is 


dé 
Amplitude of the velocity wave = Amplitude of +! = Zp... (7.93) 


Let us denote this by v,,, 


m* 


ds 
2m = Amplitude of ES = Zp (7.94) 


Therefore, the intensity of acoustic waves in terms of pressure, amplitude, and velocity is 


1 1 
T= sym = 5 ein (7.95) 


The student should verify that the SI unit of intensity will be W/m?. 


7.2.4 Pressure and Displacement Waves 


We have found that acoustic waves can be considered as pressure waves or displacement or 
strain waves. Equation 7.45 shows that the pressure variation 6p at any point is related to 
the strain 57 by 


bp = BV - 57. (7.96) 


Therefore, if 57 is a cosine of space coordinates, then 5p will be a sine of space, and vice 
versa. Thus, at a point where displacement vanishes, such as at a surface of reflection, the 
5p will be a maximum and where 6p vanishes, the displacement 67 will be a maximum. That 
is, the pressure waves would be at an antinode when displacement wave was a node, and 
vice versa. 


7.2.5 Standing Acoustic Waves in One Dimension 


Consider a very wide tube of length L with both ends closed. For simplicity, let us look at 
sinusoidal waves that travel along the length of the tube which is oriented along the x-axis. 
We know that standing waves would be set up by two waves of the same frequency, one 
moving to the right and the other moving to the left. For simplicity, let the left and right 
moving waves have the same amplitude as well. The net wave will be a superposition of the 
two waves, 


bp = Dmer 29 + Pn 29 , (7.97) 
Taking p,,e! common we find 
5p = 2pm cos(Rx) eo". (7.98) 


This is a standing wave. The corresponding displacement wave is 


k m . y 
6x =- P 5 sin(kx)e', (7.99) 
Pow 
and the velocity wave is 
dé IR, m . —K 
gEN See sin(kx)e""’. (7.100) 
dt Pow 


The real parts of 6p, 6x, and déx/dt give the wave functions in the tube. For 6p and 5x, 
we get 


Rk m . 
Sp = 2pm cos(Rx) cos(wt), 6x =— P 5 sin(kx) cos(wt), (7.101) 
pow 


and for déx/dt we get 


dé k, m . 
Be we sin(kx) cos(wt—7/2). (7.102) 
dt pow 
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Since the tube is closed at the two ends, the displacement of particles at the ends must be 
zero. Let L be the length of the tube. Vanishing of the displacement wave at the two ends 
will give the normal mode frequencies of the air column. this gives the following condition: 
sin(kL) = 0, (7.103) 
whose solution gives (ignoring k = 0 and discarding the negative k) 
nt 


kn = —» n= 1,2,35...5 (7.104) 
L 


as we have found before for an air column closed at two ends. The corresponding resonant 


B 
bp PhS PAIS (7.105) 
LY po 


7.2.6 Standing Acoustic Waves in Three Dimensions 


frequencies are 


Standing waves can be set up in an enclosed volume. For simplicity, let us consider a rect- 
angular box-shaped enclosure filled with air at room temperature, whose edges are parallel 
to the Cartesian coordinates. Let the inside of the box occupy the space with 0 < x < a, 
0 < y < b,0 < 2 <. Since the space is an enclosed space in all three dimensions, we 
will have standing waves along each axis. The displacement at the boundary will vanish, 
which means that a pressure wave will have its maximum there. That means we can try the 
following solution to the wave equation: 


SP(x5.V5 ZC) = Pm COS(Rex) Cos (Ry) cos(kz ze. (7.106) 


This form automatically satisfies the conditions at the walls of x = 0, or y = 0, or zg = 0 
where 6, will be zero but 6, will be maximum. To satisfy the boundary condition at x = a, 
we will need 


cos(k,a) = 1. (7.107) 
This means 
ca 
ky = Mx) ny = 0, 1, 2,3,..., (7.108) 
a 


where I have kept only positive solutions, as we have done for the one-dimensional case 
above. Similarly, we will get 


ky =My—, my = 0,1,2,3,...5 (7.109) 


Reh 


3 Me = O5152533 5004 (7.110) 


The indices n,, ny, and n, label various modes with frequency of modes denoted by On, nynz- 
Note that, at most, two of these can be zero for any mode since if all three were zero 


simultaneously you would get a solution which does not vary with space and hence can- 
not be a wave. Using the solution given in Eq. 7.106 in the acoustic wave equation we get 
the frequency of a mode to be 


Oncnyng = Hy] (Mg/a)? + (My)? + (Nel Os (7.111) 


where wv is the speed of the wave. Suppose a > 6b > c. Then, the lowest frequency mode 
will be 


@100 = 1v/a. (7.112) 


The mode @ 100 will have the highest pressure on the walls and a pressure node in the center 
of the tube, where the pressure will be equal to the ambient pressure. The mode @ 119 will 
have nodes at x = a/2 and y = b/2. The nodes will divide the space in the box into four 
parts, where the adjacent parts will differ in phase. Similarly, the mode @,; will have nodes 
at x = a/2, y = 6/2, and z = c/2. The nodes will divide the space in the box into eight parts, 
where the adjacent parts will differ in phase. 


7.3 Electromagnetic Waves 


7.3.1 Maxwell’s Equation in a Vacuum and the 
Electromagnetic Wave Equation 


According to Maxwell’s equations of electricity and magnetism, the oscillating electric field 
induces an oscillating magnetic field, which in turn induces an oscillating electric field so 
that the propagation of electromagnetic waves is self-sustaining and they can propagate in 
a vacuum. Maxwell also showed that the electric and magnetic fields of an electromagnetic 
wave in a vacuum are perpendicular to each other, and that they in turn are perpendicular 
to the direction of the propagation of the wave. 

‘To understand how this comes about, let us start with Maxwell’s equations in a vacuum. 
Let E (x5 ‘V5 25 t) and Bix, yy 2, t) be the electric and magnetic field at a space point P(x, y, 2) at 
instant ¢. Suppose there is nothing at point P. Then, Maxwell’s equations give the following 
equations, called Maxwell’s equations in a vacuum: 


V-E=0, (7.113) 

V-B=0, (7.114) 

at OB 

Vx k=-—, (7.115) 
at 

st ous ak 

VOOR = Wot ao: (7.116) 


+3—. (7.117) 


Equations 7.113-—7.116 can be shown to give rise to both EandB obeying the classical wave 
equation. Let us see how. Let us start by differentiating Eq. 7.116 with respect to time 1, 
PE a 


Moco = V x ae (7.118) 
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Now, we can us Eq. 7.115 and replace aB/at by -V x E to obtain 


Ee 


Lo€o > =-V x (¥ xB). (7.119) 
at? 
Now, we need a mathematical jujitsu in the form of a vector identity from vector calculus. 


For any arbitrary vector field A we have the following identity: 


Vx (¥x4)=V(¥-4)-(¥-¥) 4. (7.120) 
Using this identity in Eq. 7.119 gives 
ea =¥(¥-£)-(¥-¥)B. (7.121) 


Now, from Eq. 7.113 we have V-E=0. Also, recall that the V is a vector operator and its 
dot product with itself is 


> a? a? a? 
Vays oe (7.122) 
ax? ay? Az? 


This is also written more compactly as V?, 


V=V-V= 7.123 
axa ¢ ) 


Therefore, we find that the electric field obeys the classical wave equation, 


VE 1 (PF eh aE 1 * 
= = VE, (7.124) 
ax2 ay? 2? Lb 


at? Lo€o 0€0 


with the velocity v given by 


1 
v= . (7.125) 
a/ LLo€o 
It is customary to write this speed using the symbol c, the speed of light in vacuum. 
1 
C=, (7.126) 


Vv Ho€eo 


To recap, we have shown that Maxwell’s equations in a vacuum give rise to classical wave 
equations for an electric field. Similar calculations can be performed to eliminate E. That 
would show that Maxwell’s equations in a vacuum also give rise to classical wave equations 
for magnetic field B. This task is left for the student to complete. Writing wave equations 
for the electric and magnetic fields in a compact form we have 


E-field wave: oe = 2V2B, (FLAT) 
= 
B = 
B-field wave: ee SWB (7.128) 


Each of these two vector wave equations is actually three wave equations, one for each 
Cartesian component of the two fields, 


07 Ey 07E 0°E: 
sa CV Ess sae =°V°E,, sae = °V°E,, (7.129) 
a? By 0B 0?B, 

= °V"By, ~ = (°V°B,, = = °V"B,. (7.130) 
ar a2 ~~ ar 


7.3.2 Plane Harmonic Electromagnetic Wave 


Transverse Electromagnetic Waves 


We seek a solution of the wave equations, Eqs. 7.129 and 7.130, that also satisfies Maxwell’s 
equations, Eqs. 7.113-7.116. Let us seek a wave with wave number k moving along the 
z-axis with the components of the propagation vector given by 


ky =0, ky =0, kp = +h, (7.131) 


where a + sign will be for the wave moving towards the positive z-axis and a — sign for 
moving towards the negative z-axis. Thus, 


kx + kyy + kz = tke. (7.132) 


For the sake of simplicity, we will study only plane waves. That is, plane electric and mag- 
netic field waves will only be functions of zg and ¢ and will have the following mathematical 
form: 
E (X59 2,1) = & Ex(250) + 5 Eyles) + 2 E, (250), (7.133) 
B(x 9,2, t) = & By(2, t) +) By(z, 0) + 2 Br(z, 0). (7.134) 


Note that in these expressions the subscript x, y, and z refers to the vector components and 
the z within parentheses to the z-coordinate of the space point. Now, let us plug these into 
Maxwell’s equation and see if there are any other restrictions on these waves. When we put 
E from Eq. 7.133 into Maxwell’s equation Eq. 7.113 we find that 


= dE. (8; t) =0 


V-E= (7.135) 
0z 


This says that the z-component of the electric field is independent of the z-coordinate of 
the space point. That means £, can only be a function of t, namely F(t). Now, let us look 
at the z-component of Maxwell’s equation, Eq. 7.116, 


_ OB, dBy _ 
- oy ax 


me = [¥ > Bl 


Ai 0. (since no x or y dependence) (7.136) 
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Thus, we find that Z, is also not a function of t either. Since F, is not a function of x, y, 
Z, or ft, it is at most a constant. Since a wave arises due to a displacement from equilibrium 
and constant E£, will not be a wave, therefore, we will set E, = 0. The student is encouraged 
to perform similar calculations on the magnetic field to show that B; = 0, 


E,=0, B,=0. (wave along z-axis) (7.137) 


These calculations show that if a plane wave travels along the z-axis, it will only have the 
E,, Ey, B,, and By, waves. This proves that the plane electromagnetic wave is a transverse 
wave. Now, we ask: Are the four waves of F,, E,, B,, and By independent of each other? 
The answer is no, since Maxwell’s equations, Eqs. 7.115 and 7.116 relate these components 
of electric and magnetic fields. 


Independent Waves 


To obtain the relations among the four waves, F,, Ey, By, and By, let us work out the x- 
and y-components of Eqs. 7.115 and 7.116 by setting E = E,(z,0%x + E,(z,0% and B = 
B..(2,0)% + By(g, 2) in these equations. We find the following from Eqs. 7.115: 


Loeo— = =, o€o—— = 3 (7.138) 
Zz t 


and from Eqs. 7.115, 


= oe — pm (7.139) 


These equations show that E, and B, are not independent of each other, and EF, and B, 
are similarly not independent of each other. The four waves {E., Ey, By, By} split into two 
subsets {Ex By} and {E,, By}. In each subset only one wave is independent. Usually, we 
take £,, and Ey as the independent waves and determine B, and B, from them respectively 
using the relations in Eq. 7.138 or 7.139. 


Harmonic Plane Electromagnetic Waves and Polarization 


Now, we will focus on harmonic plane electromagnetic waves of (angular) frequency w and 
wave number &. Let the direction of the wave be towards the positive z-axis. The independ- 
ent plane waves of £, and E£, can have different amplitudes and different phase constants. 
Therefore, general expressions for these waves can be given as follows: 


Ey, = Eo, cos(kz -— wt + bx), (7.140) 
Ey = Eo, cos(kz- ot + dy). (7.141) 


When the phase constants are equal, ¢, = ¢,, we call the electromagnetic wave a linearly 
polarized wave. When ¢, # oy we call the wave elliptically polarized. ‘The corresponding 
magnetic field waves will be 


By, = Box cos(kz— wt + dy), (7.142) 
By = Boy cos(kz—- wt + ox). (7.143) 


Note from Eq. 7.138 or 7.139 the phase of the B, wave will be equal to the phase of the E, 
wave and the phase of the B, wave will equal that of the £,, wave. The amplitudes of the 
related electric and magnetic field waves are related also, as you can show from Eqs. 7.138 
or 7.139, for plane waves traveling towards the positive z-axis 


Box k k 1 Boy 1 
ox = ae lt We", (7.144) 
Eoy [Lo€ow@ o c Eye oc 


Linearly Polarized Harmonic Electromagnetic Wave 


For simplicity, we choose x = 0 and t = 0 such that we have ¢, = ¢, = 0 for the waves under 
study. That is, we have the following linearly polarized independent traveling waves: 


E,, 
Ey = Epox cos(kz- ot), By = —, (7.145) 
c 
Ey 
Ey = Eoy cos(kz- ot), By =-—. (7.146) 
° c 
We can write these waves more compactly in vector notation, 
E = Eo cos(k-F—-wt), B= Bo cos(k-7-o1), 
ko (7.147) 


~ 1- = 
B= — kx fa, == =, 
@ @ (3 


From the direction aspects of the cross-product of vectors we find that vectors Eo, Bo, 
and k are perpendicular to each other such that the propagation direction is towards the 
cross-product of & and B, 


Eo 1 Bo, Eo x Bo = direction of b. Eox = CBoys Eoy = -¢ Box- (7.148) 


Figure 7.5 shows a schematic picture of such a wave with the propagation vector towards 
the positive z-axis. It is shown that if the electric field vector is along the x-axis (sometimes 
pointed towards the positive x-axis and at other times towards the negative x-axis), then the 
magnetic field would be along the y-axis for an electromagnetic wave traveling along the 
g-axis. 
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Fig. 7.5 Plane electromagnetic wave. At 
each point in space, the directions of the elec- 
tric and magnetic fields are perpendicular to 
each other, and the direction of propagation is 
perpendicular to the plane of the electric and 
magnetic vectors. The wave depicted here 1s 
moving towards the positive z-axis with elec- 
tric field oscillating along the x-axis and the 
magnetic field along the y-axis. 
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7.3.3 Intensity of Electromagnetic Wave 


We have shown before that a traveling wave on a taut string transports energy from one 
place to another. You can also think of an electromagnetic wave in terms of the flow of 
electromagnetic energy in space. Consider a linearly polarized plane electromagnetic wave 
in a vacuum traveling towards the positive z-axis given by the following expressions: 


E, = Ey cos(kz-wt), Ey = 0, (7.149) 


E 
B,=0, By = — cos(kz-ot). (7.150) 
. Cc 


From electromagnetic theory, we know that the electric and magnetic fields have energy, 
given by the following formulas for energy per unit volume or energy density (w) of each: 


I 3.35 
Energy density in electric field, wg = 360k -E, (7.151) 
ee 
Energy density in magnetic field, ug = Sa B. (7.152) 
Lo 


Therefore, the total energy density wu in the electromagnetic wave would be the sum of the 
energy densities in the electric and magnetic field waves, 


1 DD 1 (5 2 
uU=Up+Ug= 3 €0ko cos* (kz - at) 4 5 > } cos (kz -t) 
Mo \e 


1 
= €y EF? cos? (kz— wt) = 5 08% [1 + cos(2kz-2w1)]. (7.153) 


Here c is the speed of light in vacuum. Thus, the energy density moves with the wave and 
oscillates at twice the frequency of the wave itself. The electromagnetic energy density is 
also a wave of half the wavelength and twice the frequency of the electromagnetic wave. We 
can figure out the rate of transport of energy at any location by calculating the net energy 
passing through a cross-sectional area, perpendicular to the direction of the wave, in a small 
time interval Ar. As shown in Fig. 7.6, all energy in the volume of the cylinder of area A and 
length cAt will pass through area A in time interval Az. 

The energy contained in a box of length cA? and cross-sectional area A will pass through 
the cross-sectional plane in time Az, 


Energy passing through area A in time At = u x volume = uAcAt. (7.154) 


The energy per unit area per unit time passing through the plane perpendicular to the wave 
is called the power flux and denoted by S, 


s= Energy passing a area Aintime At _ oo (7.155) 


The flux of power at any place also fluctuates in time, as can be seen by substituting u from 
Eq. 7.153, 


S = cégE? cos” (kz - wt). (7.156) 


Plane perpendicular 
to the direction of 
the wave 


Since the frequency of visible light is very high (of the order of 10!* cycles per second), the 
power flux will be an extremely rapidly varying quantity. Our eyes as well as most measuring 
devices cannot respond this fast and only an average over many cycles is observed. The 
quantity obtained by time-averaging the power flux is called the intensity or irradiance J 
of the electromagnetic wave, 


Intensity, I= (S) time-average- (7. 1 57) 


Time-averaging the expression for the power flux given above is easily performed by noting 
the following mathematical result: 


1 1 
—— / cos?(kx—ot)dt = =. 
one period one period 2 


Hence, the intensity of light moving at speed c in a vacuum will be 


1 
l= 5008. (7.158) 


This can also be written in terms of the amplitude of the magnetic field in the wave, 


(2 eg (7.159) 

2 20 
If the wave is not in a vacuum but in some other linear medium such as glass or air, we will 
need to replace the speed c by the speed v in the medium, the permittivity of the vacuum 
€9 by the permittivity of the medium e, and the permeability of the vacuum jo by the 
permeability of the medium jp, 
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Fig. 7.6 Energy uAcAt contained in volume 
AcAt will pass area A in time At. 
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Fig. 7.7 Spherical wavefronts at two dis- 
tances from a point source at the center. 


1 
[= 5veK} = 5 Be (Linear medium) (7.160) 
je 


Note that the amount of energy crossing a given area also depends upon the orientation of 
the area relative to the direction of light. To take the direction into account we introduce a 
power flux vector S, called the Poynting vector, by the following defining equation: 


C2 Ss, (7.161) 
Lo 

The cross-product of E and B makes it evident that the Poynting vector S points in the 
direction of the propagation of the electromagnetic wave. The power crossing any arbitrary 
surface is then obtained by dividing the surface into small patches, calculating the power 
through each patch, and then summing the contributions. Let S be the average Poynting 
vector over a patch of area vector AA, then the power crossing area AA will be given by the 
projection of S§ on AA times the area, which is equal to the scalar product of S and AA, 


Power moving past the area element = §- AA. (7.162) 


Here the direction of the area vector is perpendicular to the surface of the area element. The 
total power crossing any surface is equal to the sum of the contributions from all patches. 
The sum over infinitesimal patches leads to the following integral formula: 


Power crossing any surface = / i S. dA. (7.163) 


Example 7.2 Intensity of an Isotropic Source 


The intensity from an isotropic source such as the Sun falls off from the source in a 
particular way when we apply the principle of the conservation of energy to the energy 
flow. In this example we find the relation between intensities at two distances from an 
isotropic source. An isotropic source emits light in all directions equally. 


Solution 


Consider a point source that emits light (which is an electromagnetic wave) in a spher- 
ical symmetric way, e.g. in a spherical wave, as shown in Fig. 7.7. Energy passing the 
spherical surface with radius 7; in an interval At must equal the energy passing through 
the surface with radius rz in the same interval of time. 

Let the intensities at r, and r2 be denoted by J; and J, respectively. As the product 
of intensity and surface area equals the total energy passing the surface per unit time, 
we obtain the following equality based on the energy conservation in each unit time 
interval: 

L 2 r 


Anni h, = 4ar3h > =>: 
q; 13 


(7.164) 


This shows that the intensity of an isotropic source drops off as the inverse square of 
the distance from the source. 


Example 7.3 Electric and Magnetic Fields in Light 


Consider a plane wave light source that delivers 3 mW of power over a 0.5 cm? area. 
Find the (a) intensity, and (b) amplitudes of electric and magnetic fields. 


Solution 
(a) The intensity is power per unit area, 


_ 3x10? W 
~ 0.5 x 10-4 m2 
(b) ‘The intensity is proportional to the square of the electric field amplitude 


21 V2 x 60 W/m? 


céo —-\/3 x 108 m/s x 8.85 x 10-12 N.m?/C? 


= 60 W/m’. 


Eo = 


= 213 N/C. 


The magnetic and electric fields in an electromagnetic wave are related as follows: 
Ey _ 213 N/C 
c 3 x 108 m/s 


This magnetic field is approx 1.5% of the magnetic field of the Earth. 


Bo= = 7.09 x 107 T. 


7.3.4 Electromagnetic Momentum and Radiation 
Pressure 


Imagine an electromagnetic wave incident on a material. The electrons of the surface mol- 
ecules are accelerated by the electric field in the wave. In addition they also experience a 
force from the magnetic field. Consequently, there would be a net force on the surface nor- 
mal to the direction of the wave. This would result in a pressure on the material. We call the 
pressure by the electromagnetic wave radiation pressure, P. 

Maxwell showed that an electromagnetic wave also carries momentum. The momentum 
density, i.e. the momentum of an electromagnetic field per unit volume can be shown to be 


p=eE xB, (7.165) 


p=€ouoS = —. (7.166) 


Since, the magnitude of the Poynting vector is related to the energy density u by |S | = uc, 
we get 


Thus, for a harmonic plane electromagnetic wave traveling towards the positive z-axis, the 
momentum per unit volume carried by the wave is given by 


~ » Ener er unit volume +» uw 
prk sy P =5 


(7.167) 
Cc Cc 
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Consider an area element A normal to the direction of the wave. In time interval Az the total 
momentum AP, passing will be 


(7.168) 


Therefore, the force applied by the electromagnetic field over area A per unit area will be 


1 AP, 
A At 


=u. (7.169) 


This is the radiation pressure at that location. Thus the radiation pressure P at a point in 
space where the energy density is « equals the energy density, 


P=u. (7.170) 


Do not confuse P with power. Let’s see if the units are right; 


[wu] =J/m? = N.m/m? = N/m? = unit of pressure! 


Equation 7.170 gives the instantaneous pressure exerted on a perfectly absorbing surface. 
But, since the energy density oscillates rapidly, we are usually interested in a time-averaged 
quantity, which can be written in terms of intensity, 


I 
Pave = Uaye = —. (perfectly absorbing) (7.171) 
@ 


If a surface is perfectly reflecting, then the force on the surface will be twice as great, since 
the direction of the momentum of the incoming wave would be reversed upon reflection. 
Therefore the average pressure will be twice as much, 


if 
Pigs = 2 z (perfectly reflecting) (7.172) 


Example 7.4 Radiation Pressure 


A laser light of power 3 W is spread evenly across the cross-section of the beam of 
diameter 2 mm. When the laser light is incident on a perfectly reflecting surface of 
a spherical particle of diameter 1.5 mm in a vacuum, the particle is observed to be 
suspended in space. Find the density of the particle. 


Solution 


Here, the force due to the radiation pressure is able to balance the force of gravity. Let 
p be the desired density of the spherical particle and R its radius. Let P be the radiation 
pressure at the site of the particle. The balancing of forces yields the following relation: 


PAexoss-section = (p V particle) 2: 


Here pressure acts on the cross-sectional area of the particle, as shown in Fig. 7.8, 
which is simply a circle of radius R, and the volume of the particle is just the volume 
of a sphere, 


4 
PrR = (032°) g. 
Hence the required density is 
3P 
ae 4eR" 
Now, we put in the numerical values given here: 


R=0.75 mm =7.5 x 10¢7m 


g=9.81 m/s” 
I 3W 1 

PHI 22x x = 2x 10° Pa. 
c m(1x 103m)? 3 x 108 m/s 


Hence, p = 0.2 kg/m. It is interesting to compare the density found to the density of 
air at standard temperature and pressure, which is approximately 1.2 kg/m?. Clearly, 
one will need a very powerful laser to suspend an ordinary material. 


7.3.5 Polarization of an Electromagnetic Wave 


Describing Polarization 


The polarization of a wave refers to the direction of oscillations in the medium when a wave 
travels through it. For instance, when a sound wave travels through the air the particles 
of air vibrate along the line of travel of the sound wave. We say that a sound wave in air 
is longitudinal or longitudinally polarized. A transverse wave on a string was seen to have 
oscillations in the string that were perpendicular to the direction of the wave, which was 
along the string. If the string is along the z-axis, then there are two independent directions 
for transverse vibrations, along the x- and y-axes. We say that the transverse wave on a string 
has transverse polarization. 

The two types of polarization, longitudinal and transverse, can be illustrated by the mo- 
tion of a slinky, as shown in Fig. 7.9. Suppose the slinky is along the z-axis, then for a 
longitudinal wave in the slinky, the string would remain along the z-axis and the displace- 
ments would travel down the slinky, as seen by the compressions moving from one place 
to the next on the slinky. You can generate a longitudinal wave in a slinky by compressing 
a part of the slinky and letting go. The compression would travel down the slinky with no 
displacements along the x- or y-axis. To set up a transverse wave you would oscillate one 
end of the slinky in the perpendicular direction, here in the xy-plane. You would find a 
transverse polarized wave traveling down the slinky. 
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Fig. 7.9 Longitudinal and transverse waves 
in a slinky. 


Fig. 7.10 Linearly and elliptically polarized 
states. In the linearly polarized state, the elec- 
tric field vector at a particular point points in 
a definite direction and the direction opposite 
to it and the magnitude changes with time. In 
the elliptically polarized wave, the direction 
of the electric field vector at a particular point 
rotates with time. 


Rarefaction Rarefaction 


Normal Compression Normal 


Linear and Elliptical Polarization 


In the case of electromagnetic waves, the polarization of the wave is indicated by the dir- 
ection of electric field vector E, and the direction of the magnetic field B is deduced from 
the direction of E and the propagation vector k. Note that we could equally well use the 
direction of the magnetic field vector for this purpose. However, traditionally, polarization 
of an electromagnetic wave is indicated by the direction of the electric field rather than the 
direction of the magnetic field. 

It has been shown previously that the electromagnetic wave is transversely polarized. 
This would mean that if an electromagnetic wave is traveling towards the positive z-axis, 
then the polarization will be pointed in some direction in the xy-plane. Since an arbitrary 
vector in a plane can be constructed from its two components, there are only two independ- 
ent polarization states for electromagnetic waves. For an electromagnetic wave traveling 
along the z-axis the z-component of the electric field is zero, E, = 0, and the amplitudes Eo, 
and Eoy and phase constants ¢, and ¢, of E, and E, waves can be independently assigned, 


E,.(2, 0) = Eox cos(kz- ot + dx), (7.173) 
Ey (25 t) = Eoy cos(kz—- at + dy). (7.174) 


If the two phase constants are equal, the two independent waves move together such that the 
net electric field always points along the same line in the xy-plane, as illustrated in Fig. 7.10. 
Such waves are called linearly polarized. Linearly polarized waves play a very important 
role in the study of optics since they are very simple to produce, manipulate, and analyze. 


Linearly polarized 


Elliptically polarized 
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If the two phase constants of E, and , waves are not equal, the electric field vector will 
rotate from one direction at a particular z to another direction at another 2, as illustrated in 
Fig. 7.10. Such waves are called elliptically polarized, 


Linear Polarization: ¢, = oy (HLH) 
Elliptic Polarization: ¢, 4 dy. (7.176) 


The polarization direction of an elliptically polarized wave rotates as the wave travels 
through space, as shown in Fig. 7.11. When observed from the side of space towards which 
the wave is going, the polarization direction of the elliptically polarized wave will appear 
to rotate clockwise or counter-clockwise, depending upon whether ¢, < @, or dy > ¢y 
respectively. 

A special case of an elliptically polarized wave occurs when the two amplitudes are equal 
Eox = Foy and the phase constants differ by 5 radians, | dx-dby 
waves are called circularly polarized waves, 


= oe These more restricted 


Circular Polarization: Ep, = Eoy and |¢,.-¢,| = > (AAT) 


In the case of circularly polarized light, when ¢, = ¢, — 2/2, we find that the wave rotates 
clockwise. This wave is called a right-circularly polarized wave. On the other hand when 


Right- 
circularly 
polarized 
light 


x 
A 


A r\ A A A A 


| Sa = pax = 


Fig. 7.11 Right and left circularly polarized electromagnetic waves. When we look at the incoming wave, the electric field 
vector rotates clockwise for a right-circularly polarized wave and counterclockwise for a left-circularly polarized wave. 
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Eo cos 0 


fe? 


Fig. 7.12 The polarizer and analyzer in a 
study of the polarization of light. 


dy = ox + 1/2, we find that the wave rotates counterclockwise. This wave is called a left- 


circularly polarized wave, 


Tv 


Right-Circular Polarization: Fo, = Eo, and @, — oy = Ae (7.178) 
Left-Circular Polarization: Eo, = Eo, and ¢, — $x = oe (7.179) 


Malus’s Law 


Natural light such as the light from the Sun is unpolarized. Sunlight is generally a random 
mixture of various waves with different polarizations and frequencies. Any device that pro- 
duces polarized light is called a polarizer. When you pass an unpolarized light through a 
polarizer the transmitted light is polarized. 

A linear polarizer is a device that lets through linearly polarized light that has the po- 
larization parallel to the polarization axis of the polarizer and blocks any wave that oscillates 
at 90° to the axis. If incident light is neither polarized along the preferred axis nor at right- 
angles to it, then only the vector component of the electric field along the preferred axis 
passes through the linear polarizer. Therefore, the transmitted light will have a lesser inten- 
sity than the incident light when the incident light is either unpolarized or has its polarization 
direction not parallel to the axis of the linear polarizer. 

What would be the intensity of the transmitted wave compared to the intensity of the 
incident wave? To find this, we start with a linearly polarized wave of known polarization and 
intensity and pass this wave through a linear polarizer at a different angle to the polarization 
direction. Therefore, the set-up for this experiment requires two polarizers, one to produce 
the wave of known polarized state and the other to analyze what happens at different angles. 
The first polarizer is called the polarizer and the second is called the analyzer. Figure 7.12 
shows the polarizer/analyzer experiment arrangement, where the axis of the analyzer to the 
incoming linearly polarized light makes an angle 6 to the latter. 

If the amplitude of the electric field before the analyzer is Eo, then after the analyzer only 
the component along the axis of the polarizer, Eo cos 6, will be transmitted. We know that 
the intensity of an electromagnetic wave is proportional to the square of the amplitude of 
the electric field, 


I x (Amplitude of Electric Field)? . (7.180) 


Therefore the intensity of the electromagnetic wave will drop from ER to EB cos? 6 when 
polarized light passes through the analyzer according to the following formula, that is, 


It after analyzar 


= cos? 0. (7.181) 


iserore analyzar 


This experimental observation is called Malus’s law. According to this experimental ob- 
servation, when a light wave is sent through two plane polarizers whose axes are 90° 
to each other, then no light would emerge at the other end since, in this case, we have 
cos 90° = 0. 
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7.4 Matter Waves 


Quantum mechanics is based on the idea that, at a fundamental level, matter is a wave. Louis 
de Broglie hypothesized that we can think of a particle of momentum p in terms of a wave 
of wavelength 4 if the momentum and wavelength are related by the following fundamental 
relation: 


eae (7.182) 


where /: is the Planck constant, 
h=6.6 x 10*J.s. 


Based on this proposal by de Broglie, Schrédinger introduced a dynamical equation for the 
matter wave function, w(x, y, 2,2). Unlike the wave functions we have studied previously, 
which were all real-valued functions, the matter wave is a complex function. For a particle 
of mass m moving in a potential V(x, y, z) the wave function obeys Schrédinger’s equation, 


given by 
a W (0? a? a? 
th es v t v t ka t+ Vw, (7.183) 
at 2m \ dx* say? Oz? 
where 
h 
h=—. 
20 
A free particle will have no potential acting on it and the Vw term will be zero, 
ow i? 
a— =-—V’v, 7.184 
: ot 2m v ( ) 


where Vy is a shorthand for the space derivatives, 


_ Fy Py ay 


Vv? ; 
¥ ax2 ay? dz? 


From the very beginning of quantum mechanics it has been difficult to understand the 
meaning of the complex wave function. Max Born proposed that the square of the absolute 
value of the complex function gives the probability density of finding the particle. Thus, the 
probability that the particle will be found in a volume dxdydz at the point whose coordinate 
is (x,y, 2) is given by 


Probability = | (x,y, 2, 0) |?dxdydz. (7.185) 


Since the probability that the particle is somewhere in space would be 1, an integral over all 
space should give the value 1, 


/ | W(x, 25 0) |*dxdydz = 1. (7.186) 
all space 
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7.4.1 Free particle in Open Space 


Consider a particle moving towards the positive z-axis in open space, i.e. not constrained 
in a box. The matter wave function of this particle will be a traveling wave solution of 
Eq. 7.184, since the medium is unbounded. The simplest solution is a harmonic traveling 
wave with wave number & and frequency w. 


V (5.95 25 0) = Ae et, (7.187) 


When we plug this wave function into Eq. 7.184 we obtain the following dispersion relation 
for the matter wave of a free particle: 


iia 2 
ae (7.188) 
2m 


To relate this wave to the momentum and energy of the particle we first replace the wave 
number k by 277/d and use de Broglie’s relation, Eq. 7.182, to write 4 as h/p, 
2 


P 


hw = —. 
2m 


(7.189) 


We note that the right side is just the expression for the energy EF of the free particle. 
Therefore, the energy of the particle is related to the frequency of the wave, 


E = ho. (7.190) 


From the dispersion relation of the matter wave, Eq. 7.188, we note that the matter wave of 
a free particle is a dispersive wave with phase velocity 


ae (7.191) 
0S SS Sy y 
Ph 2m 
which is half of the velocity of the particle if we replace ik by p, 
P 
=—. 7.192 
%p 2m ( ) 


The group velocity of the wave is, however, equal to the velocity of the particle, 


dw hk p 
=-—=— =f, 19 
%e dk m m 2) 


This is consistent with our understanding that the energy of a wave moves at group velocity 
and not at phase velocity. The plane wave function in Eq. 7.187 has a definite energy E = hw 
and a definite momentum p = Atk. We say that this wave function represents a quantum 
state in which the particle has a definite energy and definite momentum. Note that in the 
dispersion relation, another state, p = —/#k, has the same energy as this state. The two states 
are said to be degenerate in energy. 

Although the state represented by the plane wave function in Eq. 7.187 has definite 
energy and momentum, the position of the particle is completely uncertain, as we can show 


by the following calculation. Recall Born’s interpretation of the wave function given above 
in which the square of the absolute value of the wave function gave the probability density 
and multiplication by a volume element gave the probability of finding the particle in that 
volume. Here, the absolute value of the wave function is constant | A], 


Probability = | W(x,.y, 250) |?dxdydz = |A|?dxdydz. (7.194) 


The probability density is independent of position. Therefore, the particle is equally likely 
to be found anywhere in space. This is a special application of Heisenberg’s uncertainty 
principle, which states that the product of uncertainty in momentum and position cannot 
be less than a particular number. Let Ap be the uncertainty in momentum and Ax the 
uncertainty in position, then by Heisenberg’s uncertainty principle, 


AxAp => (7.195) 


Ni > 


Since the momentum of the particle is known exactly here, we have Ap = 0. Therefore, 
we must have Ax = oo, meaning the position of the free particle in open space will not be 
known with any precision. Now, this calculation is only for an idealized situation, in which 
we had assumed that the particle has a definite momentum. 

In reality, we will not know the momentum precisely. In that case, the wave function 
will not be a harmonic traveling wave but a wave packet whose momentum will be centered 
about the most likely momentum and a width corresponding to the uncertainty in momen- 
tum. A wave packet travels as a ball in free space whose central position moves with v, of 
the wave packet and whose width spreads out with time since the wave is dispersive. 


7.4.2 Free Particle in a Confined Space 


Let us consider a one-dimensional matter wave example in a confined geometry. Consider 
a free particle confined in a one-dimensional box of width a on the z-axis between z = 0 
and z = a. The wave equation for this particle will be 


a w a? 
a ce 


dt 2m az” nee) 


with boundary conditions 


W(z=0,) =Vv(z=a0 =0. (7.197) 


Physically, the problem is similar to that of oscillations of a string tied at both ends. There- 
fore, we will get standing waves. The standing wave solutions that satisfy the boundary 
conditions in Eq. 7.197 are given by 


Vn(2 0) = An sin(knz)ere"’>» (7.198) 
with 
0 
Ryn — 5. WH 1523 sc4s (7.199) 
a 
and the dispersion relation 
nk 
On,=— (7.200) 


2m 
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Fig. 7.13 The probability densities of the 
three lowest energy states of a particle in a box. 
The horizontal axis is the x-axis here. Re- 
call that the probability of finding the particle 
between x and x + dx is given by | |?dx. 


These standing waves are called stationary states of the particle. They correspond to 
states in which the particle is in a state of definite energy, given by 


Wk pee , 


n : 
2m 2ma? 8ma? 


E, = hoy (7.201) 


Figure 7.13 shows the probability densities corresponding to the three lowest energy states 
of a particle in a box. 

The lowest energy state, called the ground state, has no nodes between the walls. 
That is, there is no place inside the box where the probability of finding the particle is 
zero. The ground state is also symmetric about the center of the box. The state with the 
next higher energy is the first excited state. The wave function of the first excited state has 
one node between the walls and hence the probability density has a value zero at one point 
at an inside point of the box. The second excited state has two nodes and each successively 
higher energy state has one more node. An important point of the energy levels of the par- 
ticle in a box is that the separation between the states varies as v7” of the states. Thus, the 
separation of the energy levels n = nm, and n = nz will be 


En, — En, = (n3-nf) E.. (7.202) 


Example 7.5 Energy Levels of a Particle in a Box 


Consider an electron in a one-dimensional box of size equal to two times the Bohr 
radius, which is 52.9 pm. What will be the energies of the lowest three states? 


Solution 
Let us first calculate E, and then use E,, = nF; to calculate the energies of other states, 


he (6.63 x 1074J.s)? 


= = = 5.39 x 10°18). 
8maz 8x 9.11 x 10!kg x (2 x 52.9 x 107!2m)2 J 


E; 
Therefore, E2 and £3 are 


Ey = 4E, = 2.16 x 107'J, E3 = 9E; = 4.85 x 107'J. 


Example 7.6 Position of Particle in the Box 
Suppose the particle is in the ground state, what is the probability that the particle will 
be in the left one-third of the box? 
Solution 
The probability that the particle is between x and x + dx is given by 
dP = |W (x) |? dx. 


Since the particle has to be somewhere in the box, the constant A; in Eq. 7.198 will be 
/2/a. Therefore, yw (x) will be 


The left one-third of the box is between x = 0 and x = a/3. Therefore, we should 
integrate from x = 0 to x = a/3 to obtain the required probability. 


a/3 2 1 a/3 2 
Pan left one-third of box) = [ sin? (=) dx = i cos ( =*)| dx 
9 a a ao a 


1 2 1 V3 
= E sin ( *)]= 82 i994, 


a|3 2x 3 3 40 


The probability is not one-third. The particle in the ground state is more likely to be 
in the middle-third than in the thirds near the walls. Question to student: What will be 
the probability of the particle being in the middle-third of the box when in the ground 
state? Note: no additional calculation is necessary. Ans: 0.58. 


Example 7.7 Position of Particle When in the First Excited State 


Suppose the particle is in the first excited state, what is the probability that the particle 
will be in the left one-third of the box? 


Solution 


I have done the probability calculation for the ground state. In this problem we need 
to do the same steps for the first excited state w2. The probability that the particle is 
between x and x + dx is given by 


dP = | W2(x) |7dx. 


The left one-third of the box is between x = 0 and x = a/3. Therefore, we should 
integrate from x = 0 to x = a/3 to obtain the required probability, 


2D 2 1% 4 
P(eft 1/3 box) = [ sin? ( =*) dx = i : cos ( =*)] dx 
0 a a aJo a 


1 4 ere 
= [ = sin( *)]- 8 has, 


3 4a 3 3 An 


The probability is more than one-third. The particle in the first excited state is more 
likely to be in the left-third and the right-third than in the middle third. Question to 
student: What will be the probability of the particle being in the middle-third of the 
box when in this state? Note: no additional calculation is necessary. Ans: 0.06. 


7.5 Shock Waves 


So far we have studied waves that are generated by the vibration in which vibrating particles 
have speeds less than the speed of the wave in the medium. For instance, A vibrating plate in 
air generates a plane sound wave in air if the plate has a speed less than the speed of sound 
in air. When you swim in water you set up a wave in the water which emanate smoothly 
from your motion. 

What will happen if you shoot a bullet into water that has a higher speed than the speed 
of the acoustic wave in water? Near the moving particle the disturbance is very complicated 
and not described by the classical wave equation. However, away from the particle we see 
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Fig. 7.14 The wake of a shock wave behind 
a moving object whose speed u is greater than 
the speed of the elastic wave v in the mater- 
ial. The wave front moves a distance vt in 
the time the displacement of the particle is ut. 
The angle between the wave vector and par- 
ticle displacement vector is 90° —@. This gives 
the relation, v = using. 


waves moving such that there is a cone-shaped wake of wave that intersects at the moving 
bullet, as shown in Fig. 7.14, with the wave fronts parallel to the wake. These waves are 
called shock waves. 

We can deduce an expression for the angle of the shock cone by the observation that the 
plane wave generated by the moving particle will move perpendicularly to the wake at speed 
v. In time t the wavefront will move a distance vt and the bullet will move a distance wt. 
From the figure we see that the projection of the displacement vector wt in the direction of 
the wave must equal vt. Therefore, 


v= using. (7.203) 


A similar phenomenon occurs in the case of electromagnetic waves which are generated 
classically by accelerating charged particles. In a vacuum, charged particles cannot move 
faster than the speed of light, and therefore, we do not see any unusual activity—the elec- 
tromagnetic wave is fully described by the classical wave equations for electric and magnetic 
fields. However, in a material medium, a charged particle can move faster than light in than 
medium since the speed of light in a medium, v, would be equal to the speed in a vacuum, 
c, divided by the refractive index n, 


Now, charged particles in accelerators and in nuclear reactions, can exceed v. In that case, 
the electromagnet waves come out in a cone whose angle is given by Eq. 7.203. These 
are called Cherenkov radiation. This radiation is responsible for the blue glow in water 
surrounding the nuclear fuel in a nuclear reactor. 


EXERCISES 


(7.1) A traveling pressure wave in a three-dimensional space is given by the following 
wave function: 


W (x,y, 250) = 0.05 cos(2a7x + my—- 2072-60072), 


where x, y, and z are in cm, tf is in seconds, and y is in Pa. Determine the following 
quantities. 
(a) Angular frequency and frequency. 
(b) Propagation vector. 
(c) Wave number and wavelength. 
(d) Direction of wave motion. 
(e) Wave velocity. 
(f) Amplitude of the wave. 
(g) The phase change at a particular point in space over a period of 3 msec. 
(h) The phase difference at a particular instant between two points in space with 
coordinates (0,0,1) and (1,0,0). 
(7.2) The electric field of an electromagnetic wave in a vacuum is given by the following 
vector function of space and time, where y is in meters and ¢ is in seconds. 


E=i3x 10°(N/C) cos (2x x 10° t+ kyt a) 


(7.3) 


(7.4) 


(7.5) 


(7.6) 


(7.7) 


(a) Evaluate the frequency, wave number, and wavelength of the wave. 
(b) What is the direction of the travel of the wave? 
(c) What are the directions of the electric field and the magnetic field at the origin 
at t= 0? 
(d) What are the directions of the electric field and the magnetic field at the origin 
at t = 0.25 x 107! seconds? 
(e) What is the amplitude of the magnetic field wave at the following places and 
instants? 
@ x=2z=0,y7=0.03 m, t= 0. 
Gi) x=2z=0,y= 0.045 m, t = 0.05 ns. 
(f) Plot the electric field magnitude versus the y-coordinate of space at the 
following instants on the same graph. 
@ t=0. 
(i) t= 0.25 x 107} sec. 
Gii) t=0.5 x 107} sec. 
(iv) t= 0.75 x 107} sec. 
A plane harmonic elastic wave w (x,y, 2, t) is moving in the direction from (1, 0, 0) 
to (0, 1,0) with amplitude 5 zm, wave number 1000 cm~!, and frequency 2 MHz. 
Suppose the phase constant is zero. What will be the wave function of the wave? 
A light bulb radiates 10 W of light isotropically in space. 
(a) What is the intensity of light 1 m from the bulb? 
(b) What is the intensity of light at 2 m from the bulb? 
A spherical sound wave from a point source at the origin has an amplitude that 
drops with the radial distance r (cm) from the origin as follows: 


A 
v= 2 cos(27r/A — 27 ft), 


where A = 5 Pa.cm, f = 10 Hz, and 4 = 50 cm is the wavelength. 

(a) Find the wave number of the wave. 

(b) What is the ratio of the intensity of the wave at r = 100 cm to the intensity at 
r = 200 cm? 

(c) Plot the wave function at t = 0 from r = 4 to r= 5A. On the same graph, plot 
the intensity and compare the two. 

A particular wave is a superposition of two monochromatic plane waves of different 

frequencies but the same speed v. 


W (X55 25 0) = Ay cos(k,x—- wt) + Az cos(k2x- 2wt). 


What is the intensity of the wave at point (x, 0,0)? 
A wave between two parallel plates parallel to the z-axis separated by a distance of 
a=20 cm along the x-axis is given by 
W(x, 9, 2,0) = Asin (——) cos (272/30 m-2z/ft). 
20cm 
This wave obeys a classical wave equation with speed v = 2.0 x 108 m/s. 
(a) Sketch the standing wave between the plates at t = 0 along the x-axis. 
(b) Verify that the given mixed standing/traveling wave function satisfies the 
classical wave equation and find the value of the frequency of the wave. 
(c) Show that the mixed standing/traveling wave can also be written as a super- 
position of two traveling waves. 
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(7.8) 


(7.9) 


(7.10) 


(7.11) 


(d) Where in the space between plates is the intensity strongest? 
(e) Where in the space between plates is the intensity weakest? 
A wave inside a rectangular pipe of cross-sectional dimensions a x b is given by 


$ 2mx\ . 2ry 
W (x59, 250) = Asin sin b cos (k,z- at), 
a 


where 0 < x < a, 0 < y < band 0O < gz < o. This wave obeys a classical wave 

equation with speed v. 

(a) Sketch the wave at t = 0 in the tube. 

(b) () Find the dispersion relation of the wave, i.e. m as a function of the propa- 
gation wave number &. (ii) From the dispersion relation, deduce the lowest 
frequency that will propagate in the tube. 

(c) Show that the mixed standing/traveling wave can also be written as a super- 
position of two traveling waves. 

(d) Where in the pipe is the intensity the strongest? 
(e) Where in the pipe is the intensity the weakest? 
In the text we have studied sound waves in terms of two variables, the displacement 
6x and pressure incremental 6p. Sometimes a sound wave is studied in terms of 
change in volume 6V. Suppose sound is passing through an air tube of area of cross- 
section A. Then the change in volume at a point where the particle displacement 
is 6x will be AV = Aédx. The rate of volume change will be related to speed of the 
particles as follows 


AV _ ,Ax dv dx 
At At : 


Show that the characteristic impedance, defined by the ratio of pressure and the 
volume flow rate, dV /dt, 


|p| 
Foals, 
[dV /dt| 


is equal to pov/A, where v is the speed of sound and pp the density of the medium. 
A sound wave in air of density 1.225 kg/m? is given by 


dp = 10 [Pa] cos(10z + wt), 


where z is in m. Assume the speed of sound to be 350 m/s. 

(a) What are the wavelength and frequency of the sound? 

(b) What is the intensity of the wave? 

(c) What is the expression of the particle displacement wave for the given pressure 
wave? 

The density and impedance of water at room temperature are 1000 kg/m? and 

1.5 x 10° kg/m?.s. A sound wave in water is given to be 


dp = 10 [Pa] cos(10z + wt), 


where 2 is in m. 

(a) What will be the speed of sound in water at room temperature? 

(b) What are the wavelength and frequency of the sound? 

(c) What is the intensity of the wave? 

(d) What is the expression of the particle displacement wave for the given pressure 
wave? 


(7.12) 


(7.13) 


A pulsating spherical ball (radius a) radiates a spherical acoustic wave in the me- 
dium outside the sphere, which we will take to be air. The radiating pressure wave 
outside the ball can be shown to have the following form: 


A 
p(r,t) = — cos(kr-iwt), (r>a) 
r 


where k is the wave number, w the frequency, and A/a the amplitude at r = a. 
Clearly, the amplitude of the wave drops as 1/r from the source. Let po be the 
density of air and v the speed of sound in air. 

(a) Find the intensity of the wave at a radial distance r from the center of the ball. 
(b) Find the total average power radiated by the ball. 

Whiskey-bottle resonator. (Adapted from Waves, by Frank Crawford, Jr., Berke- 
ley Physics Course — Vol 3). When you blow across the mouth of a bottle you hear 
a tone, which is usually the lowest mode of the longitudinal oscillation of air in the 
bottle. If you think of the entire bottle as a tube of length L with one end open 
and the other end closed, the wavelength for this mode will be 4L. For the speed 
of sound v, this would give the frequency of the tone to be v/4L. This turns out to 
give too low a frequency when compared to the actual sound produced. Helmholtz 
suggested another way to look at this system which gives much better agreement 
with the actual sound produced. 

Suppose Vo is the volume of the body of the bottle, / the neck length, and A 
the area of cross-section of the opening. Let fo be the density of air and pp the 
ambient pressure in the bottle. When the gas in the body expands into the neck to a 
distance x, the volume occupied by this air would be V = Vo + Ax and the pressure 
is p. The relation between (po, Vo) and (p, V) for an adiabatic process is 


pV” = poVy. 


Helmholtz suggested thinking of the air in the bottle as a spring where the spring 

force is equal to (p— po)A that acts on the particles of the air in the neck part only, 

as shown in Fig. 7.15. 

(a) Let the x-axis be along the neck and assume | p—o|/po < 1 to show that the 
x-component of the force on the mass of the air in the neck will be 


Y Po A’ 
Fox 
( Vo ) 


(b) Find the expression of the frequency of the mode generated. [Note: although 
your answer will come out in terms of /, the length of the neck, you would 
need to replace this / by /.¢, which is approximately / + 2 x 0.6R, where R is 
the radius of the neck.] 


po, Vo : co po, Vo xX 


Fig. 7.15 Exercise 7.13. 
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(c) Evaluate the frequency for a bottle with pp = 1 atm, Vp = 1000 cm?, J = 4 cm, 
and A = 8 cm’. Use y = 5/3 and the density of air to be 0.001 g/cem?. Make 
sure you convert units into the same system. 

-| E (7.14) Simulating the sound wave in an explosion. Consider an infinitely long tube of 

area of cross-section A, as shown in Fig. 7.16. Let us place a layer of explosive at 

: . x = 0, that goes off over a time duration tT, which results in a pressure wave towards 

Fig. 7.16 Exercise 7.14. a SOrand tee 10: 

Suppose the displacement w of the particles of air at x = 0* and x = 0" are given 
by the functions shown in Fig. 7.17. 

v (a) Express the pulse in time in terms of Fourier integrals by finding A(w) and 

Bio) in 


W(0, 1) = i * Ate cos(wt) + [ e: B(w) sin(wt). 


O % >t (b) Show that the intensity of the wave in any particular frequency is 
: 2 
Fig. 7.17 Exercise 7.14. ive sin(wt/2) 
ot/2 


(c) Suppose air acts a non-dispersive medium and find the expression of the 
traveling waves in the two directions in the tube. 

(7.15) We have studied the derivation of the electromagnetic wave equation in a vac- 
uum. In a dielectric medium, the polarization of the medium also contributes to 
the electric field. Similarly, if we have magnetic material, the magnetic field has 
a contribution from magnetization as well. To include these effects, we introduce 
two additional fields, the electric displacement vector Dand magnetic intensity H : 
which are defined by the following relations to the electric field E and magnetic 
field B: 


D = €,€0E, H = > 
MrHo 


where €, is called the relative permittivity or dielectric constant and ju, the rela- 
tive magnetic permeability. Maxwell’s equations in matter are then given by the 
following four equations: 


V-D= py, (7.204) 

- = dB 

Vx E=-—, (7.205) 
ot 

V-B=0, (7.206) 

- = = OD 

VxH=Fp+—. (7.207) 


Here p; is the density of free charge, i.e. not the charges due to polarization, and J; 
is the free current. Suppose the medium is homogeneous with e, and jz, constant. 
Let there be no free charges py = 0 or free currents Fy = 0. Starting from Maxwell’s 
equations given here, prove the following aspects of electromagnetic waves in the 
medium. 


(7.16) 


(7.17) 


(7.18) 


(7.19) 


(a) The velocity of a wave through the medium will be 
@ 


Jeri 


where c is the speed of the wave in a vacuum. 
(b) ‘The impedance of the medium will be 


v= 


E r 
z= |B ag (Pr. 
|A| é 


where Zo = .//40/€o is the impedance of the vacuum. 
A plane electromagnetic wave in a vacuum is given by 


E =% Ey cos(kz- at). (7.208) 


(a) What will be the associated magnetic field wave? 

(b) Find the Poynting vector S of the wave. 

(c) Find the energy density wz in the electric field wave. Do the same for the 
magnetic field wave and show that the energy density wz of the magnetic field 
wave is equal to the energy density of the electric field wave. 

(d) Show that the magnitude |S | of the Poynting vector can be expressed in 
terms of the energy density as follows: 


|S| =cu, U= Up + Up. 


(e) Find an expression for the time-averaged Poynting vector in terms of Hp and 
the characteristic impedance Z = ./j49/€ of a vacuum, where Hp = Bo/j10; 
where Bo is the amplitude of the magnetic field wave. 

Suppose a plane electromagnetic wave is incident on a plane absorbing surface at 

an angle @ with the normal of the surface. 

(a) Show that the normal force exerted per unit area, i.e. pressure, will be 


EF, 
P=—= 20, 
A uCos 


where uw is the energy density of the electromagnetic wave. 

(b) Show that if the waves are incident from all angles with equal amplitude and 
the same frequency, i.e. if the averaging is done over the half-space on the side 
of the plate that the incident wave resides, the pressure will be 


(c) What will happen if the surface were a perfectly reflecting surface? 

A microscopic spherical dust particle of radius 2 4m and mass 10 «vg is moving 
in outer space at a constant speed of 30 cm/sec. A wave of light strikes the particle 
from the opposite direction of its motion, and gets absorbed. Assuming the particle 
decelerates uniformly to zero speed in one second, what is the average electric field 
amplitude in the light wave? 

In the problem above, suppose light strikes the particle at 30° to the initial velocity, 
as shown in Fig. 7.18. What will be the particle’s velocity (direction and magnitude) 
after 2 s? Assume complete absorption. 


Initial 
velocity 
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Fig. 7.18 Exercise 7.19. 
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(7.20) 


(7.21) 


(7.22) 


(7.23) 


(7.24) 


Radiation from the Sun has an intensity of 1.38 kW/m? at the surface of Earth. 

This is called solar constant. Other data you may need are: the radius of Earth 

= 6,371 km, the radius of the Sun = 695,800 km, the Earth-Sun distance 

= 149, 600, 000 km, the mass of Earth = 5.972 x 1074 kg, and the mass of the Sun 

= 1.989 x 107° kg. 

(a) Find the intensity of light at the surface of the Sun. 

(b) Compare the force by the radiation pressure on Earth with the gravitational 
attraction of the Sun, assuming complete absorption of light by Earth. 

A Styrofoam spherical ball of radius 2 mm and mass 20 yg is to be suspended by 

radiation pressure in a vacuum tube in an Earth-based lab. 

(a) How much intensity will be needed if completely absorbed by the ball? 

(b) How much intensity will be needed if completely reflected by the ball? 

An astronaut is at a distance of ;R from the Sun, where R is the average Earth—Sun 

distance. He holds a perfectly reflecting mirror of area A perpendicular to the rays 

from the Sun. Find his acceleration due to the radiation pressure alone if his mass 

along with all the gear is //. Assume that the astronaut is completely behind the mir- 

ror so that light strikes the mirror only and the intensity of the sunlight at Earth is Jp. 

Check out the numerical value for M = 100kg, A = 100 m?, and J; = 1,400 W/m?. 

Use Malus’s law to find the intensities /,, 4, and J; in terms of Jp in Fig. 7.19. 


302 0 
Polarizer 1p 1, 1, l, 


Fig. 7.19 Exercise 7.23. 


A polarizer is rotated at an angular speed between two identical stationary crossed 
polarizers, as shown in Fig. 7.20. Find the intensity of the emerging wave in terms 
of the intensity Jp of the light after the first fixed polarizer. 


Unpolarized | 
lo 


l, 1 


Polarizer 1 Rotating Polarizer 2 
Polarizer 


Fig. 7.20 Exercise 7.24. 


(7.25) 


(7.26) 


(7.27) 


(7.28) 


(7.29) 


(7.30) 


The following vectors give the electric field of an electromagnetic wave at the origin 
of a Cartesian coordinate system while traveling towards the positive z-axis. Draw 
these vectors for the following values of time ¢ in units of the period of the waves: 
t=0, 4, 5, 3,1. 

(a) cos(27rt) 

(b) 4 sin(2z71) 

(c) cos(27t) +) sin(271) 

(d) x cos(2mrt) —» sin(271) 

A circularly polarized light is often represented using a complex notation. 
There are two circularly polarized waves, one rotating clockwise and the other 


o> > &> 


R 


counterclockwise. 


By = (+51) Eyl, le, 
z-5 3) Eye, (7.210) 


tu 
nN 
ll 
pn 


where 7 = /—1 and % and 4 are the unit vectors pointed towards the positive x-and 

positive y-axes respectively. 

(a) Find the real parts of the given complex fields. 

(b) Which one of these waves would appear to rotate clockwise and which 
one counterclockwise when viewed from the positive z-axis? Why? Note: 
The counterclockwise rotating polarization is also called right-circularly 
polarized and the clockwise rotating polarization is called the left-circularly 
polarized. 

(c) Find the magnetic field waves corresponding to these electric field waves. Hint: 
Work out the x- and y-components separately and then put them together. 

A circularly polarized light has the following electric field: 


= 2 2 
E=E£E) [eos (2nn- =.) + ¥sin (2nn- =.) ; 


The wave passes through a linear polarizer whose polarizing axis is pointed 45° 

counterclockwise to the x-axis. Find the intensity of the emergent wave in terms of 

the intensity of the incident wave. 

No light can pass through two crossed polaroids whose axes are 90° to each other. 

Light however can get through two crossed polaroids if a third polaroid is inserted 

between the two in an appropriate way. What should be the angle between the axis 

of the polaroid in the middle and the axis of the first polaroid so that the intensity 

of the transmitted light is 5% of the intensity of unpolarized light incident on the 

first polaroid. 

A polaroid is rotated between two fixed crossed polaroids at a frequency of f 

Hz. Find the variation of emergent intensity with respect to time in terms of the 

incident intensity Jo of the unpolarized light and the frequency f of rotation of the 

rotating polaroid. 

What are the wavelengths of the matter waves corresponding to the following 

objects: 

(a) a50 kg person running at 10 m/s, 

(b) an electron (m = 9.1 x 10°! kg) moving at (i) 10 m/s, (ii) 10+ m/s, 
(iii) 108 m/s, 

(c) aproton (m = 1.67 x 10-?” kg) moving at (i) 10 m/s, (ii) 10* m/s, (iii) 10° m/s? 
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(7.31) 


(7.32) 


(7.33) 


An electron’s position in the hydrogen atom is known with an uncertainty of 
107° m. 

(a) What is the uncertainty in its momentum? 

(b) What is the uncertainty in its speed? 

An electron is in a one-dimensional potential well of width a with infinite potential 
walls on the two sides. The electron is in the lowest energy state. What is the 
probability that the electron will be in 

(a) the right half of the well, 

(b) the right-hand quarter of the well, 

(c) the right-hand fifth of the well? 

An electron is in a one-dimensional potential well of width a with infinite potential 
walls on the two sides. The electron is in the first excited state. What is the 
probability that the electron will be in 

(a) the right half of the well, 

(b) the right-hand quarter of the well, 

(c) the right-hand fifth of the well? 


Reflection and Transmission 
of Waves 


Chapter Goals 


In this chapter we will study what happens when a wave arrives at a discontinuity in the 
medium. The wave may be reflected, absorbed, and/or transmitted. We will also study 
structures that help to guide a wave. 


When we studied waves traveling in an open space we assumed that the medium in which 
the waves moved was infinite in extent. Realistically, no medium will be infinite in extent and 
the question arises as to what happens when the wave reaches the boundary of the medium 
in which it was generated? Will the wave be reflected back into the same medium or enter 
the next medium? What properties of the two media decide what will happen when the wave 
arrives at the boundary? We will address these questions in this chapter with examples from 
different areas of physics. To keep the mathematics simple and for the sake of continuity 
in our discussions we start with waves of transverse oscillations on strings. The results for 
one dimension can be applied directly without any modifications to plane waves in three 
dimensions with plane boundaries in which waves travel perpendicularly to the boundary. 


8.1 Waves in Different Media 


8.1.1 Wavelengths in Different Media 


In the case of the waves on a string, the string is the medium of the wave. Suppose, we tie two 
strings of different mass densities 4; and j42 with a knot, and attach the ends to a vibrator at 
one end and a fixed post at the other, so that there is uniform tension T throughout the two 
strings, as shown in Fig. 8.1. Now, when we turn on the vibrator, a wave will be transmitted 
towards the knot. We call this wave the incident wave. When the wave arrives at the knot, 
the knot is vibrated by the incoming wave. As a result the knot acts as a wave transmitter 
sending waves in the two directions, one in the second string, called the transmitted wave 
and the other in the first string, called the reflected wave, which moves in the opposite 
direction to the wave coming from the vibrator. The reflected wave will come back and 
strike the vibrator. 

Suppose the vibrator is vibrating at a particular frequency w. Then, the frequencies of 
the three waves, incident, reflected, and transmitted, will all be the same as w. However, two 
of these waves, the incident and reflected, move in a medium of wave speed vy; = /T/t1; 
which is different from the transmitted wave, which moves in a medium of wave speed 
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Fig. 8.1 Harmonic waves on two connected 
strings with different mass densities and the 
same tension. The frequency of the wave is set 
by the frequency of vibrations of the wave gen- 
erator. The wave has different wavelengths in 
the two media because the speed of the wave 1s 
different in the two media, while the frequency 
is the same. The configuration of the string on 
the left at a particular instant 1s obtained by 
the sum of the two waves on that part of the 
string at that instant. 
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x=0 


Fig. 8.2 Two strings are tied on two sides of 
amassless ring which slides on a rod friction- 
lessly. The rod provides additional horizontal 
force so that the tensions on the two sides can 
be different. 


v2 = /T/[2. As a result, the wave number , of the incident and reflected waves will be 
different from the wave number k2 of the transmitted wave, 


ky = /v, = @/ 11/T, (8.1) 
ko = 0/02 = OV M2/T. (8.2) 


Since the wave number k of a wave is related to the wavelength A by k = 277/A, this says 
that the wavelengths of a wave of the same frequency will be different in the two media. Let 
A, and Az be the respective wavelengths, then we have 


i da 2 = 
i) Ga aw : 


8.1.2 Boundary Conditions at the Junction 
of Two Media 


Suppose the two strings in Fig. 8.1 are semi-infinite in extent, that is, we assume the vibrator 
and the post are far away from the knot at x = 0. Suppose the strings are tied together 
smoothly and the knot is considered to be massless. Let wy (x, t) and w2(x, t) be the transverse 
y-displacements of the string on the left of x = 0, i.e. when x < 0, and on the right of 
x = 0, ie. when x > 0, respectively. Since the strings are continuous at the junction, the 
displacement of the string at the boundary at x = 0 must be the same whether we use yy; or 
wz for the displacement at that point, 


Boundary Condition #1: Continuity, (0,2) = W2(0, 2). (8.4) 


With the knot being assumed to be massless, the mass times acceleration of the knot would 
be zero. This means that the net y-force on the knot will be zero. The y-force on the knot 
from each side would be equal to the corresponding tension times the slope of the strings 
on that side. This gives the second boundary condition at the junction of the two media: 


a a 
Massless junction: T (=) =F (=) ; (8.5) 
Ox). o- Ox J ,-o+ 


Canceling the tension from the two sides, we obtain a simpler boundary condition when the 
tensions in the two strings are equal, 


Boundary Condition #2: Massless junction (Case 7; = 72), 
a) _ (ave G6) 
AEE cae N22 Hvcree 


However, the strings could be fastened, not necessarily directly to each other, but through 
an intermediary such that tensions could be different in the two strings. For instance, if the 
strings are tied on the two sides of a ring which is mounted on a rod so that the ring slides 
frictionlessly, as shown in Fig. 8.2, then the rod can provide additional horizontal force, and 
tensions may not be equal on both sides. Let T, and 7> be the tensions on the strings on 
the left and right sides of the junction. Then, the second boundary condition on the waves 
on the two strings would be 


Boundary Condition #2: Massless junction (7;, T> arbitrary), 
a a 8.7 
n (4) - 1, (2) (8.7) 
Oe HP osaig= Cee Hi coset 


Equation 8.7 covers a more general scenario than Eq. 8.6 and will be used below before we 
specialize to the 7; = Tz case. Equations 8.4 and 8.7 are the boundary conditions that any 
wave function on the strings must satisfy. 


8.2 Reflection and Transmission of Waves 


8.2.1 Reflection and Transmission Coefficients 


An important application of the boundary conditions discussed above is the study of re- 
flection and transmission (or refraction) at the boundary. As an example, consider two very 
long strings of mass per unit length jz; and 2 respectively, fastened together at x = 0, as 
shown in Fig. 8.3. Let the knot at the junction be massless so that the tensions 7; and 7> in 
the two strings would be equal here. 

Let the wave be generated continuously in the left string by vibrating the end at x = —oo 
harmonically at frequency w. The wave generated in the left string, that is traveling towards 
x = 0, is called the incoming or incident wave and will be denoted by win. Let us use 
complex number notation for waves since algebra with complex notation would be simpler, 


Vins) = Ab), (x < 0) (8.8) 
where 
o eal 
ky = — =o./—, 8.9 
1 n 7) Ti (8.9) 


and A is the amplitude of the incident wave. When the incident wave arrives at the junction 
at x = 0, it vibrates the element at x = O continuously. In a sense the incoming harmonic 
wave acts as a vibrator at x = 0. Now, if you were to take the original two-string system and 
place an external vibrator at x = 0, you would find that such a vibrator would produce two 
waves, one going towards x = —oo and the other towards x = oo. The same will happen as a 
result of vibration of the element at x = 0 caused by the incoming wave Win. The wave going 
towards x = —oo is called the reflected wave, which will be denoted by <, and the one 
going towards x = oo is called the transmitted wave, which will be denoted by Wr. Since 
the frequencies of the waves are set by the vibrations, which here is w, the expressions for 
the two waves generated at the junction x = 0 would be given by the following expressions: 


Vie(x, 2) = BeM*t09, (x < 0) (8.10) 
Vir (xs) = Ce&M@18-89, (x > 0) (8.11) 

where 
pe Sel, (8.12) 
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Region I: x <0 Region II: x > 0 


incident —» | —-» transmitted 
(4,7) reflected <— (ly, Tp) 


Fig. 8.3 Incident, reflected, and transmitted 
waves on two strings fastened at x= 0. The 
wave function 1 on the left string is the sum 
of the incoming wave and the reflected wave, 
and the wave function W2 on the string on the 
right is the transmitted wave. 
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Note that there are two waves on the left of x = 0, namely Wi, and y,.. Therefore, in Region 
I (x < 0) the wave function will be a superposition of these two waves. In Region II (x > 0), 
there is only one wave, yw. Let us write the waves in the two regions now. 


Region I: (x, 0) = (Ae™!* + Be™1*) e"', -00 < x < 0 (8.13) 
Region II: w(x, 0) = Cel®2*e!@', 0 <x < 00 (8.14) 
Boundary: x= 0. 

Note that the amplitudes A, B, and C may be complex with an amplitude and a phase 


constant. It is customary and also useful to introduce reflection and transmission coefficients 
p and t by the ratio of the reflection and transmission amplitudes to the incident amplitude, 


p=B/A, t=C/A. (8.15) 


The boundary conditions here are the continuity of the wave function and the continuity of 
the slope of the wave function at x = 0. Applying them we get the following relations among 
the coefficients: 


1+p=tT (continuity at x = 0), (8.16) 
1T,k, (1-—p) =iT2k2t (zero y-force at x = 0). (8.17) 


Equations 8.16 and 8.17 can be solved for the reflection and transmission coefficients 


p and t, 
Ti k, — Trk2 
ee 8.18 
Pe ik Toke ete) 
2T)k 
atte (8.19) 


Thee 


Since the tensions in the two strings are equal here, we can cancel out the 7”s from these 
equations. This yields reflection and transmission coefficients solely in terms of the wave 


numbers, 
ky —ko 
= 5 8.20 
Poe dhs (8.20) 
2k 
T= rt (8.21) 
ki +k 


It is possible to rewrite Eqs. 8.18 and 8.19 in terms of the wave-related properties of the 
two media, such as tension and wave speed, by dividing the numerator and denominator of 
Egs. 8.18 and 8.19 by w and using the dispersion relations w? = v7/k} and w* = v3/k} for 
waves on a taut string, 


_ T1/v1 — T2/v2 


a a (8.22) 
T1/v%4 + T2/v2 


2T;/% 


a 8.23 
T,/v1 + T2/v2 Se, 


Reflection and Transmission of Waves 283 


These relations are often written in terms of impedance of the two media. Let 7, and Z2 be 
the mechanical impedance of the two strings. The impedance of a string was found to be 


Z= * = J/pT. (8.24) 


Therefore, Eqs. 8.22 and 8.23 can be written in terms of the impedance of the two media 
by using Eq. 8.24: 


11-22 
= 5 uD 
@ Z,+2Z2 © >) 
22, 
= ; 8.26 
TD ee, 


These are more general equations than Eqs. 8.20 and 8.21 since the latter are only applicable 
when tensions in the strings are equal. Equation 8.25 shows that if the two media have 
equal impedance, then there is no reflection. This condition is called impedance matching. 
When two media have matched impedance all the energy of the incident wave simply moves 
on into the second medium. 

Equation 8.25 shows that the reflection amplitude will have an opposite sign to that of 
the incident wave if Z; > Z,. Therefore, if the wave is driven into a higher Z = ./uT string, 
then the reflected wave will be 180° out of step with the incoming wave at the boundary. 
That is, if the phase constant of the incident wave at the boundary is zero, then the phase 
constant of the reflected wave will be z radian, 


Win(x = 0,2) = A cos(wt), (8.27) 
Wre(x = 0,2) = B cos(wt-—2) =-B cos(@t). (Z2 > 2) (8.28) 


In Fig. 8.4 we plot the incident, reflected, and transmitted waves at 1/8-th periods. The 
figure also shows the sum of the incident and reflected waves, which would be the wave 
observed on the left string. Each particle of the string moves up and down as the wave 
travels along the horizontal direction. The figure shows the inverse phase relation between 
the incoming wave and the reflected wave for Z; = 1 and Z2 = 4. The net wave on the left 
matches with the transmitted wave on the right, both in amplitude and slope, at the junction. 


8.2.2 Perfect Reflection 


Suppose, instead of tying to the right string, the string to which the wave generator is at- 
tached is tied to a fixed support. That is, we have one string which is being vibrated at some 
point, say, x = —oo, and a wave is being sent down the string towards the positive x-axis, and 
let the string be attached to the fixed support at x = 0. We can think of the fixed support 
as if the second string in the example above has an infinite mass density, making Z2 = oo. 
Therefore, the large Zz limit of Eqs. 8.25 and 8.26 will give us a reflection from a massive 
string or a fixed post, 


Reflection from fixed end: 


p= lim =-1, (8.29) 


=0. (8.30) 
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Fig. 8.4 Incident, reflected, their sum, and 
transmitted waves on two strings (2; = 1, 
22=4) fastened at x=0 at various times. 
(a) t=0, () t=2T/8, ( t=4T/8, 
(d) t=6T/8, (e) t=7T/8, (f t=8T/8, 
where T=2n/w is one period. The wave 
function 1 on the left string, shown as a 
solid line on the left of x = 0, is the sum of the 
incoming wave (dotted) and the reflected wave 
(dashed), and the wave function v2 shown as 
a solid line on the right of x = 0 on the string 
on the right is the transmitted wave. 


That is, the wave will be fully reflected with the same amplitude as the incident wave, but 
opposite phase and there will be no transmission for reflection from a fixed post. The right- 
moving wave and the left-moving wave add up to give a standing wave on the string, 


Acos(kx- wt) + (-1)A cos(kx + wt) = 2A sin(kx) sin(wt). (8.31) 


8.2.3 Perfect Termination and Impedance Matching 


From Eq. 8.25 we find that if impedance of the second medium is equal to the impedance 
of the first, i.e. when the impedances are matched, the reflection coefficient will be zero, 


p=0 when Z = Z3. (8.32) 


That is, the first string will not experience a recoil force and the wave will seamlessly enter 
the second string as if the boundary were not there. In this case the length of the second 
string does not matter since the second string just moves with the first string as the inci- 
dent wave arrives at the junction. We say that the second string is a perfect terminator of 
the wave. 
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Example 8.1 Energy Conservation 


In the last chapter we found that the energy in a wave over a distance of a wavelength A for a sinusoidal wave of amplitude A, 
frequency w, and wavelength A traveling on a string of linear density jz is given by 


1 
EB, = 5 pawA?. (8.33) 
This energy will pass through any point of the string in one period, 27/w. Therefore, the rate at which energy passes through any 


point of the string, i.e. the power, will be 


E, 1 3 42 1 2, 2 
7 = pe = A. 8.34 
2n/o 4n°® Qn OD 


We can arrive at this result also from a more general argument about power, 
P=uv, 


where uw is the energy density, given by E,/A. The expression for power in Eq. 8.34 can also be written more compactly in terms of 
impedance Z = Tw. By using v = ./T/ and after some algebra, you will find that 


1 
P= 5 Zara. (8.35) 


You can check that the unit of P is ¥/s. Use this expression for power in a wave to verify the conservation of energy when an incoming 
wave generates reflected and transmitted waves at the boundary of two media, discussed in the last section. 


Solution 


The incoming wave brings energy U; with each cycle, since all energy contained in one wavelength of the incoming wave on the 
string on the left of the junction will arrive at the junction in one cycle, 


2 
U,= Px  =2Z0A. (8.36) 
o 
Similarly, in each cycle, the energies in the reflected and transmitted waves are 


U, = 1Z;wA’p’, (8.37) 
U, = 1Z,wA*t?. (8.38) 


The sum of the energy of outgoing waves from the junction at x = 0 must equal the energy of the incoming wave. Let us verify that 
this is indeed the case. We use Eqs. 8.25 and 8.26 to replace p and 7, the reflection and transmission coefficients. 


Z 
U, + U, = 1Z,;042 ( + Fe) 
1 


piel | Bae) oat OY 
: At)  \24+B 


aZ,;0A? = Uj. 
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Region I: x <0 Region II: x > 0 


incident —» Pa —» transmitted 


(wT) reflected <— mn (sT) 


Fig. 8.5 A bead on a string will reflect the 
wave on the string. The net force on the bead 
by the oscillations of the three waves at x= 0 
gives rise to a net vertical acceleration of the 
bead. The calculation in the text shows that 
the reflected wave and the transmitted wave 
have a phase shift with respect to the phase of 
the incident wave. 


8.3 Scattering of a Wave from a Mass 
on the String 


When we discussed the reflection of a wave we assumed that the mass at the junction of the 
two regions was zero. What would happen if the junction were not massless? The simplest 
way we can investigate this question is to place a bead of mass m but of infinitesimal size on 
a string and send a traveling wave towards the bead, as shown in Fig. 8.5. For simplicity we 
will now work with the same Z on both sides of the junction where the bead is located. 

Just as above, there will be incident and reflected waves in the region I (x < 0) anda 
transmitted wave in region II (x > 0). Since the two strings have the same v for the waves 
ki =k, =k, 


Region I: yr (x, 2) = (Ae + Be™*) e!", -00 <x <0 (8.39) 
Region II: w(x, 1) = Cele", 0 < x < 00 (8.40) 
Boundary: x= 0. (8.41) 


Now, we impose the boundary conditions at x = 0. The first boundary condition comes 
from the continuity of the string at x = 0. This gives 


Eye On (8.42) 


The second boundary condition in Eq. 8.7 requires a massless knot. Now, that is not the 
case. Therefore, we will not have that boundary condition any more. Instead, we will have 
F, = may for the bead at x = 0 with 


dv 0,2) 
y= 323 (8.43) 
and F, given by 
T [ eae? | T [eee | ; (8.44) 
ax g= Ot ax S02 


Therefore, in place of Eq. 8.7 we will have the following equation: 


Aya (x, ae *¥ (0, 
rf TAG: 2) eae ] = ey ee 
Ox x=0t Ox x=0- ot 
Therefore, using yf for the right side we get 
ikT (B-A+C) =-moa’C, (8.46) 


The same result will be obtained with y; on the right side. Simplifying, we get 


moe 
AxB= (1-: Je (8.47) 


2 : : : 
“2 by the symbol 6, we can write this equation as 


Denoting “77 


mow 


A-B=(1-18)C, b= : 
(1-78) oT 


(8.48) 


From Eqs. 8.42 and 8.48 we find the reflection and transmission coefficients to be 


_B_ 68 Bere ane 
ee ee es er ee 


These coefficients are complex. Let us write them in the polar form for complex numbers: 


id - 2 is 
= > == aa 8.50 
eT |p| e 3-75 |t| (8.50) 
with 
Wis = goatee (8.51) 
p Te 5 an 2 . 
4 5 
|t| = > @=tan! -. (8.52) 
4+ 62 2 
Then we have B and C as 
B=Alple®, C=Altle®. (8.53) 


When we put these into the wave functions we get the following for the reflected and 
transmitted waves when the incident wave is Win = A cos(kx - wt): 


Wre =A |p| cos(kx-wt +0), (8.54) 
Wr =A|t| cos(kx-awt+ ). (8.55) 


The non-zero phase constants 6 and ¢ tell us that the presence of the bead causes phase 
shifts in the reflected and transmitted waves. The student is encouraged to study the phase 
constants for m = 0 and m — oo limits. As m — 0, all the incident wave should be 
transmitted; nothing should be reflected since the two sides of x = O are strings with the 
same properties. You will also find that if you take m — oo, the phase of the reflected wave 
would be 180° and that of the transmitted wave @ = 90°. 


8.4 Reflection of Electromagnetic Waves 


As an example of reflection and transmission in more than one dimension we will now work 
out the reflection of plane harmonic electromagnetic waves from a planar boundary. If the 
wave is incident normally on the boundary, then we do not need to do more than what we 
have done for the wave on a string. All the results will be the same since the electromagnetic 
wave can be thought of as one-dimensional wave. However, if the wave is incident at some 
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Fig. 8.6 The geometry of incident, reflected, 
and transmitted waves. The propagation vec- 
tors Ri, Rr, and kr are in the direction of 
the three waves respectively. In the transverse 
electric (TE) case, the electric field oscillates 
in the direction perpendicular to the plane 
and in the transverse magnetic (TM) case, 
the magnetic field oscillates in the direction 
perpendicular to the plane. 


angle to the interface, the reflection and transmission coefficients will also depend upon the 
angle of incidence. 

It turns out that Maxwell’s equation imposes boundary conditions on electric and mag- 
netic fields that relate the components of electric and magnetic fields on one side of the 
interface to the corresponding values on the other side. We will denote the electric and 
magnetic fields in the two media by attaching subscripts 1 and 2 to the corresponding sym- 
bols as E 1b B, 5 E >, and Bo. Let z = 0 be the plane of interface between two dielectric media 
characterized by electric susceptibility and magnetic permeability (€;, 41) and (€2, 42); then 
Maxwell’s equation can be used to deduce the following boundary conditions, assume no 
charges or currents at the interface. 


Boundary conditions at z = 0: 


€,2\, = €2Fox, €: Ey = €2F2y, Fiz = E22, (8.56) 
1 1 1 1 
Bix = Boxy Biy = Boy, Biz = Boz. (8.57) 
My My Ly My 


We will now use these boundary conditions to derive the reflection and transmission co- 
efficients for electric and magnetic field waves. To be concrete, let us consider a source 
of electromagnetic waves in a medium with electric and magnetic susceptibilities (€1, 11). 
Suppose the waves then strike the interface at an angle 6; with respect to the normal to the 
interface, as shown in Fig. 8.6. Let the reflected wave travel in the direction at an angle 6; 
with respect to the normal, and the transmitted wave in the second medium with electric 
and magnetic susceptibilities (€2, 42) moves in the direction of angle 92 with respect to the 
normal. 

The directions of the incident, reflected, and transmitted waves form a plane, called the 
plane of incident. The direction of E and B fields with respect to the plane of incidence 
gives us two special cases—transverse electric (TE) and transverse magnetic (TM)— 
separately. In the TE case, the electric field points perpendicular to the plane of incidence 
and the magnetic field points in a direction in the plane. In the TM case, the magnetic field 
points perpendicularly to the plane of incidence and the magnetic field points into the plane. 


8.4.1 Transverse Electric (TE) Case 


Figure 8.7 shows the electric and magnetic field directions for the incident, reflected, and 
transmitted waves for TE case. In drawing the vectors for the three waves I have chosen 
instants when the electric field vector at those points pointed up towards the positive y-axis. 
Beware that the overall signs in our formulas for reflection and transmission coefficients 
will depend on this arbitrary choice that we have made to perform the calculation since the 
calculations are done using components of these vectors. 

Let Eo be the amplitude of the incident electric wave and let us write o, Ey and t, Eo for 
the amplitudes for the reflected and transmitted waves respectively, where p, and tT, are the 
reflection and transmission coefficients. I have attached a subscript | to the symbols for 
the reflection and transmission coefficients to indicate that our results are tailored to the TE 
case in which the electric field is perpendicular to the plane of incidence. With the xz-plane 
being the plane of incidence and the z = 0 plane be the plane of interface between the two 
media, the electric waves will have the following components: 


Incident: Ex =0, Ep = Eye fete) 6, Ey, = 0 (8.58) 
Reflected: Er, = 0, Epy = py Eye @R***R) Er. = 0 (8.59) 
Transmitted: Er, =0, En = T Bye bret hte?) OB, = 0 (8.60) 


The associated magnetic field waves can be obtained from kx E = oB, with w/k = v, 
which is the speed of the wave in the appropriate medium. The magnetic field will have the 
4y-component zero and x- and z-components non-zero. The magnetic field components are 
related to the electric field components as follows: 


kz Ry 
5, 3- By By =0, B= — &. (8.61) 
(62) @ 


Using Fig. 8.8 and v; = w/k for waves in medium 1 and v2 = w/k for the transmitted 
wave in medium 2, with v = 1/,/eu for the corresponding medium, we obtain the following 
expressions for the magnetic field in the three waves. The components of the magnetic field 
are obtained as 


Incident: Br = ——® cos 0, By =0, Br = <b sin 6,, (8.62) 
V1 U1 
E E 
Reflected: Bry = ey cos@;, Bry =0, Br: = ee. sin 6}, (8.63) 
U1 7 V1 
En, En. 
Transmitted: Br. = ——® cos 62, By =0, Br; = — sin 63. (8.64) 
U2 U2 


Incident Reflected Transmitted 
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Fig. 8.7 The directions of electric and mag- 
netic field vectors for the TE mode reflection. 
The xz-plane 1s the plane of incidence and E 
is perpendicular to this plane. 


Fig. 8.8 The directions of electric and mag- 
netic field and propagation vectors for the TE 
mode reflection. The circle with a dot is an 
indicator for pointed-out-of-page direction. 
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Satisfying Boundary Conditions on the Electric Field 


For boundary conditions, we need the net electric field at the boundary on each side of the 
boundary. In medium 1, we need to add the incident and reflected fields to obtain the net 
field, while in medium 2 there is only the transmitted field. The boundary condition on the 
electric field yields the following equation after canceling out the common factor Eye! and 
setting z = 0: 


IR RX 


ete + 9 = 7, eh Te®, (8.65) 


This equation must be satisfied at all values of x. Therefore, we must have the exponents 
equal to each other, 


Rix = Rrx = Rry. (8.66) 


This yields the following relation for the reflection and transmission coefficients after 
canceling out the common factor: 


1l+p,=T,. (8.67) 


Now, since we have a plane harmonic wave, the magnitude of the wave numbers in the two 
media will be related by the speeds in the two media, while the wave number for incident and 
reflected waves will be same. By working out the components of the wave number vectors 
in the figure it is readily seen that 


ky sin, = k; sind; = kp sin 62. (8.68) 


From the first equality we get 
0, = 61, (8.69) 
that is, the angle of reflection is the angle of incidence, and from the second equality we get 
k, sin@,; = kp sin 62. (8.70) 


Now, we replace the wave number in a medium by w/v, where v is the speed of the wave in 
the medium, 


Oo. oO. 
— sin@, = — sin§3. (8.71) 
V1 U2 


Now, canceling out w and multiplying by the speed of light c in a vacuum, we can rewrite 
this in terms of the refractive index n of the medium, which is defined by 


n=-. (8.72) 
Thus, Eq. 8.71 is also written as 


ny, sin, = n2 sin 2. (8.73) 


This relation is also called Snell’s law of refraction. 


Satisfying Boundary Conditions on the Magnetic Field 


The continuity of B/ f4 across the interface gives two equations here, one for the 
z-component and the other for the x-component. You can show that the z-component equa- 
tion does not give a new relation, you get the same relation as Eq. 8.67. The x-component 
gives 


T 
cos @; + Pd 608 a= + cos 0. (8.74) 
ViM1 U1 022 


Note that 1/y1v; = 2, the characteristic impedance of medium 1, and similarly for 
medium 2, we can rewrite this equation in terms of 7, and Z, 


(Z; cos 6;) (1-1) = (Z2 cos 62) TL. (8.75) 


Fresnel Equations for the TE Case 


Solving Eqs. 8.67 and 8.75 gives us the reflection and transmission coefficients for the TE 
case. To solve them, we can write Eq. 8.75 as 


1-p. = ft, (8.76) 
with 
Z> COS 3 
=, 8.77 
Z cos 0, ( ) 


From Eqs. 8.67 and 8.76 we get 


1-B _ 4, cos0, —Z2 cos 62 


= 5 8.78 
1+B Z, cos + Z, cos 62 ( ) 


PL 


2 _ 2Z, cos; 
1+B Z,cos@; + Z2 cos. 


TL (8.79) 
These relations are called Fresnel equations for the TE case. To emphasize that these equa- 
tions refer to the geometry in which the waves are polarized perpendicular to the plane of 
incidence, we attach a subscript of L to the quantities here, 


_ 21 C086 — Z2 Cos 2 


> 8.80 
Z, cos 0; + Z2 cos 62 ( ) 


PL 


- 2Z, cos 0; 
+ 7, cos 0; + Z2 cos 02 


(8.81) 


The magnetic susceptibility of dielectric materials does not vary by much. In that case, we 
can rewrite these relations in terms of refractive indices of the two media by employing the 
following relation for the impedances: 


Ar ele ZA = a using [Wy = M2 = bh (8.82) 
cu cu 


This gives the following for the reflection and transmission coefficients: 


N, COS 0, — Nz COS 2 
p. = —————_,, (8.83) 
ny, COS 0; + Nz COS A 


_ 2n, cos 6; 
TT! , (8.84) 
nN, COS 0; + nz COS O2 
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Fig. 8.9 The directions of electric and mag- 
netic field vectors for the TM mode reflection. 


Fig. 8.10 The directions of electric and mag- 
netic field and propagation vectors for TM 
mode reflection. 


8.4.2 Fresnel’s Equations for the Transverse 
Magnetic (TM) Case 


In the TM case the magnetic field is perpendicular to the plane of incidence and the electric 
field is pointing in a direction in the plane of incidence. We say that the electric field is 
parallel to the plane of incidence and denote reflection and transmission coefficients of the 
electric field waves by the subscript ||, as in p; and t respectively. Now, when we draw 
the electric and magnetic field vectors in the incident, reflected, and transmitted waves, as 
shown in Fig. 8.9, we find a different picture from what we had for the TE case. To work 
with components it is useful to draw out the field vectors in the plane of incidence. This is 
done in Fig. 8.10. It is seen that the x-component of the electric field vector is parallel to the 
interface. Writing the x-components of the electric field in terms of their magnitudes, 


Incident: Eo;, Reflected: Eor = pyEo;, Transmitted: Eo = ty Ez, (8.85) 


and the angles that the propagation vector makes with the normal, we find the following 
expressions for the x-components of the amplitude of the waves: 


Ey, = Eor cos 6, Er, = —Eor cos 6, Er, = For COS 2. 
(8.86) 
Er =—-Epoy sin 6,, Epz = —Eor sin 6}, Erz = -Kor sin 62 
/ 
Jf 
x x x 
- Ey 
E > > * 
T ky kp kr 
1 >z 1 > Zz = > Zz 
3 B 
B © Br a 
on af | © oo 
” R Oy 
Incident Reflected Transmitted 


The continuity of the parallel components (here x- and y-components) of the electric field 
across the interface gives the following relation from the x-components: 


cos 4; — py Cos 6; = Ty cos A>. (8.87) 


Since 6; = 61, we can write this in the following form: 


1— py = Ty. (8.88) 
The continuity of the parallel component of B / across the interface gives 
1 1 
— (Bor + Bor) = — Bor. (8.89) 
Mi L2 


The amplitudes of the magnetic field and electric field waves in each of the media are related 
by Bo = Eo/v, where v is the speed of the electromagnetic wave in the medium. Using this 
we get the following relation: 


1 1 
(Zor + For) = For. (8.90) 
M1V M202 


Dividing out by £7, we write this equation as an equation for the reflection and transmission 
coefficients, 


amet 
1+ P| = 
1202 


t). (8.91) 


Now, Egs. 8.88 and 8.91 can be solved simultaneously for py and 1 to yield the following 
Fresnel’s equations for the TM case: 


[1 V1 COS Oy — [L2V2 COS A2 


P| = (8.92) 


[V1 COS Oy + [L2V2 cos 62” 


2122 COS O; 


T| (8.93) 


[41 V1 COS A, + f42V2 COS 42° 


By substituting Z = 1/yv for each medium we can rewrite these expressions in terms of the 
characteristic impedances, 


_ 220080; — Z; cos 62 
Zz cos 0, + Z; cos O° 


ra (8.94) 


2 2Z, cos 6; 
Zz cos 6; + Z; cos 62° 


q (8.95) 


For non-magnetic materials, 4; = U2 = (4, we can write these relations in terms of the 
refractive indices of the two media, 


Nz COS 9, — nN; COS 42 


P| = (8.96) 


2 
Nz COS 4, + ny, COS Az 


2n, cos 0; 


Ty = é (8.97) 
Nz COS O; + nN; COS Az 
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8.4.3 Consequences of Fresnel’s Equations 


It is interesting to explore how the coefficients of reflection and transmission vary with the 
incidence angle 6,;. We will use the expressions in Eqs. 8.83, 8.84, 8.96, and 8.97. Let us 
use Snell’s law, 


ny sin, = nz sin 2 


and express the angle of refraction 62 in terms of the angle of incidence 6, and the ratio of 
the refractive indices of the two media, 


ny COS 04 — Va = n sin? 6; 
pLl= > (8.98) 
ny, COS, + Va - m sin? 0, 
2n; cos 6; 


T= 3 
n, COS, + J - n sin? 0, 
Nz COS A; — (m1 /N2),/ na = m sin? 6, 
(8.100) 


Al = > 
Nz COS O; + (m1 /N2) ne - nm sin? 6, 


(8.99) 


2n; cos 6; 


Nz COS A, + (1 /N2),/ nm = nm sin? 6; 


Before we discuss the behavior of these coefficients and their physical implications for all 
angles of incidence, let us look at the simple case of normal incidence. When a ray is inci- 
dent normally, the angle of incidence will be zero and so would be the angles of transmission 


qT = (8.101) 


Normal Incidence 


and reflection, 
Normal incidence: 6; = 0. (8.102) 


Taking the limit of 6, = 0 in Eqs. 8.98-8.101 we get the following for the coefficients: 


pL= =-/\> (8.103) 
n+n 
2 
tat sy. (8.104) 
ny +n 


The equality of the reflection and transmission coefficients for the TE and TM cases occurs 
because of the fact that when 6; = 0, there is no plane of incidence since the propagation 
vectors Ris Rr, and kr are collinear. In the case of a light wave incident from air, refractive 
index 7; = 1.0, on a glass plate such as a microscope slide of refractive index m2 = 1.5, the 
reflection and transmission coefficients will be 


General Incidence 


Now, to study the behavior at all angles, we plot p,, tT; ej, and t versus the incidence angle 
6; in the range 0 < 6; < 90° for the air/glass case with m; = 1.0 and m2 = 1.5. The plot in 


0.5 + 4 
0.0 
[56.3°] 

-0.5 + 4 
-1.0 Co 1 1 1 1 1 a 
0 20 40 60 80 

@ (deg) 


Fig. 8.11 shows that p, is always negative and t, and t, are always positive, but | starts out 
being positive at 6, = 0 and decreases to —-1 at 6; = 90°. At the angle labeled x, called the 
Brewster’s angle or polarization angle, the reflection coefficient in the TM case, p) = 0, 


P\j 61 =0p =, (8.105) 


From Eq. 8.100, this should happen when 


Nz COS OB = (nN /N2),/ n - ny sin? Op. (8.106) 


Let x = m2/n,. Writing in terms of x we get 


sin? 0p 
xcos@z =,/1- 7 
x 
which can be solved to yield 
ind : h / 
sin 0g = ———, where x = 12/n. 
Vx 41° 


We can write the Brewster’s angle formula in a more compact form using a tangent as 


tandg = “2 (TM Waves). (8.107) 
ny 


Figure 8.11 shows that if the TM wave is incident at the Brewster’s angle, i.e. if 6; = Op, 
the wave is completely transmitted and there is no reflected wave. Therefore, if you shine a 
beam of light on a planar interface at Brewster’s angle, the reflected ray will have its electric 
field pointing only perpendicularly to the plane of incidence. Thus, we can use a ray with 
incidence at Brewster’s angle to filter out TM waves from a mixture of TE and TM waves, 
as illustrated in Fig. 8.12. This is one way of obtaining a polarized light wave with known 
direction of electric field. 
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Fig. 8.11 Plot of reflection and transmission 
coefficients of light at an airlglass interface 
with n(air) = 0 and n(glass) = 1.5. Note the 
vanishing of the reflected electric field for the 
TM case (py) at 56.3°, which is the Brewster's 
angle for this interface. It is also important to 
note that at large angles, light is reflected off 
very efficiently in both the TE and TM cases. 
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Fig. 8.12 Reflection at the Brewster’s angle 
gives rise to polarized light. The reflected light 
will be transverse electric (TE) since no TM 
wave will be reflected for light incident at the 
Brewster’s angle. 


Unpolarized 


Example 8.2 Brewster’s Angle 


Find the angle of incidence of the sunlight so that the reflected light is fully polarized 
horizontal to the water surface. 


Solution 


The plane of incidence is the plane of the incident, reflected, and refracted rays. 
The polarization resulting from the refraction at Brewster’s angle will be perpendicu- 
lar to this plane, and hence parallel to the water surface. Therefore, we calculate the 
Brewster’s angle using the following formula: 
tan 0p = = 
ny 


Putting m; = 1 and n2 = 4/3, we find that the Brewster’s angle is 


4 
6 = tan! (=) =tan! ( ) =:53"5 
ny 3 


Therefore, the sunlight will be polarized upon reflection from the air/water interface if 
the reflected angle is 53°. 


Example 8.3 Energy Conservation 


Prove that the total energy in the reflected and transmitted waves is equal to the energy 
in the incident wave. 


Solution 


In a one-dimensional case, the energy of the incoming wave and the outgoing waves 
were relatively straightforward since the waves were all along one line. In the three- 
dimensional situation the three waves move in different directions and the energy flow 
from the incident wave to the reflected and transmitted waves occurs across a common 
area of cross-section whose normal is not in the directions of the waves. Let A be the 
area in the plane of the interface. The normal to this area makes an angle 6, with the 


incident wave. Therefore, the area of the cross-section of the beam that strikes an area 
A of the interface is A cos 6; as shown in Fig. 8.13. 

Thus, if Jp is the intensity of the incident wave, then the power flow through area 
A tilted at angle 6; with the direction of the wave will not be JpA, but rather [5A cos 6;. 
That is, the energy per unit time arriving at the interface will be 


P= IhAcos 6. (8.108) 


Here, the intensity is related to the wave amplitude Eo and the properties, electric 
susceptibility €; and wave speed v; of the medium in which the incident wave moves, 


1 
h= seid. (8.109) 


Therefore, we have the following expression for the power arriving at the area A of the 
interface: 


1 
Incident : P; = 38 EA cos 6. (8.110) 
Similarly, the power in the reflected, and transmitted waves will be given by 


1 
Reflected : Pr = serie BoA cos 61, (8.111) 


1 
Reflected : Pr = Zerrrt EA cos 62, (8.112) 


where p and 7 are the reflection and transmission coefficients in which I have sup- 
pressed the TE and TM indicator symbols. Energy conservation demands that we 


must have 
Pr = Prt Pr, (8.113) 
or, 
Pr Pr 
—+—e=1. 8.114 
BP ( ) 


The ratios Pr/P; and Pr/P; are called reflectance R and transmittance T respect- 
ively, 


P, 
R= 2 = 9’, (8.115) 


=p, = 


Pr _ €2v2C0802 5 
ae ES 


T (8.116) 


- Pr = €1 V1 COS A, 
We can use the Fresnell’s Eqs. 8.83, 8.84, 8.96, and 8.97 to prove that in both TE and 
TM cases, the energy balance occurs, by proving that 

€2U2 COSO2_5 7 


R+T=p"4 
€1V1 COS 0, 


1. (8.117) 


continued 
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Example 8.3 continued 


For simplicity, let us check for the case of normal incidence and 4, = p2. In the case 
of 41 = [42, we have 


€2¥2 — €2¢U2 _ 1/v2 _ c/v, _ Mm 
EU ev, /vyc/vy my 


Setting 6, = 0 = @2 for the normal incidence case, we get 


ny —N2 2 ny 2ny, 7 
R+T= + 
ny + nz ny \ ny + Nn2 
_ (m=z)? +4nyny — (my +12)? _ 
(m + 12)? (m + 13)? 


1. 


EXERCISES 


(8.1) 


(8.2) 


Two strings of mass densities 4; and j2 are tied together with a “massless” knot. 
The other end of the second string is tied to a fixed support far away and the free 
end of the combined string is pulled to generate a tension T throughout. Now, 
the free end of the combined string is vibrated harmonically so that a transverse 
harmonic wave of amplitude A and angular frequency w travels with a speed v,; = 
/T/; towards the knot. When the incident wave arrives at the knot, the knot 
vibrates and generates two waves, one moving towards the vibrating end and the 
other towards the fixed end. 

Thus, there would be two waves, the incident wave and the reflected wave, in the 
first string and one wave, the transmitted wave, in the second string. Denote the ra- 
tio 42/441 by w and the speed in the second string by v2 = ./T/j12. Suppose B is the 
amplitude of the reflected wave and C the amplitude of the transmitted wave. Also, 
let @ be the phase shift of the reflected wave compared to the incident wave, and 6 
the phase shift of the transmitted wave compared to the incident wave. Assume that 
the first string is in -oo < x < 0 and the second string in 0 < x < w. 

(a) Find expressions for the amplitude ratios B/A and C/A and the phase shifts 
@ and 6. 

(b) Find the average power carried by each of the waves and prove that the energy 
is conserved at the knot. 

(c) Determine what happens to the average power of each wave when (i) a = 1, 
and (ii) @ = ov, and give a physical interpretation of these results. 

(d) Find the displacement function that gives the vibration of the knot with time. 

Identical pendulums, of length / and mass m are connected by springs, as shown in 

Fig. 8.14, such that the spring constants of a spring in the x < 0 region is Ky and 

that of a spring in x > 0 region is Kr. 


Fig. 8.14 Exercise 8.2. 


(8.3) 


(a) In the limit of large wavelength compared to the separation between the pen- 


(b) 


(<) 


(d) 


dulums (the so-called continuum limit), the vibrations of pendulum bobs, 
denoted by the function w (x, 2), obey the following equation: 


(8.118) 


where K = K; when x < 0 and K = Kr when x > 0. Derive this equation by 
examining the equation of motion of an arbitrary mass on either side of x = 0 
in the discrete form of the problem shown in the figure. For instance, you can 
look at the equation of motion of a particle of index x, i.e. which is at x = na 
at equilibrium. In this equation you can get the continuum limit by using the 
discrete form of the derivative with Ax = a. 

Let w(x, 2) be the solution for x < 0 and Wr(x,t) for x > 0. Based on 
Eq. 8.118 find the relation between wy, (x, t) and Wr(x, ft) at x = 0. You will get 
two relations, one between w,(0,t) and wr(0,t), and another between their 
derivatives with respect to x. 

Let there be an incident wave Wi, = A cos(k,x — wt) and a reflected wave 
Wre = B cos(-kyx — wt + ¢) on the left part of x = 0, and a transmitted wave 
Wi = C cos(krx — wt + 5) on the right side of x = 0, where ky and kp are the 
wave numbers of the waves on the two sides of x = 0 and @ and 6 are their 
phase shifts compared to the incident wave. Note that we are using capital 
letter K for the spring constant and small letter k for the wave number. Find 
expressions for the reflection and transmission coefficients. 

If Kr = 4K1; what is the percentage of incident energy that is transmitted in 
the x > 0 region? 


Identical pendulums of length / and mass m are connected by identical springs with 
spring constant K, as shown in Fig. 8.15. As shown in the figure, the springs are 
attached at different places on the left and right sides of x = 0. Suppose the springs 
in the x > 0 region are tied to the rigid rods of the pendulums at half the length of 
the rods. 
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(8.4) 


Fig. 8.15 Exercise 8.3. 


(a) Deduce the wave equation for the propagation of vibrations in the regions 
x<Oandx>0. 

(b) Let there be an incident wave w;, = A cos(k_x — wt) and a reflected wave 
Wre = B cos(-kyx — wt + ¢) on the left part of x = 0, and a transmitted wave 
Wi = C cos(krx — wt + 5) on the right side of x = 0, where ky and kp are 
the wave numbers of the waves on the two sides of x = 0. Note that we are 
using capital letter K for the spring constant and small letter k for the wave 


number. Find expressions for the reflection and transmission coefficients and 
phase shifts. 
Reflection and transmission of waves in a transmission line. 
Consider a long two-conductor cable that has two types of wire connected at x = 0, 
such that the impedance for the transmission wire for x < 0 is Z; and that for x > 0 
is Z2, as shown in Fig. 8.16. An oscillating source of voltage is located at a far away 
point in the region x < 0. 


Fig. 8.16 Exercise 8.4. 


When the oscillating source is turned on, it sets up current and voltage waves in the 
transmission line, which we will denote by the following expressions. The voltage 
waves will be 


Vin(x, t) = Vo hr, x <0 

Vie(x, 0) = Vor Pero), x < 0 

Vir (x, 1) = Vor easel) — y 3 0 
The current waves will be 

Tin (x,t) = Ip FOO, x < 0 

Trex, #) = Ing OHO), x <0 

Tnx, 8) = Ing EOD x > 0 


Recall that current J and voltage V at a point on a transmission line are related by 
the following cable equations: 


ar av 
ax Ot 
aval 
Ox at’ 


where C and L are the capacitance per unit length and inductance per unit length 
respectively at the point under consideration. Note that the wave numbers in the 
two parts of the transmission line have been denoted by k; and k2, since the wave 
speeds in the two lines could be different, as given by 


1 1 
U= UW2= : 
VIC, VILC2 
Also recall the relation of the impedance to the inductance and capacitance per unit 
length, 


ale 


(a) Prove the following relations. 
G) b= we O=n. 
Gi) Jor = BE, ¢ = 4, 
Git) Dr = “Bf, or = O42. 
(b) By matching the boundary conditions on J and V at x = O deduce the 
following: 


|Z, -Z2 | 0 23 215 
Vor = >>> r= . 
Z1+Zo az LZ, >Z>. 
Pics, Ng 
ey a a t— Vv. 


(c) Verify that the average power coming into the junction at x = 0 is equal to the 
average power leaving the junction. 
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(8.5) Reflection of waves in a transmission line. In this exercise you will look at the 
reflection of the incoming wave in a transmission line, as shown in Fig. 8.17. Let Zo 


be the impedance of the transmission line and Z the impedance of the connection 
at the end point. 


eee | { | >Xx 
—3a —2a —a Oo 


Fig. 8.17 Exercise 8.5. 


We wish to study incoming and reflected waves that would ride on the transmission 


line in the region -oo < x < 0. Let us write the incident and reflected waves of 
current and voltage as 


Tn(x, 0) = Ip RO, 

Ire 0) = pi ly 9, 

Vig (x, 0) = Vo ef, 

Vyo (X50) = Py Vo & 9, 
where the coefficients o; and p, are complex 


pi = |pilel®s py = Ipole 


iby 

The net current and voltage at any point x on the transmission line is given by 
I(x, 0) = Tin t) + Tre (X t), x<0 
Vit) = Vines.) + Vie(xs 1). x < 0 


The current and voltage at any point of the transmission line are related as given in 
the last problem. The current /(0, 2) and the voltage V(0, ¢) across the terminating 
impedance Z at x = 0, as shown in the figure, are related as usual, 


1(0,1) = 


V(O,2) 
Z 


There are three cases of particular interest and we want to study them here. 


(8.6) 


(8.7) 


(8.8) 


(a) Suppose you connect the end at x = 0 with a short conducting wire such that 
Z = 0. We say that the end is shorted. Now, the voltage drop across the end 
will be zero since there is no impedance, 


V0, 2) = 0 at the shorted termination. 


Find the amplitude and phase of the current in the shorting wire. 

(b) Suppose you do not connect anything at the end at x = 0 so that the end is 
open. In that case Z = oo. Now, the current at the open termination will have 
to be zero at all times. 


I(0,t) = 0 at the open termination. 


Find the amplitude and phase of the voltage across the open terminal. 

(c) Suppose you connect a circuit element whose impedance matches the imped- 
ance of the entire transmission line. That is, you pick Z = Zp. (i) What will 
be the amplitude and phase of the current in the load? (ii) What is the average 
power delivered to the load? 

Reflection of Sound. A tube of length L is closed at one end and open at the other 

end. At the open end a tuning fork is vibrating at a frequency f such that you hear 

the fundamental mode of the air column in the tube. Let v be the speed of sound in 
air. Ignore the edge effect of the open end to analyze the situation here. 

(a) What is the relation of f to the length of the tube? 

(b) Let the positive x-axis go from the origin at the closed end towards the open 
end. Show that the standing wave in the tube consists of an incident wave and 
a reflected wave from the closed end. 

Transmission and reflection of sound. A tube of length L is filled with water so 

that the length of the air column now is / and below that is water. At the open end a 

tuning fork is vibrating at a frequency f such that you hear the fundamental mode of 

the air in the tube. Let v; be the speed of sound in air and v2 the speed in water, and 
p1 the density of air and 2 the density of water. Suppose, the sound wave, which 
is due to the vibration of air particles driven by the tuning fork, is incident at 90° to 
the interface, i.e. at normal incidence. Let w(x, t) be the displacement of particles 
of air or water from their equilibrium positions, then the boundary conditions on 


the yr (x, ¢) at the air/water interface will be 


w(x, 2) [air side] = y (x, 2) [water side] 


WSO... OW (xt 
pry ¥ 051) [air side] = avs ¥ O51) 
ox Ox 


[water side] 


(a) Find the expressions for the reflection and transmission coefficients. 

(b) Find expressions for the average power in the incident, reflected, and trans- 
mitted waves. Recall: the intensity of sound waves = SPs where Z = pv, 
the characteristic impedance of the medium and ,, is the pressure amplitude, 
which is related to the displacement amplitude x, by Pm = @7 Xm, where k is 
the wave number and w the angular frequency. 

(c) Suppose v; = 350 m/s, v2 = 1500 m/s, p; = 1.3 kg/m3, and pz = 1000 kg/m}, 
what is the percentage of energy in the sound wave that penetrates water? 
Find the Brewster’s angle of a light ray incident from water on a water/glass 

interface. Use $ and 3 as refractive indices for water and glass respectively. 
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(8.9) An electromagnetic wave of frequency f = 4.5 x 10!4 Hz in glass is incident on a 


(8.10) 


glass (n = 1.5)/air (n = 1.0) planar interface at an angle 6 = 30°. 

(a) What are the wavelengths of the wave in the two media? 

(b) Find the coefficient of reflection and transmission if the electric field is 
perpendicular to the incidence plane. 

(c) What is the fraction of the incident energy that enters air? 

An electromagnetic wave of frequency f = 4.5 x 10!4 Hz in glass is incident on a 

glass (n = 1.5)/water (n = 1.3) planar interface at an angle 6 = 30°. 

(a) What are the wavelengths of the wave in the two media? 

(b) Find the coefficient of reflection and transmission if the magnetic field is 
perpendicular to the incidence plane. 

(c) What is the fraction of the incident energy that enters water? 


Interference 


Chapter Goals 


In this chapter you will learn about interference of waves from two coherent point 
sources. We will derive the intensity of a combined wave from two waves overlapping 
in space which will show an interference pattern. You will also learn about applications 
of interference to reflection of light from dielectric films and instruments for measuring 
distances and frequencies. 


So far we have studied waves generated by one source. When you have multiple sources of 
waves, the superposition of waves from different sources leads to the phenomenon of inter- 
ference if the waves are coherent. Interference causes the intensity of the net wave to vary 
in space. The intensity is a maximum when waves interfere constructively and a minimum 
when they interfere destructively. The variation in intensity can be traced to different phase 
shifts of the waves from different sources, as we will find out below. 

In this chapter we will study the interference of waves from two point sources. In the next 
chapter we will extend this study to the interference of waves from infinitely many sources. 


9.1 The Superposition Principle 


9.1.1 Linearity of Wave Equation 


The wave equations obeyed by the wave functions w(x, y, 2, t) of the electromagnetic waves 
in a vacuum, the sound waves in air, shallow water waves, the waves on a string, and quan- 
tum mechanical matter waves, are linear in wave functions, meaning that each term of the 
equation contains only one power of the corresponding wave function. Because of the lin- 
earity of these wave equations, the solutions can be superposed to obtain new solutions. 
For instance, if W(x, y, 2,0) and w2(x,¥, 2,2) are two solutions, then any linear combination 
wW (x,y, 250) of these solutions with constant coefficients will also be a solution of the wave 
equation, 


W(X Ys 2) t) =a WV (% > 2) t) +b Wr2 (x55 By t); (9.1) 


where a and bare constants, i.e. they do not depend on x, y, z, or t. This aspect of combining 
solutions to obtain new solutions can be applied to answer the question: what happens when 
two waves overlap? The superposition principle says that when two waves overlap, the 
combination of the two waves results in another wave whose amplitude is equal to the sum 
of the amplitudes of the constituent waves, i.e. a= 1 and 6 = 1 in Eq. 9.1, 


VM By t) = V1 (X% V5 By t) + v2 (X% V5 zy t). (9.2) 
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Fig. 9.1 Interference of two identical sources 
of the same frequency. The two waves start 
out in phase at the two sources S; and S>2 
and spread out from the sources. Here I have 
shown a few wavefronts for illustrative pur- 
poses; unlike the picture here, the wavefronts 
of monochromatic waves would be drawn 
equispaced. To reach point P, where a de- 
tector is placed, the two waves travel distances 
r, and r2 and hence they undergo different 
phase changes. Therefore, when they reach 
point P, they may or may not be in phase even 
when they started out in phase at the source. 


9.1.2 Intensity and Superposition Principle 


The superposition principle of waves has important consequences for the intensity of the 
resulting wave due to the fact that the intensity of a wave is proportional to the square of the 
amplitude and not directly to the amplitude, 


Intensity, I « (y7), (9.3) 


where (- - -) refers to the time-averaging operation on the quantities enclosed within the angle 
brackets. Therefore, although, the amplitudes of waves will add simply according to Eq. 9.2, 
their intensities will add in a more complicated way: 


Intensity of combined wave Ine « (Wn + 2)”). (9.4) 
Expanding the right side we obtain 
Tee & (Wi) + (¥3) + 2 (Wir). (9.5) 


The first two terms on the right side are the intensities of the individual waves, which are 
both positive quantities, and the third term, called the interference term, can be either 
positive or negative depending upon the relative phases of the two waves. When the inter- 
ference term is positive, it adds to the other positive terms and the net intensity at that point 
in space is more than a simple sum of the individual intensities of each of the waves. This is 
called constructive interference. When the interference term is negative, it subtracts from 
the other positive terms and the net intensity at that point in space is less than a simple sum 
of the individual intensities of each of the waves. This is called destructive interference. 


9.2 The Interference Between Two Point 
Sources 


9.2.1 The Derivation of Net Intensity at a Detector 


As a simple example let us consider the interference at a point from two coherent point 
sources that emit waves at the same frequency, as shown in Fig. 9.1. We will discuss the 
concept of coherence below; it is sufficient to state here that the difference in the phases of 
two relatively coherent sources remains constant with time. A physical way of obtaining two 
coherent point sources would be by driving two identical speakers by the same oscillator 
circuit. Another example would be shining light from a monochromatic source through two 
infinitely narrow pin holes; the light emerging from the holes will be two coherent sources. 

Another simplification we make is that we will place the detector at a point far away 
from the sources. This is to avoid having to deal with spherical waves in our calculations. 
As illustrated in Fig. 9.1, the wavefronts near the point sources will be spherical, but far 
away from the sources, which could be hundreds of wavelengths away, the curvature of the 
waves can be ignored and the waves can be treated as plane waves. The far region is also 
called far-field. One more technicality we wish to state without going into detail is that the 
separation d between the sources is much larger than the wavelength A. Now, let us perform 
the calculations for the intensity at the detector. 


The Interference Between Two Point Sources 


Let the wave sources have frequency w and have zero phase difference between the 
vibrations at the sources, so that the generated waves at S,; and S2, FE; (at S,) and E2(at S2), 
respectively, are given by 


E, (at S;) = Eo;cos(@t), Ey(at Sz) = Eo2cos(wt), (9.6) 
where Eo; and £2 are the amplitudes of the two waves. In the case of sound waves in air, 
the E’s will be the vibrations of the air particles at the speakers, and in the case of light they 
can be thought of as one of the components of the electric or magnetic field at the source. 

We want to know what will happen when the waves meet at point P. The two waves 
move in the directions given by their propagation vectors hy and hy and travel through 
distances S, P = r; and SP = rz respectively. Since the two waves have the same frequency 
and speed, they will have the same wave number, which we can denote by k, and which is 


related to the wavelength i as usual, 


> > 20 
|fi| = || == —. (9.7) 


At time 1, the wave arriving at P from S, is emitted at the retarded time 
ty =t-1/v, 
and that from S> is emitted at the retarded time 
hn=t-1" / Vy 
where wv is the wave speed, 
v=a/k. (9.8) 


Therefore, the displacements at P at time ¢ will be given by substituting ¢; and &% into 
Eq. 9.6, 


Ey (at P) = Eo, cos([t- 1 /v]), (9.9) 
E5(at P) = Eo2 cos(w[t—12/v)). (9.10) 
Using Eq. 9.8 we can write these wave expressions in a more familiar form. Furthermore, 
since we will be working at point P only, we will leave out the qualifier (at P) from the 


expressions, 


E, = Eo, cos (kr; - wt), (9.11) 
Ey = Eo2 cos (kr2 - wt). (9.12) 


Now, applying the superposition principle, we claim that the net wave at point P will be 
E=EF,+£&). (9.13) 


By definition, the net intensity will be proportional to the time-average of the square of the 
net wave function. In the case of light, the proportionality factor for intensity is the product 
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of the speed of light and the permittivity of the medium. For other types of waves you would 
have some other multiplicative factors. To be general, we will keep the prefactors as some 
unspecified quantity a, since this quantity will be unimportant when we consider relative 
intensity on the screen. Putting in the prefactor in the formula for the intensity, we have the 
following for the intensity: 


T=a (E*) time average + 9. 1 4) 


Using the net wave given in Eq. 9.13 we find that the net intensity at any point is equal to 
the sum of individual intensities J, and J, for the two waves separately and the interference 
term, which we will denote by J,2, 


FSEeoets: (9.15) 
where 
2 1 2 
i= a( Ey )time average — 5A (9.16) 
2 1 2 
h= (E35) time average — 5 °F» (9.17) 
Tz = 2a(£1 F2) time average: (9.18) 


Evaluating the interference term explicitly we find the following: 
Tz = & (Bio Fo2) cos [k(n -12)]. (9.19) 


The argument of the cosine is the phase difference due to the different paths taken by the 
two waves to get to P, which we denote by Aj, 


Phase difference in the two paths, Ay = k(r, - 712). (9.20) 
Thus, the net amplitude at point P is seen to be 
T=1,+h+2V/b cos(k(1.-m)=h+h+2Vhhb cos Aj. (9.21) 


Since r; and r; would be different for different points in space, the interference term will 
yield different values depending on the location of point P, and the total intensity J may 
be equal to, greater than, or less than J, + . The maximum intensity occurs at a point 
where the cosine factor is equal to 1, in which case, the point P is said to be a place of total 
constructive interference, or simply constructive interference, 


T=Inax =h+h+2Vhbh; (9.22) 
when 
cos [R (1, —72)] = 1, or, equivalently, cos Aj = 1, (9.23) 
which happens when 
Ay. = k(1 -1) = 0,427,+47,.... (9.24) 


We can write this condition in terms of wavelength 4 also by writing k = 27//, 


m1 =0,4A,+2A,.... (9.25) 
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That is, if the path difference to P is an integral multiple of wavelength, then we will see 
total constructive interference. On the other hand, the minimum intensity will occur when 
the cosine factor is equal to —1, in which case, the point P is said to be a place of total 
destructive interference or simply destructive interference, 


T= Imax =f +h-2/hh; (9.26) 
when 
cos [k (r; —12)] =-1 = cos Aya, (9.27) 
which happens when 
Ay2 = k(n -1m) = +7,437,+57,.... (9.28) 


In terms of wavelength A this condition reads 


5#3-,+5----. 9.29 
rT, —12 2 2 2 ( ) 


The conditions for total constructive and destructive interferences can be written more 
succinctly as 


Constructive Interference: A,2 = 2mm (m integer), (9.30) 


Destructive Interference: A,2 = m'x (m' odd integer). (9.31) 


Or, equivalently, as 


Constructive Interference: 1; —12 = mA (m integer), (9.32) 


Destructive Interference: 1 —1 = m')/2 (m' odd integer). (9.33) 


The integers m and m’ are called the orders of constructive and destructive interfer- 
ence, respectively. These conditions make sense when you look at what happens to the 
waves. They start out at the sources in step with each other, and when they travel different 
distances, they will tend to go out of step by varying amounts. They will be completely in 
step at places where path difference is an integral multiple of one wavelength, and they will 
be completely out of step, meaning if one is at the crest, then the other would be at the 
trough, if the difference in path is off by an odd integral multiple of half a wavelength as 
illustrated in Fig. 9.2. 


9.2.2 Interference Conditions in Terms of Direction 


Often we are interested in interference conditions with respect to direction from the sources. 
In the far-field case the distances S| P and S;P are much greater than the separation distance 
d of the slits, which in turn is large compared to the wavelength A. In this case, the rays 
from S; and S) that make a small angle with respect to the horizontal direction will be 
almost parallel and we can assign the same angle @ to the two rays S; P and SP, as shown 
in Fig. 9.3. 


Constructive 
interference: 
XNA Waves in phase 
Wao Py Destructive 
nN interference: 
SX Waves out of phase 


Fig. 9.2 Constructive and destructive 
interference. 
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Fig. 9.3. Geometry for calculation of the path 
difference rz — 11 in terms of the angle 0 to 
the observation point P and the separation d 
of the point sources. Drawing an arc of ra- 
dius r; cuts the S2P line at point D, which 
is very close to the normal line from point 
S, on line S2P. The triangle AS;S2D gives 
2-1, = dsing. 


Arc of radius r; r 
1 


x =Ltan 0 


Now, if you draw an arc with center at P and arc length r, in the figure, the difference in 
the paths will be given by the distance S2D. From triangle S;S2D, the distance S2D is 


|n—n| =dsiné, 


(9.34) 


where d is the distance between the slits. Using this relation we can express the net intensity 
at point P, derived in Eq. 9.21, in terms of direction 6 from the slits. 


T=I,+h+2V/Ih cos (kdsin6@). (9.35) 
The constructive and destructive conditions are obtained by cos (kd sin@) = +1. This gives 
the interference conditions for small angles as 
; mdr (2S Op se iljse7,- 00) Constructive 
dsinO,, = j (9.36) 
m * (m! = +1,43,+5,---) Destructive. 


Often one places subscripts m and m’ onto 6 to indicate the special directions where these 
conditions hold. Note that because of the way angle @ has been defined in the figure, the 
positive m and m’ here correspond to negative m and m’ in Eqs. 9.32 and 9.33. 

Since the sine of an angle cannot be greater than 1, d should be larger than m‘)/2 in 
the case of the destructive interference. Similarly, d must be larger than mA for constructive 
interference. Therefore, there are fringes possible only up to some values for m and m’ for 
a given d and wavelength 4. These are the theoretical maximum orders of interference in 
a given experimental set-up, 


; (9.37) 


mar . . d 

ea =sinOd<1 => mnpax = int| — |, 
where int stands for the integer obtained when the floor function is evaluated on the ratio of 
d to i. For instance, if the sources are separated by 3.5 times the wavelength, then you will 
observe up to seven constructive interference orders, corresponding to m = 0,+1,+2,+3 


and six destructive interferences for m’ = +1,+3,+5. 
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Interference on a Line Parallel to the S,S, Line 

The interference condition can be also expressed in terms of the position of point P along a 
line parallel to the S; S> line. In Fig. 9.3 the position of point P is given by the x-coordinate 
with origin at the center line from the midway point between S; and S2. The x-coordinate 
of P is given by 


x=L tand. (9.38) 


For small angles, tan@ © sin6, 
x&L sind. (9.39) 
The intensity formula given above in terms of 8 can now be written for points on a line ona 


screen, as shown in Fig. 9.4. The interference conditions for the coordinates of P along the 
x-axis on the screen in the figure will be 


(m = 0, 1, De aoe)) 
(m= 1, 3, Spusu) 


Constructive 


(9.40) 


maL/d 
i 
m'AL/2d 


Destructive. 


9.2.3 Identical Sources 


Suppose the two sources S; and S2 are identical with equal amplitudes Eo, = Eo2. Denoting 
the intensities J; and J, now by Jp, we find that the intensity at point P can be given by a 
simpler formula, 


I) 


A 
T = 2Ip + 2Ip cos Ayn = 4h) cos” (=) ; (9.41) 


Hence, the intensity varies from 0 to 4Jp. Plotting the net intensity J versus the phase differ- 
ence A;2 shows an interference pattern of constructive and destructive interferences with 
67, etc., and the total 


the total constructive interferences when Ajz = 0, +27, +47, 


destructive interferences at Aj. = 7, +37, 


57, etc. 


Fig. 9.4 Intensity pattern on a line on the 
screen parallel to the S; — S2 line. The points 
xo ts the central peak, x41, X42 are the 
constructive interference points for first and 
second order respectively. 
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9.2.4 Energy Conservation 


The interference effect shows that the net intensity varies over space. For identical point 
sources, the intensity of the sources is 2Jo, but the intensity varies between 0 and 4Jp. Since 
intensity is the energy flow per unit time per unit area, it would appear that 1 + 1 can be any 
number between 0 and 4. This gives a false impression of energy becoming uncertain and 
perhaps energy conservation not being obeyed. The wave is however an extended object 
and we need to consider that the energy released at the source has spread out. You find that 
the principle of conservation of energy is not violated if you examine the space-average of 
intensity. The interference term goes to zero when you average over space since the average 
of a cosine will give zero, 


2] space average — 0. (9.42) 


Therefore, the space-averaged net intensity is simply the sum of the intensities of the 


sources, 
UW] space average = +h. (9.43) 


That is, energy is conserved if you take into account the fact that energy spreads out in 
space with a higher concentration in some regions and a lesser in others. 


9.2.5 Interference Conditions for Sources 
with Phase Difference 


Some situations of practical interest, such as a the reflection of light from a soap bubble or 
oil layer on water, have point sources which do not oscillate in phase. Suppose the sources 
S; and S; have a constant phase difference Ad = ¢,—¢2 at the source so that the oscillations 
at the source have the following form: 


EF, (at S;) = Eo, cos(at+ Ad), Ep(at S2) = Eo2 cos(wt), (9.44) 


where I have set ¢2 = O as a reference and written ¢; as Ag. How would the presence of 
a phase constant affect the conditions for constructive and destructive interference? After 
you carry out the calculation for the intensity at point P you will arrive at the following 


expression: 
T= +h+2Vhb cos (Aj + Ad), (9.45) 
where 
Ay = k(1, -—12) © kd sing. (9.46) 


Therefore, the constructive and destructive interference conditions will be 


Constructive: Aj2 = 2mn — Ad (m integer), (9.47) 
Destructive: Ai. = m'x —A@ (m' odd integer). (9.48) 
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Of particular interest to applications is the case when the two sources are 180° out of step 
with each other, that is when 


Case: Ag = 2. 
In this case, the conditions are 
Constructive: Ai2 = ma (m odd integer), (9.49) 
Destructive: Ai. = m'2x (m' integer), (9.50) 


which are the complete opposite of the conditions when the sources are in phase. In this 
case, the center of the screen will be a destructive interference since the path difference to 
the center from sources will be zero, but their phase difference will be 180°, which would 
mean destructive interference there. 


9.2.6 Interference Hyperboloids 


The constructive and destructive interference conditions in space depend on the radial dis- 
tances 1, and r; from the sources. Let us write them for the case of in-phase oscillations of 
the source in the following form: 


Constructive: rT, —12 = md (m integer), (9.51) 


Destructive: Yr —12 = m'd/2 (m' odd integer). (9.52) 


Equation 9.51 locates points in space where 1; — 12 is a fixed value for a given m, and Eq. 
9.52 locates points in space where r — r2 is a fixed value for a given m’. You may recall that 
the points in space satisfied by 7; —r2 = constant fall on a hyperboloid of revolution about 
the axis joining S; and S2, which are at the foci. Thus, Eqs. 9.51 and 9.52, define a family 
of surfaces that are hyperboloids of revolution. Figure 9.5 illustrates some of these surfaces. 
If a screen is placed in this region, the screen will display constructive and destructive inter- 
ference areas. In the case of light, these areas would appear as bright and dark lines, called 
interference fringes. 


9.2.7 Coherence and the Interference Pattern 


Since intensity is obtained by time averaging, the stability of the interference term to being 
a positive or a negative value at a particular location requires that the relative phases of the 
two waves are time-independent or nearly so. When the relative phase of the two waves Wi 
and 2 is constant in time, then we say that the two waves are relatively coherent or simply 
coherent. 


Perfect Coherence 


We can illustrate the idea of coherence by looking at the phase difference of two har- 
monic waves of the same frequency w, two different propagation vectors k; and k2, and 
two different phase constants ¢, and ¢2, which are assumed to be constant in time, 


Wn (95250) = Ay cos(hy -F¥-wt + $1), Wo = Ap cos(ky- F-wt + bp). (9.53) 


Fig.9.5 The hyperboloids of revolution 
for the constructive interference conditions 


Ty, -12 = md form = 0,+1, 


2, 


3. Three- 


dimensional perspectives of only m= + 3 are 
shown here. The m=0 is a plane surface 
equidistance from the two sources. A screen 
placed in the field will show interference 
fringes where the screen intersects with these 


hyperboloids. 
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Subtracting the two phases leads to the cancellation of the wt term and we find that the 
relative phase does not depend on time, even when the two waves may move with different 
propagation vectors, 


Ag = 92-2 = (ho - fi) - 7 + (b2- 91). (9.54) 


Therefore, two waves having the same frequency and time-independent phase constants are 
coherent waves. The time averaging is completely controlled by the time of oscillations of the 
wave and we obtain the same intensity regardless of the interval over which we perform the 
time averaging as long as the interval is long enough to include many cycles of oscillations. 


Partial Temporal Coherence and Interference 


Two waves with different frequencies may still be coherent under the right conditions. Sup- 


pose, the two waves have frequencies, wo — Se and wo + 4e respectively. Then, the relative 


phase of the two waves would be time dependent, given by 


Ay =| (-h)-7 + (2-$1)]- Aor, (9.55) 


This says that if the two waves had a zero phase difference at time ¢t = 0 at some location, 
then at the same point in space, they would go completely out of step, meaning the phase 
difference will be z rad, in a time At given by 


AwAt=n, => At=x/Aa. (9.56) 


Supposing that the “bandwidth” Aw « wo so that there are many cycles of the main oscil- 
lations at wo within a time span of At ~ 2/Aqw. Now, the interference of the two waves may 
or may not give rise to an interference pattern depending on the time-averaging time ¢,, for 
the detector. 

If the detector is fast and averages for a short time compared to 2/ Aq, then the detector 
will see the coherent source of the dominant oscillations at wo. In this case we will see an 
interference pattern, 


Coherent if: ta, K m/w. 
However, if the averaging is done over a time interval long compared with z/q, the time 
dependence of Ag will wash out the signal and one will obtain only an average value. The 


time z/w obtained in Eq. 9.56 for sources that have a spread Aw in their frequencies is 
called the temporal coherence time. We will denote it by t,, 


Tt =1/Ao. (9.57) 


We say that the two waves are partially temporally coherent for a time interval that is 
much smaller than the coherence time t,. The distance over which the wave will move in t, 
is called the coherence length /,. Let v the wave speed, then the coherence length will be 


1, = UT. (9.58) 


The Interference Between Two Point Sources 


Spatial Coherence and Interference for Extended Sources 


Coherent point sources do not really exist. Even if you obtain a monochromatic light source, 
the source may not be point-like. In an extended source different points of the source may 
be uncorrelated. This would lead to waves with different phase constants coming from 
different parts of the source. In addition, the waves emitted at different parts of an extended 
source will reach the detector having traveled different distances. That is, the net wave will 
have a mixture of waves with different phases, the extent of mixture being a function of 
the size of the source. The interference between waves from different parts of the source 
may wash out the two-point-source interference if two extended sources are used in place 
of point sources. 

The problem associated with an extended source was encountered early in the study of 
the interference of light from sunlight performed by Francesco Grimaldi in 1665. He let 
sunlight through two pinholes and projected the images on a white wall. If the two beams 
emitted from the other side of the pin holes were coherent he would have seen an interfer- 
ence pattern on the wall, but it turns out that the beams lacked spatial coherence as well as 
temporal coherence. The lack of spatial coherence was due to the fact that Grimaldi was 
using light waves that came from distant points of the Sun which were not coherent with 
each other. 

To overcome the problem associated with spatial coherence of the sunlight, Thomas 
Young “spatially filtered” the sunlight first by passing the light through a pin hole before he 
let the light fall onto a screen that had two narrow slits to produce two coherent beams, as 
illustrated in Fig. 9.6. The light that came out behind the slits came from same wavefront 
behind the pin hole and therefore were relatively coherent. Young used these coherent light 
waves to prove that light beams interfered as waves. 


J-/\ 
Spatially Z 
incoherent 


Fig. 9.6 The use of a spatial filter to create spatially coherent waves in Young’s double-slit experiment. The panel in the middle has 
two narrow slits that serve as two coherent sources whose waves interfere at the screen. Since the slits are horizontal, the interference 


patterns are horizontal bands spread out vertically. 
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Fig. 9.7 Interference from a thin film. The 
colors of the fringes are observed in the 
colored version at the following website: 
http:|/en.wikipedia.org/wiki/Soap_ film. 
(Picture courtesy of Wikicommons.) 


9.3 Interference Experiments 


As we have discussed, the main difficulty with interference is obtaining coherent wave 
sources. For temporal coherence we need the source to be nearly monochromatic and for 
spatial coherence we need the source to be limited in size. There are basically two ways that 
spatially coherent sources are generated. We either use different points of the same wave- 
front or we use the same point of a wavefront, but split the amplitude of the wave into two 
waves; the former is called wavefront-splitting and the latter amplitude-splitting. Young’s 
double-slit experiment is based on wavefront-splitting and double-beam and multiple-beam 
interference is based on amplitude-splitting. We will now discuss these techniques. 


9.3.1 Wavefront-splitting and Young’s Double Slit 
Experiment 


Young’s double-slit experiment was the first successful experiment that demonstrated the 
wave nature of light by showing that light beams could interact with each other just as 
waves. As illustrated in Fig. 9.6, an incoherent source of light such as sunlight is incident 
on a narrow slit, which acts as a spatial filter. Two parts of the same wavefront then pass 
through two slits S; and S2 that lead to two cylindrical waves behind the slits. 

If we suppose that the slits are infinitely long, then we have a cylindrical symmetry and 
we can perform the calculation in a single plane perpendicular to the length of the slits. In 
this plane, the slits become two single points and the waves to the right of the slits become 
circular. This calculation is similar to the calculation for two coherent sources done previ- 
ously. Therefore, the relative intensity on the screen along the vertical direction in the figure 
can be stated easily. Let @ be the angle to a point on the screen, then the intensity there will 
be given by Eq. 9.21 for , = L, 


I= 21h + 2p cos Aj2, (9.59) 


with 
20 
Aj = kdsind = = asin 
where d is the distance between the two slits. Because of the cylindrical nature of the 
problem, the interference pattern on the screen will be horizontal bands of constructive 


interference and destructive interference, which will occur in the following directions, as 
given in Eq. 9.36: 


Constructive 


(9.60) 


m5  (m =+1,+3,+5,...) 


Destructive. 


9.3.2 Amplitude-splitting and Double-Beam 
Interference 


Bright fringes from oil spills and soap films are common examples of the phenomenon of 
interference due to the reflections from two sides of a dielectric film (see Fig. 9.7). Similar 
phenomena can be seen in other types of waves when a wavefront is split at an interface and 
the two parts come together later. In this section we will work out the physical conditions 


necessary for constructive and destructive interferences for reflections from a rectangular 
thin film. These results can be used to deduce the thickness of an oil slick or soap bubbles 
from the interference patterns observed in them. 

For the sake of concreteness, we consider a light ray incident on a dielectric film of 
thickness d at an angle 6, as shown in Fig. 9.8. The amplitude of the original ray PA is split 
into a reflected part towards AD and a transmitted part towards AB. The refracted ray AB 
travels in the medium with refractive index m2 until it encounters the 12/n3 interface at B. At 
that interface the amplitude splits again into a reflected part towards BC and a transmitted 
part, shown dashed in the figure, which we will ignore in the present discussion. 

The reflected ray BC travels back to the 7 /m2 interface and refracts into the first medium 
in the direction CC’, which travels parallel to the ray AD. The parallel rays are brought to 
be the point Q of the focal plane of a converging lens where they undergo constructive or 
destructive interference depending upon the difference in their phases. 

Unlike the Young’s double-slit experiment, the phase difference between two waves 
PADQ and PABCQ here arises due to two factors: (1) optical path difference and (2) any 
phase change due to reflections at A and B. Often, the phase difference is expressed as an 
optical path length difference. As we know that the phase of a wave changes by 27 radians 
when the wave travels one entire wavelength, the relation between the phase difference and 
the optical path length difference is simply 


(9.61) 


Phase Diff 
Optical Path Length Difference = | Xr 


20 


But since the wavelength depends on the refractive index of the medium, we will do 
our calculations using the phase difference and not bother with converting it into optical 
path length until the end, where we will write the interference condition in terms of the 
wavelength 42 in the dielectric film. 

We have mentioned that the reflection of waves is also one of the sources of phase dif- 
ference. It turns out that when a wave is reflected off from a medium of higher refractive 
index, the phase changes by 180° or z radians, as illustrated in Fig. 9.9. There is no phase 
change when reflecting from a medium of lower refractive index. 

The two rays resulting in a reflection from a dielectric film, actually reflect off at two 
different interfaces. Let us examine the most common case where the front and the back 
media are the same and their refractive indices are less than that of the film. This will be the 
case, for instance, when light is incident on a plastic film in air, or of a soap bubble which 
has air inside the bubble and outside the bubble. 


Case: 1, = 13 < nz (example: air/plastic/air) 


We can find the phase difference A;2 between the two interfering waves by follow- 
ing the two rays in Fig. 9.8 starting from a point, such as point P, before the first 
reflection/refraction at A, 


Aj2 = (phase change due to reflection at A + phase change over AD) 
— (phase change over AB + phase change due to reflection at B 


+ phase change over BC). 


In the case of m; = 13 < mz, the reflection at A causes a phase change of z radians, but the 
reflection at B does not have any phase change. The phase change for traveling a distance 
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Fig. 9.8 Interference from reflections off two 
sides of a planar film. 


incident reflected incident reflected 


Phase 
Change 


2 No Phase 
Change 


(a) ny <n (b) my > 1 

Fig. 9.9 Reflection at an interface for 
ny < M2 causes phase of the wave to change 
by m radians. 
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AD in the first medium can be found by noting that the phase of a wave changes by 27 
radians when it travels over a distance of one wavelength in the medium. We must be careful 
here and use the correct wavelength for each path since waves are traveling in different 
media. Let 4, and Az denote the wavelength of light in the two media. Note that although 
the frequency of light is the same in the two media, the wavelength will be different in the 
two media because the speed of the wave depends on the refractive index, 


Fa gd re erence " % (9.62) 
1 = > 2 > nzA2 = N1A1. 5 
fmf fo nef 
Therefore phase changes over the two paths are as follows: 
AD 
phase change over AD = ou x 2n. (9.63) 
1 


The phase changes over AB and BC paths are obtained by using the wavelength 2 in the 
second medium, 


AB 


phase change over AB = re x 27, (9.64) 
2 
BC 

phase change over BC = ee x 2n. (9.65) 
2 


Therefore, the net phase difference A,2 between the two waves will be 


7) 
AS ayes [a ” (AB 4 Bo], (9.66) 
Ay ny 


We would get a constructive interference if the phase difference A, were an integer multiple 
of 27, and a destructive interference if it were an odd multiple of z, 


(9.67) 


mx m = +1,43,... Destructive. 


, | m xX 20 m=0,+1,+2,... Constructive 
12 


These interference conditions are more useful when written in terms of the angle of refrac- 
tion in the film and the thickness of the film. To accomplish that, we use the geometry given 
in Fig. 9.8 and Snell’s law at point A to rewrite the distances in terms of d and the angle 
of refraction 6,. Notice the following relations among the sides of various triangles in the 


figure: 
d 
AB = BC = ——_, (9.68) 
cos 6, 
+2 
. . nz sin“ 6, 
AD = ACsin@ = 2d tan 6, sin@ = 2d— 4 (9.69) 
ny, cosé, 
where I have made use of Snell’s law for the refraction at A, 
ny, sin@ = nz sin6,. (9.70) 


Substituting for AB, BC, and AD in the expression for A;2 in Eq. 9.66 gives 


2 
Ay=at = x 2d cos 6,. (9.71) 
2 


Hence, the interference conditions given in terms of the angle of refraction are as follows: 


For (1, = 13 < 12) 


val d2 constructive m=-+1,+3,-+45,... 
(9.72) 


|m’|A2 — destructive m = +1,42,+3,... 


2d cos 6,.= | 


We can rearrange this equation and write it in terms of the angle of incidence @, but that 
would be a much more complicated expression. 

For a nearly normal reflection, the angles of incidence and refraction will be zero, yield- 
ing cos 6, = 1. This will give an interference condition that would depend only on the 
thickness of the film and the wavelength. Hence, depending upon the thickness, light of a 
particular wavelength will interfere constructively or destructively according to the following 
conditions. 


Normal incidence for (m, = 13 < n2): 


lel ho constructive = 421,-£3,-25,... 
Nal = (9.73) 
|m'|A2 destructive al eee 


Example 9.1 Colors from Soap Films 


A soap film reflects blue light of wavelength 475 nm when viewed normally. Find the 
minimum thickness of the film if the soap water has a refractive index of 1.33. 
Solution 


To use the interference formula, first we need to evaluate the wavelength A inside the 
soap film, which is different from 475 nm in the air, 


1 
Ag = —A, = —— x 475 nm = 375 nm. 
nz 1.33 
We find the minimum thickness of the soap film by using m = 1 in the constructive 
interference condition, 
— 1a, _ 1 375nm 
2.2 2 2 


d = 89.3 nm. 


9.4 Practical Applications of Interference 


Interference of light has been used to build instruments called interferometers that al- 
low extremely precise and sensitive measurements of length, wavelength, and refractive 
index. Interferometers also play important roles in other applications such as optical com- 
munications. There are basically two types of instrument—two-beam and multiple-beam 
interferometers. In a two-beam optical interferometer, e.g. Michelson interferometer and 
Mach-Zehnder interferometer, a coherent light source, such as the light from a laser beam, 
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Fig. 9.10 Michelson’s interferometer. Wave 
from an extended source is split into two 
parts, which upon reflections from mirrors 
My, and Mp2 are made to interfere at the 
detector. 


is split into two parts by an optical device such as a partially silvered mirror, and the two 
partial beams are brought together after traveling through different paths. In multiple-beam 
optical interferometers, such as the Fabry—Perot interferometer, a coherent source of light 
undergoes multiple partial reflections at two sides of a medium and the partially transmitted 
beams from multiple refractions are made to interfere. We will study in detail the workings 
of the two most common interferometers. Interferometers for other waves have also been 
studied, but for the sake of concreteness we will look at optical devices only. 


9.4.1. Michelson Interferometer 


Ina Michelson interferometer, shown in Fig. 9.10, light from an extended source is first split 
into two beams by a half-silvered beam splitter at 45° to the ray. The two resulting waves 
travel perpendicularly to each other, and reflect off mirrors M; and M3. The reflected 
rays recombine resulting in interference which can either be viewed by the naked eye or 
by projecting it onto a screen with the use of a converging lens. The parallel rays from the 
extended source will converge as circles on the screen. 

To compare the phases of the rays in the two arms we start from a common point of 
the two rays, say O’, when the two were together and go to a point, say E, when they 
have come together again. Therefore we calculate the phase difference between the paths 
O’OBCM, CBOE = O’M,E and O’OAM2AOE = O'MGE. 

The optical path length O’O is common to the two paths. A compensator is inserted in 
the path of ray OM,O so that the optical path length (OPL) for BC+CB for the path on 
arm 1 is equal to the OPL for OA+A0O for the path on arm 2. Therefore, the net optical 
path length difference between the two arms comes from the distances to the mirrors and 
the phase shift due to reflections at the beam splitter. 

The ray O’M3E has one phase-changing reflection at Mz that changes phase by z ra- 
dians, while ray O’M;E has two such reflections, one at M, and the other at O. Therefore, 
the condition of destructive interference will result if the phase difference between the two 
rays is 0, 27, 4s, etc., because the difference in phase flip due to reflections makes the 
phases of the waves in the two arms already off by z radians, 


2 

2 x |OB + CM, —AM3| x = =m x 2x, m' =0, 1, 2,... (Destructive) (9.74) 
0 
Ghost reflection \ 
Compensator 
M, 
Extended 
Source 


Observed 


Source 


where Ao is the wavelength in air. Simplifying this equation, we find the following: 
Ao, : 
JOB + CM, —AM3>| = m me: m =0, 1, 2,... (Destructive). (9.75) 


But this only gives the condition for a ray coming horizontally from the source which will 
end up at the center point of the circles shown in Fig. 9.10. How do we find the interference 
conditions for rays at other angles? To address this question, notice that when you look 
at the incoming rays from the beam splitter, you are seeing reflections of the source in 
mirrors M, and Mp. In Fig. 9.11 we have redrawn a conceptual diagram of the Michelson 
interferometer, where we have displayed the images of the source in the mirrors, and how a 
ray from an off-axis point on the source must reflect to reach the screen, after converging 
from the lens at the site where the eye is shown in Fig. 9.10. 

In Fig. 9.11, the point Q; is the image of the point P in mirror M, and the point Q2 
is the image in mirror M3. To the eye at the screen, the rays appear to come from points 
Q; and Q>. The interference of rays from Q; and Q; is observed by the eye. Rays from all 
points P on the circle on the source about the symmetry axis shown in Fig. 9.10 will meet on 
a circle at the screen that has point Q. Rays inclined at the same angle will either interfere 
constructively or destructively depending upon the difference in path, which is equal to 
AQ>. We have already discussed the effects of reflection in the two rays. If the distance AQ2 
is an integer multiple of A9/2, then we would have destructive interference, 


x 
|AQ3| = n>, m =0, 1, 2,... (Destructive). (9.76) 


If the difference between the distances to the mirrors is d, and the angle the rays make is 6, 
then the condition for destructive interference can be written in terms of d and @ as 


Xx 
2dcos@ = n>, m =0, 1, 2,... (Destructive). (9.77) 


This equation gives us the condition for destructive interference at points of a circle on the 
retina or screen that contain point Q. Since, the view of an observer is limited, one can only 
see circles made on the retina by rays that are inclined to a maximum angle. Various m7’ 
values in Eq. 9.77 refer to the corresponding angles of inclination for dark circles. Thus, 
m' = O interference is at the center, which occurs when d = 0. This is followed by a bright 
circle. The m’ = 1 destructive interference happens at the following angle of inclination: 


Xr 
m=1: coso=—. (9.78) 
4d 


Practical Applications of Interference 321 


Fig. 9.11 Effective geometry of interference 
of waves in a Michelson interferometer. 
A point P on the source has image Q; in mir- 
ror M, and image Q2 in mirror M2. The 
images serve as virtual sources which interfere 
at point O at the detector. 
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Suppose you start with the distance to the mirror M2 greater than the distance to My 
by some distance d, and move mirror M; so that d decreases. That will cause cos @ for the 
destructive condition to increase, which will imply that the condition for darkness is closer 
to the horizontal direction than before. This makes the m’ = 1 circle on the screen smaller. 
As d gets smaller, the circle for m’ = 1 also gets smaller, and when you have moved by a 
distance equal to Ay /2, the m’ = 1 circle disappears. All other fringes move correspondingly. 
The circle in space which used to be occupied by m’ = 1, is now occupied by m’ = 2, and 
the circle originally occupied by m/ = 2 will now be occupied by m’ = 3, and so on. Hence, if 
you focus on a particular place on the screen, a change in d can be determined by observing 
the number of fringes that pass. We multiply this number by half the wavelength to deduce 
the distance Ad moved, 


xr 
Ad= NS (9.79) 
Since the wavelength of visible light is in the 0.4-0.7 44m range, this equation can be used 


for making precise measurements of sub-micrometer distances from a known source of light 
and the number of fringes that pass a reference point on the detector. 


Example 9.2 Distance Measurements 


A red laser light of wavelength 630 nm is used in a Michelson interferometer. While 
keeping mirror M, fixed, mirror M2 is moved. The fringes are found to move past a 
fixed cross hair in the viewer. Find the distance mirror M2 is moved for a single fringe 
to move past the reference line. 


Solution 


We use the result of the Michelson interferometer interference condition. For a 630 nm 
red laser light, for each fringe crossing (N = 1), the distance traveled by Mz if you keep 
M, fixed will be 


Ad=1x ; = 315 nm = 0.315 wm. 


9.4.2 Fabry-Perot Interferometer 


In France in 1899 Marie Fabry and Jean Perot built an interferometer which used multiple 
beams by coating the two parallel plates partially with a highly reflecting material. They 
found that multiple reflections resulted in much narrower interference fringes than with 
other interferometers. As a result of the narrow fringes the Fabry—Perot interferometer has 
a much higher resolving power. It is widely used for precision spectroscopy, and as a gas 
laser cavity, among other things. 

A Fabry-Perot interferometer, shown in Fig. 9.12, essentially consists of two parallel 
plates of glass whose inner surfaces are polished to a very high degree of flatness, and 
then coated with a highly reflecting thin film of silver or aluminum, or some similarly good 
reflector. The outer surfaces of these plates are ground to make a wedge shape so that light 
escaping the cavity between the plates does not reflect back in. The distance d between 


Extended 
Source 


the plates can vary from a few millimeters to a few centimeters. The light rays from an 
extended source enter the space between the reflecting plates, and emerge on both sides 
after multiple reflections. The rays emerging from the end opposite to the entrance are 
focused on a screen. 

An extended light source, such as a mercury lamp is placed at the focal plane of a conver- 
ging lens so that rays coming from a single point of the source emerge parallel on the other 
side of the lens at a particular angle of inclination, as shown in the figure. The transmitted 
rays from rays of the same angle of inclination enter the space between the two partial re- 
flectors and focus on the same point at the focal plane of the second converging lens. For 
instance, the three rays A, B, and C from the source point P shown in the figure converge 
at the same point Q on the screen. The rays from points on the light source in a circle that 
contains P meet in a circle on the screen. If the condition at Q is met for constructive inter- 
ference, we will see a bright ring, while if the condition there corresponds to destructive 
interference, there will be a dark ring there. The interference pattern on the screen will have 
alternating bright and dark rings. The reflectivity r of the coating can be adjusted to sharpen 
the rings, as illustrated in Fig. 9.13. 

Let A denote the wavelength of light in the medium between the reflecting plates, and 
n the refractive index of the medium. Each time a ray between the plates is incident on 
either the left or the right reflecting surface, it is partially reflected and partially transmitted. 
Let r denote the reflection coefficient of the reflecting surface. [Note: we have denoted this 
quantity by symbol p before.] The reflection coefficient tells us the factor by which the 
reflected amplitude of the electric field decreases when reflecting off a surface. Thus, if 
r = 0.9, the reflected electric field is 0.9 times the incident electric field. 

We will also find it useful to define the square of the reflection coefficient, which we will 
denote by R, 


x 
ll 
~S 


(9.80) 


The quantity R will be related to the ratio of the intensity of the reflected wave to the 
intensity of the incident wave after a single reflection. A calculation (that you can find in a 
more advanced textbook on optics, such as Grant R. Fowles, Introduction to Modern Optics) 
of the intensity of light J, at an arbitrary point Q on the screen in terms of the maximum 
intensity is given by an Airy function of the phase shift A;2, 


Lo 1 
CU) max 1+F sin” (A12/2) ‘ 


(9.81) 
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Fig. 9.12 Fabry—Perot interferometer. 


Fig. 9.13 Calculated fringes for different re- 
flectivities in a Fabry-Perot interferometer: 
(a) r = 0.3, (b) r = 0.75, (c) r = 0.98. 
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Fig. 9.14 Geometry of Fabry-Perot for 
phase difference calculation between succes- 
sively transmitted waves. The phase differ- 
ence comes from the path difference of BCD 
and GE 


where F is called the finesse coefficient or quality factor, which has the following relation 
to reflectance R: 


4R 


F=——_, 
(1-R)? 


(9.82) 


and Aj> is the phase difference between the optical paths of two successive transmitted 
waves, shown as rays R, and R; in Fig. 9.12. We redraw the figure with only two successive 
rays in Fig. 9.14. The phase difference in terms of angle 0, the distance d between the plates, 
and the wavelength of light 7 between the plates is found to be 


2 
hes = 2nd cos 6. (9.83) 


From Eq. 9.81 we find that the transmitted intensity is a maximum when 
sin? (Aj2 /2) = 0. That means that constructive interference will take place if 


Ay = 0,427,447,-+467,.... (9.84) 


This yields the following condition for constructive interference in terms of the direction 0 
in physical space: 


2nd cos@ = md (Constructive), (9.85) 


where m is called the interference order which takes on values = 0, £1, +2, +3,.... The 
constructive maxima and minima of the intensity are plotted in Fig. 9.15. I have presented 
the plots against angle 6 and phase difference A,2. Note that, while the plot in phase change 
has peaks at equal intervals of 27 radians, the same peaks are spread out differently in 
physical space. 


Sharpness of Peaks and Reflectance 


The interference pattern resulting from Eq. 9.81 is very sensitive to the value of the re- 
flectance R and hence to the finesse coefficient F’. A plot J,/J; versus A,2 for a number of 
R values in Fig. 9.16 shows that fringes become sharper as the reflectivity R of the plates 
increases. 

From Eq. 9.83, note that A; is essentially a measure of the angular direction of the 
beams. For a given beam of fixed wavelength, increasing A,2 corresponds to decreasing 0 
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Fig. 9.15 The transmitted intensity as a 
function of angle of transmission in a Fabry— 
Perot apparatus and as a function of the phase 
difference between successively reflected rays. 
Note that the maxima in A 12 appear at equal 
intervals of 21 of A12 but they do not appear 
at equal intervals in the physical space of the 
angle. Also, the central peak in real space is 
much broader than it would appear from the 
plot in Ay2. 


Fig. 9.16 Sharpness of peaks increases with 
reflectance R. 
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Fig. 9.17 Defining the half width of a peak. 


Fig. 9.18 The schematics of separation of 
lights of different wavelength by a Fabry- 
Perot apparatus. The inner ring in each order 
corresponds to the smaller wavelength. 


due to the cosine on the right side. The constructive interference condition given in Eq. 9.84 
shows that the fringes are equispaced with respect to Aj2, but in real space where the dir- 
ection is given by 6, the fringes will be bunched up as you go out from the center of the 
screen, with more separation near the middle than further out. 

The width of a fringe at half height provides a standard way of describing the sharpness 
of the fringes. If the peak width is denoted by e, as in Fig. 9.17, then, since phase Aj2 takes 
values 2mm at the peak maxima for the m' constructive interference, the intensity will have 
half the maximum at following values of the phase difference, 

€ 


Ay2 = 2mm + 3° (9.86) 


Setting Aj2 from Eq. 9.86 into Eq. 9.81 for J,/J; = 1/2, we obtain 


i 1 
= : 9.87 
2 14+ F sin? (mx + $) een 


One can solve this equation to obtain the width ¢€ at half height. Since sharp peaks will have 
a very small €, we can use the approximation sin(e/4) ~ €/4 and cos(e/4) * 1. After a 
simple algebra you can show that 


(9.88) 


S 


It is customary to define a quantity called finesse (which should not to be confused with the 
finesse coefficient F defined earlier) which is useful for discussing the resolution of peaks, 


Separation of adjacent peaks 
fi = , 9.89 
nee Width at half height ee) 


Here the separation of adjacent peaks in the phase difference is 27 radians. Therefore, the 
finesse is related to the finesse coefficient F as follows: 


2: F 
finesse = ae = (9.90) 
€ 


Equations 9.81—9.85 show that the interference conditions in the Fabry—Perot interferom- 
eter depend upon three physically controllable parameters—the refractive index n of the 
medium between the plates, the separation d of the plates, and the wavelength A of light. 
Depending upon our particular purpose for using a Fabry—Perot interferometer, we may 
vary one of these parameters while keeping the other two quantities fixed, and study the 
change on the screen. 

When the plates of the Fabry—Perot interferometer are fixed to a definite separation d, 
the arrangement is also called an etalon. For fixed and d, the interference will depend 
upon the wavelength. So, if a light source consists of two wavelengths, say a red light of 
650 nm and a green light of 530 nm, two separate rings for each interference order m are 
seen. We display the resolution of a mixture of two wavelengths in a black/white picture in 
Fig. 9.18, where the inner ring in each order corresponds to the smaller wavelength. Since 
the interference lines in a Fabry—Perot interferometer are very narrow, they are easier to 
resolve than is the case with other interferometers. For this reason, Fabry—Perot is used for 
spectroscopy. 


EXERCISES 


(9.1) 


(9.2) 


(9.3) 


(9.4) 


(9.5) 


(9.6) 


(9.7) 


Consider two coherent sources S; and S> of waves that travel towards a detector D 
as shown in Fig. 9.19. While source S; is fixed at (x = 0, y = 0), source Sz can be 
moved between (x = 0,y = 1) cm and (x = 0, y = +7) cm, and the detector D is 
fixed at x = 100 cm. Suppose the wavelength of the waves is 4 cm and assume the 
waves start in-phase at S; and S;. Determine the phase difference of the two waves 
when they arrive at point D on the screen with the coordinate (x = 100 cm, y = 0) 
when the y-coordinate of source S} is: 


(a) y=1 cm, 
(b) »=3 cm, 
(c) »y=5cm, 
(d) y=7cm. 


What are the coherence times and coherence lengths of the following waves? 

(a) A radio station emitting a signal in a band of frequencies, between 1.5 MHz + 
10 kHz, 

(b) A speaker emitting sound in air in the frequency range 2000 Hz to 2005 Hz, 

(c) White light of wavelength between 400 nm and 700 nm. 

(d) A laser emitting light in the wavelength range 590 nm + 0.0004 nm. 

A laser light of wavelength 632.8 nm passes through two narrow slits separated by 

10 «xm and forms an interference pattern on a screen 1.5 m away. 

(a) Suppose the positive y-axis points up from the central spot on the screen. 
Find the y-coordinates of the locations of three bright and two dark spots on 
the screen. 

(b) What is the theoretical maximum order of constructive interference that could 
form on the screen? 

Three waves of identical wave amplitude Wo, and identical wavelength A are in phase 

at the plane shown with a dashed line in Fig. 9.20. Find a formula for the intensity 

of light at the arbitrary point in terms of angle 6, assuming 6 < 1 when expressed 
in radians. 


A speaker generates a sound of frequency 2000 Hz which strikes a wall with two 

narrow vertical openings separated by 0.66 m. The sound is detected by a micro- 

phone at a far-away place (say, five meters) behind the wall with the openings. Use 

speed of sound in air 340 m/s. 

(a) Find the direction of three interference maxima and four interference minima 
from the openings. 

(b) Find the angular width of the m = 0 peak, defined as the directions from which 
the intensity of the peak is more than half that at the center of the peak. 

Two light waves start from the same coherent source and come together after travel- 

ing the same physical distance L. While one wave travels in vacuum, there is a glass 

slide of thickness d and refractive index n in the path of the other wave, as shown 

in Fig. 9.21. What is the phase difference between the two waves if the wavelength 

has the wavelength Ao in a vacuum? 

A coherent light of wavelength Ao in air (n = 1) is incident on a double slit of 

separation d. One of the slits is covered with a glass slide of thickness / and refractive 

index n. 

(a) What is the phase difference between the two rays in direction @ from the slits, 
assuming @ is small? 

(b) Find the direction 6 of the constructive interference of order m. 
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Fig. 9.19 Exercise 9.1. 


Fig. 9.20 Exercise 9.4. 
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Fig. 9.21 Exercise 9.6. 
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Fig. 9.22 Exercise 9.9. 


60° 


Fig. 9.23 Exercise 9.10. 


(9.8) 


(9.9) 


(9.10) 


(9.11) 


(9.12) 


(c) What is the order of interference corresponding to the center direction, i.e. 
when @ = 0 or nearest to the 6 = O direction, for Aj = 500 nm, d = 1 wm, 
h= 2 ym, and n = 1.5? 

Two radio antennas are 1 km apart. They broadcast 4 MHz signals in phase. A car 

moves at a constant speed v on a road parallel to the line joining the two antennas. 

The road is 20 km away from the antennas, i.e. the length of a line perpendicular 

to both the line joining the antennas and the road is 20 km. When the car radio is 

tuned to the signal at 4 MHz the signal increases and decreases periodically. 

(a) State why you would observe such variation in the intensity. 

(b) Determine five successive places on the road where you will get the strongest 
signal. 

A Lloyd’s mirror is a set-up that allows a double-slit experiment with only one 

source S by placing a mirror between the slit and the screen, as shown in Fig. 9.22. 

The image S’ of the slit serves as the second slit. Use the fact that the reflection of 

light from the mirror adds an additional phase change of z radians. 

(a) Find formulas for the constructive and destructive interferences on the screen 
if the screen is a distance L away and the slit is a distance D above the mirror. 
Assume D « L. 

(b) If L= 2m, D=2 um, and the wavelength of light used is the yellow sodium D 
line of wavelength 589 nm, find two places on the screen you will find bright 
spots and two places where there will be dark spots. 

Dielectric Thin Film. Light reflects off a thin oil film over water, as shown in Fig. 

9.23. Let h be the thickness of the film and 7, be the refractive index of oil, which 

you can assume to be less than the refractive index ny of water. Consider a ray of 

light of wavelength A, incident at an angle 6, on the film from air. (You may use 

h = 150 nm, i = 1.2, my = 1.33, Mair = 1.0, Ap = 550 nm, 6; = 60°.) 

(a) Find refraction angle 62 in the oil. 

(b) Find the distances AC, AK and BH. 

(c) Determine the phase difference between the following points shown in the 
figure: (i) A and B, (ii) C and D, (iii) E and F, (iv) H and A, (v) F and A, and 
(vi) H and E 

(d) As you vary the angle of incidence, you will find that at some angles the light 
has a stronger intensity than at some other angles. Find a general relation 
among 1%, Ao, 61, 92, and # corresponding to the constructive interference 
for the air/oil/water system. 

Two optically flat glass sheets of length / and refractive index n are used to form a 

wedge of air by placing a narrow wire of thickness / between them at one end. A 

monochromatic light of wavelength io in air is incident normally on the top glass 

plate. A constructive interference is observed in the light reflected at a distance 4 

from one end. 

(a) How far from this point towards the edge with the wire would you need to 
move to observe the next constructive interference? 

(b) What will be the numerical value of the distance if 7 = 25 cm, A = 100 um, 
Ao = 550 nm, n(air) = 1 and n(glass) = 1.55? 

In a Michelson interferometer, light of wavelength 632.8 nm from a He-Ne laser is 

used. When one of the mirrors is moved by a distance D, eight fringes move past 

the field of view. What is the value of the distance D? 
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(9.13) In one arm of a Michelson interferometer a glass container is placed, as shown in 
Fig. 9.24. The space inside the container is 2 cm wide. The inside of the glass con- 
tainer can be filled with a gas to desired density or pressure. Initially the container 


is empty. As gas is slowly filled into the container, it is observed that dark fringes gas 


of the interferogram move past a reference line in the field of observation. By the container 
time the container is filled to the desired density of gas, 1220 fringes move past the 
reference line when light of wavelength 632.8 nm is used. Use the data given here 


to find the refractive index of the gas at the final density. 


Fig. 9.24 Exercise 9.13. 
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Fig. 10.1 Traveling of waves according to 
Huygens’ secondary spherical wavelets. 


Diffraction 


Chapter Goals 


In this chapter you will learn about the Huygens principle of propagation of waves. We 
will apply the Huygens principle to understand diffraction. You will learn to calculate 
the consequences of interference of infinitely many coherent sources and apply the 
results to understand diffraction in a variety of systems. You will also learn the limitation 
of imaging apparatus due to diffraction that limits the resolution. 


You might have noticed that water waves slosh around a rock in their way and may some- 
times form again and continue on. A siren from a car can be heard around the corner. 
A light wave coming out of a laser spreads out as it travels in space. It is a common property 
of all waves that when a wave encounters an opening or an obstacle, the wave is distorted 
and spreads out. These are examples of the property of diffraction. 

The theoretical understanding of diffraction is due to Augustin Fresnel (1788-1827), 
who in 1819 proposed his theory of diffraction in a winning essay to the French academy 
and was instrumental in the acceptance of the idea of light as waves. The theory of diffrac- 
tion is based on the superposition principle we discussed in the last chapter and Huygens’ 
principle that we will state below. When a wave interacts with an object in its path, the inter- 
action excites the particles of the object which creates additional waves. In the region near 
the obstacle, the net wave is quite complicated, but very far from the interaction the picture 
is somewhat simpler. Diffraction in the far-field region is also called Fraunhofer diffrac- 
tion. In this chapter we will study diffraction through apertures in the far-field region to 
gain an understanding about fundamental aspects of diffraction. 


10.1 Huygens-Fresnel Principle 


The theoretical understanding of diffraction is based on a fundamental principle of wave 
propagation enunciated in 1690 by the Dutch physicist Christian Huygens. The Huygens 
principle states that: 


Every point on a primary wavefront serves as a point source for spherical second- 
ary wavelets of the same frequency and speed as the original primary wave such 
that the primary wavefront at a later time is the envelope of these secondary 
spherical wavelets. 


In Fig. 10.1, I have illustrated Huygens’ principle by sketching the time evolution of a 
wavefront. The wavefront at t = ¢ is at a distance from the wavefront at = 0 for a wave 
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propagating with speed v. Using pictures like these, Huygens could successfully explain the 
laws of reflection and refraction. 

In spite of the successes of Huygens’ principle, it suffers from several drawbacks. It does 
not tell us what to do with the backward traveling part of the secondary spherical wavelet. 
Furthermore, it only makes use of the envelope of the secondary wavelets, and does not 
tell us what to do with the rest of the wavelet. More importantly, it gives rise to the same 
wavefront regardless of the value of the wavelength. Thus, if we follow the prescription out- 
lined above for waves of two different wavelengths, we will get exactly the same result. But 
we know from experiments that different diffraction patterns result for the same aperture, 
depending on the wavelength. 

Augustin Jean Fresnel used the ideas of interference to modify the Huygens principle so 
that one can understand diffraction phenomena better. Fresnel hypothesized that: 


Every point of a primary wave could be thought of as producing secondary 
wavelets whose overlap and interference forms the primary wave at an instant 
later. 


The modified version is called the Huygens—Fresnel principle. The main difference 
comes from the introduction of interference in Fresnel’s modification in place of the en- 
velope that determines the primary wave later. We will now apply the Huygens—Fresnel 
principle to simple cases of diffraction from single slit, double slit, circular aperture, dou- 
ble slit and diffraction grating to gain qualitative and quantitative understanding of the 
diffraction phenomena. 


10.2 Diffraction through a Single Slit 
10.2.1 Near-Field versus Far-Field 


Consider a light source in front of a slit in an opaque material (Fig. 10.2). We place a screen 
behind the slit to observe the diffraction pattern there. If the screen is placed immediately 
behind the slit, we will find a shadow of the slit on the screen. When we move the screen 
further out, the shadow develops fringes which are sensitive to the distance from the slit. 
These patterns are called Fresnel or near-field diffraction. 

Moving the screen considerably far away from the slit you reach a region where the 
patterns stabilize and although they spread out more as you increase the distance to the 
screen, the diffraction pattern itself remains the same. We call this pattern the Fraunhofer 
or far-field diffraction, after Joseph von Fraunhofer. 

It turns out that the mathematics for near-field study is quite advanced for this book. 
I will recommend a more advanced book on optics such as Fowles, Modern Optics if you 
want to learn more. Here we will study only Fraunhofer diffraction. 


10.2.2 Calculation of Intensity in the Far-Field 
Region 

We will now calculate the intensity at a far away point from a wide slit. The set-up and 

coordinate axes for the calculation are shown in Fig. 10.3. Briefly, let a plane harmonic 


wave be incident on a rectangular slit, with one side being very long. According to the 
Huygens-Fresnel principle, the part of the wavefront in the area of the slit will serve as 
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Fig. 10.2 Shadow, Fresnel, and Fraunhofer 
diffraction regions and patterns from a hori- 
zontal shit in front of a point source placed far 
away from the slit of width b. 


Fig. 10.3 Geometry for the calculation of 
Fraunhofer diffraction from a plane wave at 
aslit. The sht ts parallel to the y-axis. In this 
figure only the cross-section in the xz-plane is 
shown. 
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Planar wave at 
the slit 


Secondary waves 
that meet at P 


Plane wave at the slit Screen 


a source of waves when the wave emerges behind the slit. Each point of the wavefront 
whose cross-section in the xz-plane is shown in Fig. 10.3 serves as a coherent point source 
of spherical wavelets which propagate to the screen. The wave amplitude at an arbitrary 
point P on the screen will be equal to the superposition of waves from every region of the 
wave segment on the area of the slit. 

Since the wave segment on the screen is very long in the y-direction, the result at any y 
will be same as at any other y. Therefore, we will perform the calculation in the xz-plane 
only. In the xz-plane we will have a line source of length 6 along the x-axis, as shown 
in Fig. 10.3. We will use coordinate symbol x’ to locate the points on the wavefront and 
symbol x to locate a point on the screen, as in the figure. 

To perform the superposition calculation of spherical wavelets from points on the O'x’ 
axis, consider an infinitesimal segment between x’ and x’ + dx’. Let the amplitude of the 
vibration there be Adx’, the frequency w, wave number k, and the phase constant @ = 0. 
The traveling spherical wavefront generated by the source at dx’, which we can write as dy, 
will be given by the following spherical wave function: 


/ 


HEB = caus, (10.1) 


where r is the distance from the element. Let L be the distance between the slit and the 
screen, x’ the x-coordinates of the element, and x be the x-coordinate of the point P on the 
screen. Then, 


r=V(x-x)2 +L. (10.2) 
The contribution of the wave from the dx’ element to the wave at P will be 


Bia Pe ( (ex)? +T?-ot). (10.3) 
(x—x’/)2 + L? 


Summing up contributions from every point of the wavefront at the slit amounts to 
performing an integration over the variable x’ from x’ = —b/2 to x’ = b/2, 


i Adx' 
wat P) = [, Cary rer cos (kV @=x)? +1? - wt) ‘ (10.4) 


In general, this integration is hard to do. However, for far-field regions we can make some 
reasonable approximations. Let R be the distance of point P from the center of the slit and 
6 be the angle between the line from the center of the slit to P and the horizontal direction. 
Let us write the variable r in terms of R and 6 rather than x, x’, and L. Using the cosine law 
we note that 


r= (rR + x’? —2Rx' cos(90° - 0) = V R? + x? —2Rx’ sind. (10.5) 


Now, note that R is + L since @ is small, 


~ L, (10.6) 


Therefore, 
rx VL? +x'? -2Lx sind. (10.7) 


Note that x’ here is the x-coordinate of a point on the slit, therefore |x’| <0. In the far- 
field region L >> 6b, therefore we will have L >> x’. Therefore, we can consider x’/L as a 
small value variable and expand r in a Maclaurin series in powers of x’ /L. Keeping only the 
leading order in x’/L gives 


1/2 
1/2 ae \? x 
as 2 jr fxs a ais ar, aes 
eS (h +x" -2Ix siné) f+ (#) 2% sino| 
x, re 
x~L|\1-—sinéd}| = L-~x' sing. 
L 


Therefore, 


r= L—x sind. (10.8) 
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Fig. 10.4 A plot of intensity at the screen 
various slit width. The intensity variation 
on the screen corresponds to the diffraction 
pattern at the screen. 


Since |x’ sin@ | < L we may be tempted to drop x’ sin@ altogether. This turns out to be not 
a wise choice as it throws out the diffraction effect altogether. The distance r in Eq. 10.1 
appears in the amplitude [Adx’/r] and in the phase [kr - wt]. The kr in the phase has a 
large k and the result is acted on by a sine function and small changes in r tend to make a 
large impact on the sine of kr. Therefore, in the phase we must keep x’ sin@ along with L 
when approximating r. Dropping x’ sin@ compared to L in the amplitude [Adx’/r] does not 
make much of a difference. Making these changes we get 


Adx' 
diy (at P) © = sin[k(L—x’ sin@) — wi]. (10.9) 
Integration of this expression is now much easier to do with the following result: 


{1 : 
bA sin (J ¥5sino 


L shkb sin@ 


ur(at P) = sin [kL —at]. (10.10) 


The intensity at P is obtained by time averaging the square of this rapidly fluctuating wave. 
Since time averaging of sin?(w2) or cos? (wt) gives 3 we obtain the intensity in direction 6 
from the slits to be 


_ (bA\* [sin By)? 
1@)=a(%) : i (10.11) 


where @ is a proportionality factor which is equal to €gc for light, and £ is the following 
function of slit width 6, angle 6, and wave number & (or equivalently, wavelength i), 


1 bsind 
B= = kbsind = as = (10.12) 


The quantity a (ay is the intensity in direction 9 = 0, or when 8 = 0, which is also 
the maximum intensity. We may simplify the formula for intensity further by casting the 
general formula in terms of the intensity for 6 = 0. Then the intensity in direction 6 is more 
compactly written as 


sin B 2 
10) = | 2B : (10.13) 


By expressing @ in terms of x of point P on the screen we can also write # as a function of x 
on the screen, 


x . wbx 
I =tand~siné, = B= aa (10.14) 
Figure 10.4 shows three plots of the intensity versus the direction of beams for width 
b= /2,,2. We see that when the width of the slit b < A there is no diffraction minimum. 
Only when the width is larger than the wavelength do minima appear in the diffraction 
pattern. Overall, the intensity drops off away from the center. The second peak is about 


20 times smaller than the central peak. 


10.2.3. The Maxima and Minima of the Diffraction 
Pattern 

The maxima and minima of a diffraction pattern refer to the maxima and minima of the 

intensity. Since intensity can never be negative, zero is the lowest value that intensity can 


have. From the formula for intensity in Eq. 10.13 it is easy to find when intensity will be 


Zero, 


sinB _ 


I=0 when 0. (10.15) 


That is, when 
sin B = 0, with B # 0. (10.16) 


When £ = 0, sin B/f is not zero, but 1. Therefore, we find that intensity will have minima 
at the following values of B: 


Minima: B = mx, m' = +1,+2,+3,.... (10.17) 


The integers m' are called diffraction minima orders. We often place a subscript onto the 
parameter to indicate various orders, 


Minima: £,,. = mm, m! = +1,+2,+3,.... (10.18) 


This can be written for direction angle 6 as 


Minima: 6 sin6,, = md, m! =+1,+2,+3,..., (10.19) 


and for the position on the screen, 


Minima: bx, = m'AL, m! = +1,+2,+3,.... (10.20) 


Intensity maxima do not occur at points halfway between the minima. We can obtain the 
maxima of intensity J by treating it as a function of # and setting the derivative to zero, 


— =0. (10.21) 


This condition will include both the minima and maxima. Since we already know all the 
minima, we can identify the maxima by filtering out the minima from the result. Carrying 
out the derivation explicitly we obtain two conditions on 6, 


sin B = 0, (10.22) 
tanB = Bp. (10.23) 


The first condition gives extrema at 


B =0,t17,427,437,.... (10.24) 
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Fig. 10.5 The graphical solution of Eq. 
10.23. The dashed line 1s the plot of B versus 
B and the solid lines are tan B versus B. The 
intersection of the two plots gives the points 
where tan B = B. 


All except 6 = 0 are the minima. Therefore, we have identified 6 = 0 as one of the maxima. 
The second equation, Eq. 10.23 gives us all the other maxima. This equation is a tran- 
scendental equation and can be solved graphically by plotting the left and right sides of 
the equation, tan f and £, against 6, as shown in Fig. 10.5. The values of 6 where the two 
graphs intersect correspond to the solutions of the equation tan B = B. 

The approximate values for the three solutions shown in Fig. 10.5 are B =0, B © 3m, pr 
-3n. A more precise and expanded graph gives B = 0, B © +1.43037, +2.45907, 
+3.4707z, .... The locations of the diffraction maxima, 6 = 0, +1.43037, +2.45907, 
+3.4707z, ... are referred to as constructive diffraction orders m = 0, +1, +2, +3,.... 


Width of Diffraction Maxima 


The central maximum occurs for 8 = 0, which is the same as 8 = 0. The peak widths in 
B and @ are related in a nonlinear way. For instance, if you plot intensity as a function of 
6B, you would find that the central maximum is between 6 = —-z and f = 7, while the other 
peaks are between mm and (m+ 1)z. That means that the central maximum is between 
—-m and 7, which gives it a width of 27, but the other maxima have a width of only z. 

That the central maximum is twice as wide in the beta space does not carry over to the 
direction in real space. In real space, the angular width of the central peak, AQ, is related 
nonlinearly to Af, as you can easily see from Eq. 10.12, 


mbsind xz 6b cos@ A@ 
x > AB 1 : (10.25) 


p= 


That is, the width of a peak in terms of the physical angle 9 would depend upon the direction 
6 as well, 


Xr 
AQ = ——— Af. (10.26) 
x b cos@ 


The central maximum has a width of AB = 27 rad in f-space. This peak will have the 
following width in real space: 


Xr 2X 


AO) oes = 2m = . 
(A central xbcosd” 5 cosd 


For the 6 © 0 near the central peak, therefore, we have cos@ = 1, hence 


2r 
(AD essen = oi (10.27) 


Example 10.1 Single-slit Fraunhofer Diffraction 


Light of wavelength 550 nm passes through a slit of width 2 wm. Find the location 
of four minima on a screen about the central bright location (a) in terms of the angle 
subtended with the horizontal direction from the center of the slit and (b) the positions 
of the dark bands if the screen is 50 cm away. 


Solution 


(a) The minima are given by the following condition: 


bsind = mA (m= +1,42,43,...) (Minima). 


Hence, the four minima around the central maxima will have m = +1,+2. The 
corresponding directions from the slit are 


_[r ' 
64, = + sin 3 ==16", 
. (2a 
642 = sin (F) = 33°, 


Pictorially, the directions from the slit for the minima are given in Fig. 10.6. 


(b) The location of the diffraction minima on the screen can be deduced from the 
right-angled triangles. Let the positive y-axis be pointed upwards on the screen, 
then we will have 


y= (50 cm) tané. 
Denote the positions of the four minima by 941, 9-1, 42 and y_2, 


Yai = (50 cm) tan 64; = £14 cm, 


Y42 = (50 cm) tan 642 = £33 cm. 


10.3 Diffraction through a Circular Aperture 


10.3.1 The Diffraction Pattern 


When light goes through a circular hole or a lens we find that the beam spreads out. If the 
aperture has appropriate dimensions, you can also see a diffraction pattern on a screen be- 
hind the aperture with a central bright spot and alternating dark and bright rings. You can 
see the same type of diffraction pattern when you pass sound or any other type of waves 
through a circular aperture. The development of these diffraction patterns can be under- 
stood from application of the Huygens—Fresnel principle, just as for diffraction through a 
wide slit. 

Suppose a plane harmonic wave of frequency w and wave number k = 277/d is incident 
on a circular aperture of radius a, as shown in Fig. 10.7. What will be the intensity on 
a screen a distance L away from the aperture? Calculation of the intensity is somewhat 
complicated and will not be presented here. We will simply cite the final expression for the 
intensity in direction 9 from the center, 

: 2 
1(6) = I(0) | (10.28) 
kasin@ 
where 7; (x) is the Bessel function of the first kind or order 1 and /(0) is the intensity at 
6 = 0. Note that for a small argument x the function 7; (x) has the following limit: 
mn 1 1 


li 


2 10.29 
x0 Xx 2 ( ) 
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Fig. 10.7 The circular aperture geometry. 


Fig. 10.8 The intensity and wave amplitude 
in a diffraction through a circular aperture. 
The plot on the left is a plot of intensity as a 
Junction of the angle @ with respect to the cen- 
tral line. It shows that the central maximum 
contains most of the signal. The figure in the 
middle 1s a plot of the wave amplitude at the 
screen and one on the right has the intensity 
at the screen. 


Plane 
Harmonic 
Wave Fronts 


Screen 


The intensity in direction 6 is independent of direction ¢ about the axis joining the center 
of the aperture and the center of the screen. In terms of the position on the screen, we can 
write this as a condition on the radial distance of a polar coordinate at the screen. Let (q, ) 
be polar coordinates at the screen, then 


q=Ltanéd + Lsindé, tang = y/x. (10.30) 


Therefore, intensity is a function of the radial coordinate only, which predicts the diffraction 
pattern on the screen to be circular. 


(10.31) 


2 
ee E a) 


kaq/L 


Figure 10.8 shows a plot of intensity as a function of the angle, the wave amplitude and the 
intensity at the screen. The central peak contains most of the signal with the second peak 
approximately 1.8% of the central peak. The zeros of the Bessel function, 7; (x) = 0, give 
us the location of the diffraction minimum except for x = 0. The first few zeros of J; (x) 
are x = 0, 3.8317, 7.0156, 10.1735,... Therefore there will be a dark circle of radius q; 
around a central filled circle with q; given by 


kaq,/L = 3.8317. (10.32) 
Solving for q; we get 


L AL 
m = 3.8317— = 1.22—, (10.33) 


ka D 


(0) 


1/1(0) 


where D is the diameter of the aperture, 
D=2a. (10.34) 


The angle 6 subtended at the center of the aperture by the first circle will be 


Xr 
6, © sin 6; = hee (10.35) 


This is an important formula for resolution of images limited by diffraction effects, as we 
will see below. Similarly, we can obtain the radius g> of the next dark circle, 


L AL 
gz = 7.0156 = 2.23, (10.36) 


and the angle 6 corresponding to this diffraction minimum, 


d 
6, © sin 6, = 2.235. (10.37) 


10.3.2 Limitations on Imaging Due to Diffraction 


Diffraction through a circular aperture has many applications. The circular aperture may 
be just a circular hole in an opaque object. The circular aperture may also be a circular lens 
through which light could pass, such as in the viewing tube of a telescope or microscope. 
When light in a narrow beam passes through a circular aperture the beam will spread out 
in accordance with Eqs. 10.28 or 10.31. Therefore, rather than a point on the screen you 
will observe a bright circular disk on the screen surrounded by a dark circle. The pattern of 
bright and dark circles will repeat on the screen. 

The circular images of two nearby point objects, such as two stars, may overlap making 
it difficult or even impossible to distinguish them. The resolvability of two objects is given 
by the Raleigh criterion, which states that two images are barely resolvable if the center of 
one is at the edge of the other circle (Fig. 10.9). 

In terms of the angular separation of the centers of the two images, the Raleigh criterion 
states that the angle of separation @ of the centers of the images, as shown in Fig. 10.10 
must be greater than a minimum angle given by the first dark ring of the diffraction pattern 
of one of the objects, 


1.222 
Angular separation, 6 > 6; = ae (Raleigh Criterion). (10.38) 


Thus, according to the Raleigh criterion, two stars cannot be resolved by a telescope of 
aperture D operating at wavelength A, if the stars are not far enough apart: they have to 
subtend an angle larger than angle 6,. Since the loss of resolution due to diffraction effects 
cannot be eliminated by employing a better lens or adding additional optical elements, we 
say that the resolution is diffraction limited. An image that is diffraction limited may be 
improved by changing the aperture or observing in a different part of the electromagnetic 
spectrum. 


Diffraction through a Circular Aperture 339 


OOD 


(a) Resolved 


(b) Raleigh Criterion 


(c) Not resolved 


Fig. 10.9 Raleigh criterion of resolution. 


Pi 
ae 
Lens as a 
P, : 
circular 
aperture 


Fig. 10.10 Angular separation of two im- 
ages. For the stars to be resolvable the angle 
6 must be larger than 6; given by 1.222/D, 
where D is the diameter of the lens serving as 
the aperture. 
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Fig. 10.11 Example 10.2. 


Example 10.2 Resolution of Images Formed by a Lens 


A circular converging lens of diameter 100 mm and focal length 50 cm is to be used to 
project the images of two faraway point sources of wavelength 632.8 nm. The image 
distance can be taken to be equal to the focal length and the image assumed to be 
on the focal plane of the lens. (a) Looking from the lens’s center, what should be the 
minimum angular separation of the two objects so as to satisfy the Raleigh criterion? 
(b) How far apart will the central bright spots be on the screen at the Raleigh criterion? 


Solution 


(a) The figure for this example will be the same as Fig. 10.10. For the Raleigh criter- 
ion the angular separation @ must be larger than the angular width for the central 
peak, which is 6, 


ny 
6 tan@ =6,, where 6; = 1,22-. 


Putting in the numerical values appropriate for this problem we get 
_ 1.22 x 632 x 10° m 
aa 0.1m 


Note that we need to express both 4 and D in the same units. 


= 7.7 x 10° rad. 


(b) Let one image be centered at point Q; with q being the radius of m = 1 minimum 
for Q; as shown in Fig. 10.11, The image Q) of the second object must be at the 
minimum distance of g from Q;. That is the distance Q; Q, will be equal to q of 
one of the images, 


QiQ, = 4. 


The distance from the lens is equal to the focal length. 
Therefore, the distance between the images will be 


QQ, =q= L0= fo. 
Putting in the numbers we obtain 


Q,Q, = 50 em x 7.7 x 10° rad = 3.85 ym. 


10.4 Fraunhofer Diffraction through 
a Double Slit 


10.4.1 The Diffraction Pattern 


In the last chapter when we were studying interference in the Young’s double-slit experiment 
we ignored the diffraction effect in each slit. We assumed that the slits were so narrow that 
on the screen you only saw the interference of light from just two point sources at the slits. If 
a slit width is smaller than the wavelength then Fig. 10.4 shows that there is just a spreading 
of light and no peaks or troughs on the screen from the diffraction effect. Therefore, it 
was reasonable to leave out the diffraction effect in the last chapter. Figure 10.4 also shows 
that, if the slit width is larger than a wavelength, you cannot ignore diffraction, since now the 
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intensity will be affected by both interference of waves from the two slits and the interference 
of waves from the same slit. 

To distinguish the interference pattern resulting from an interference of different parts of 
the same slit from the interference between two different slits, we call the former a diffrac- 
tion pattern, and the latter the interference pattern, although there is really no difference 
in the fundamental way of distinguishing them since both effects arise from the interference 
of waves. Generally, interference from two finite number of waves is termed interference 
and interference from infinitely many waves is termed diffraction. 

In this section we will study the complications of the double-slit experiment when you 
also need to take into account the diffraction effect of each slit. Figure 10.12 shows the basic 
arrangement of a double-slit experiment. The intensity on a point P on the screen is usually 
written as a function of the angle @ that the point makes at the symmetry point O, as shown 
in the figure. 

The secondary spherical wavelets from each slit would interfere with other wavelets from 
the same slit, as well as the wavelets from the other slit. The resulting intensity in direction 6, 
which is derived below, would be a combined diffraction and interference effect and shows 
up as a product of the two effects, 


sin B e 2 
I) = 4h ("J cos’ @. (10.39) 


Here Jer is the intensity of light from each slit treated as a point source. The constants 
6B and a characterize the slit width and the slit separation respectively, and are defined by 
the following relations, as before: 


masin@ — kasin@ _ mbsind _ kbsiné 


=e ay: x 2 


(10.40) 


The factor (sin 6/B)? in Eq. 10.39 comes from the diffraction of the waves originating from 
the same slit and the factor cos? a arises from the interference of the waves from the two 
different slits. The diffraction pattern has a minimum whenever (9) becomes a minimum. 


Secondary 
waves that 
meet at P 


Screen 


Fig. 10.12 Fraunhofer diffraction through 
a double shit. 
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Fig. 10.13 Fraunhofer diffraction from a 
double slit. The dashed line with same height 
peaks is from the interference of the waves 
from two slits, the dashed line with one big 
hump in the middle ts the diffraction of waves 
from within one slit, and the solid line is 
the product of the two, which is the pattern 
observed on the screen. The plot shows the ex- 
pected result for a slit width b = 2d and shit 
separation a = 6... The maximum of m = +3 


order for the interference is missing because the 
minimum of the diffraction occurs in the same 
direction. 


Minima: 
T 1 
= ee 10.41 
a 5 5 ( ) 
(Bos 229 E27 5237 55..-3 (10.42) 


The minima due to @ are called the interference minima and those due to 6 are called 
the diffraction minima. It is also useful to rewrite the minima conditions in terms of the 
wavelength A and the slit dimensions a and b. 


Minima: 
‘ Xr Xr 
Interference: asin@ = > 3 rh (10.43) 
Diffraction: bsin@ = +A,+2A,+3A,... (10.44) 


The maxima of cos? w are called the maxima due to interference, or interference maxima. 
They occur when a = mm for integer m. These values of a correspond to the following 
values of the angle 6: 


Interference maxima: 


asind =md, m=0,+1,+2,.... (10.45) 


Some of these maxima will be missing from the pattern if the direction also corresponds to 
a diffraction minimum in Eq. 10.44. Thus, at an angle for which both Eqs. 10.45 and 10.44 
are satisfied, we will have a zero intensity, even when a maximum intensity is expected, 
based on interference alone (Eq. 10.45). We refer to these missing peaks as missing order. 
One example diffraction pattern on the screen is presented in Fig. 10.13, the solid line with 
multiple peaks of various heights is the observed intensity on the screen. It is a product of the 
interference pattern from waves from separate slits and the diffraction of waves from within 
one slit. You can see that the m = 3 interference peak is suppressed since this interference 
maximum is co-incident with a diffraction minimum in the same direction. 


45° 30° 15° 0 15° 30° 45° 
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10.4.2 Derivation of the Intensity Formula 


In case you are wondering how one can obtain the formula in Eq. 10.39 for the intensity 
cited above, here it is. Consider plane waves incident on an opaque shield with two long 
horizontal slits each with width a and center-to-center distance 6, as shown in Fig. 10.12. 
Then the superposition of secondary wavelets from the plane wavefront at the two slits will 
proceed in a similar way as for a single slit, except now the integration over x will have two 
parts, one over each slit, 


wat P) = Contribution from the wave through slit 1 


+ Contribution from the wave through slit 2. 


We have already worked out the math for one slit in detail when we studied the diffraction 
through a single slit. The same math is applied here with the range of x for the slits being: 


a b a 6 i a b a b 7 
5-5 to 5 + 5 for slit S; and-5 — 5 to—$ + 5 for slit So, 


A a/2+b/2 
wat P) = I / sin(kL — kx sin 0 -onax| 


2-5/2 slit 1 


A -a/2 + b/2 
+= / sin(kL — kx sind -oax| Fi 
L | J-a/2-0/2 slit 2 


where A is the amplitude at the slits. For simplicity we have assumed the same amplitude at 
the points of the two slits. The integrals are easy to do with the following result: 


_ 0A /sinB 
Wat P) =2-- ( B 


) cosa sin(kL—-wt), (10.46) 
where @ and f are same as defined above. The intensity is obtained by time-averaging the 
square of the field and then multiplying the result by an appropriate factor for that wave; 
for a light wave the factor is egc, where € is the permittivity and c the speed of light. Let 
us use this factor here and tailor our calculation to light waves. At the end, we can write the 
formula for intensity that will apply to any type of wave. The time averaging of sin? (RR-wt) 
gives 5. Therefore, the intensity in the direction at an angle 6 from the slits will be 


2 : 2 
I(@) = | aae( 5) (S*) cos? a, (10.47) 


where the quantity in the square bracket has units of intensity. As we are mostly interested 
in how the intensity changes on the screen and not in the absolute value, it will be nice to 
find a reference intensity Jef in terms of which we can express /(@). The intensity of light 
from one slit on the screen at the horizontal spot from the slit when the other slit is covered 
provides a nice reference intensity. This intensity is easily obtained from noting that the 
electric field has amplitude A at any point of the slit and accounting for the spreading out in 
a sphere of radius R when traveling to the screen, 


1 bA\? 
he = 3 606 R < (10.48) 
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(b) 


Fig. 10.14 (a) Transmission grating and 
(b) reflection grating. 


Therefore intensity J(@) from two slits is written as follows: 


; 2 
I@) = Alrer (S*) cos? aw. (all waves) (10.49) 


Note that when both slits are open, the intensity is four times the intensity of one slit rather 
than two times. This is because the amplitudes add giving 2 x the amplitude of one slit, 
but the intensity is proportional to the square of amplitudes, and therefore you get 4 x the 
intensity of one slit. 


Example 10.3 Interference and Diffraction in a Double-Slit Diffraction 


Find the angular positions of the interference maxima within the central peak of a 
double-slit diffraction for a monochromatic light of wavelength 628 nm on slits of 
width 1.5 um separated by 4 wm. 


Solution 


First let us find the range of angle included within the central maximum of the 
diffraction by locating the first diffraction minima, 


bsind = +A. 


Therefore, the central peak is between —sin™!(A/b) and +sin™'! (4/6), which gives 
—23.3° to +23.3°. We need to find the interference maxima within this range. The 
condition for interference maxima is 


asinOd=ma, m=0,+1,+2,+3,.... 


The value of m for which the edge of the central peak of diffraction is reached is 
obtained by setting the angle to 23.3°, 
_ asind — 4m sin(23.360) _ 


2:5, 
Xr 0.628 wm 


Hence, the central peak will have five interference peaks, corresponding to 
m= 0, +1, +2. 


10.5 Diffraction Grating 


A material consisting of periodic reflectors or periodic transmission slits is called a diffrac- 
tion grating. The diffraction gratings with periodic reflectors are more specifically called 
reflection gratings and those with periodic slits are called transmission gratings (See 
Fig. 10.14). 

A transmission grating for light can be made from a glass plate by machining fine parallel 
lines onto it so that the spaces between the lines serve as slits. In a transmission grating, light 
is incident on one side of the slits and emerges on the other side having passed through the 
slits (Fig. 10.14a), so that each slit serves as a new source of a wave. The reflection gratings 
for light are made by etching parallel grooves onto a glass or metal plate from which light 
can be reflected (Fig. 10.14b). Music and computer CDs acts as reflection gratings for 
light waves. You may have noticed that white light is separated into component colors when 


reflected off a CD. This effect is due to the CD acting as a reflection grating. Diffraction 
gratings for sound waves are even easier to construct. For a transmission grating for sound 
you can tape or nail plastic or metal plates, usually 2 or 3 cm wide for audible sound, with 
the periodicity of grating required. To observe the effects of a diffraction grating of sound 
you can either vary the spacing in the grating and/or adjust the wavelength of the sound. 
Let us examine a transmission grating, which is simply a system of many slits. Diffraction 
through multiple slits can be understood in much the same way that we have discussed 
diffraction through two slits previously. If a wave is incident on a diffraction grating such 
that the wave passes through N slits, each of width 8, and slit separation distance a, then the 
superposition of the waves from these WN slits will give the following wave amplitude: 


cos(kL—- ot). (10.50) 


(ams [4(*) sin(Na) 


B sina 


The derivation of this result is left as an exercise for the student. Therefore, the intensity on 
the screen will be 


. 2ro 2 
10) = 1 (4) aXe | : (10.51) 


B sina 
where J (0) is the intensity at 6 = 0. Here, a and f are same as above. 


zasind kasin@é 


= 5) 


Xr 2 
p= mbsiné _ kbsind 
= 7 = = 


The parameters a and # respectively control the effect of interference of waves from 
adjacent slits and the diffraction from secondary wavelets within the same slit. 

In the case of narrow slits, i.e. when the slit widths are much smaller than the wavelength, 
we can assume 6 < 1 and make the approximation sin 6 * B, which gives sin 6/6 ¥ 1. In 
these circumstances, one finds that a regular interference pattern is modulated in intensity 
with the intensity of the peaks in the center being the largest. When discussing the effect of 
the number of slits it is better to “turn off” the diffraction by using slits where the slit width 
b<d so that B < 1. In this case, we will have a simpler formula for the intensity, 


sin(Na) 


sina 


2 
I(0) =I) . (narrow slits) (10.52) 


10.5.1 Principal Maxima 


The diffraction pattern from multiple slits consists of major and minor peaks. The major 
peaks, also called principal maxima, occur when the denominator in Eq. 10.52 goes to 
zero, 


Principal maxima when: sina = 0, (10.53) 


which means that @ has the following values at principal maxima: 


Principal maxima when: aw = mz, m=0,+1,+2,.... (10.54) 
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Note that when a@ has these values, the numerator of Eq. 10.52 will also be zero since N is 
an integer and sin(Nmz) = 0 when mand N are integers. That is, at principal maxima, both 
the denominator and numerator go to zero. But, the intensity in Eq. 10.52 is well defined 
since the ratio of sin(Na@)/ sina for these values of a has a limit of +N as a > mz. Let us 
1.0 set @ = mm —e€ and then take e€ > 0, 
0.8 ; 
cay . sin(Na) .  sin(Nmz — Ne) _— (-1)%" sin(Ne) 
2 0.6 lim : = lim = =i : 
rs a>mx sing e>0  sin(z -€) e>0 (-1)” sin(e) 
2 0.4 
1 Bde 
02 = 1)8-D™ him (Ne) — g(Ne)? + 
«30 e—1e3 4... 
0.0 ° 
= (-1)8-D" N=+N. 
1.0 
0.8 In terms of angle @ of the direction from the center of the diffraction grating, the principal 
3 06 maxima occur at 
§ 
0.4 sh 
Principal Maxima when: bsin@ = mA, m=0,+1,+2,..., (10.55) 
0.2 
0.0 where I have used a = zasin@/i. 
1.0 10.5.2 Angular Width of Principal Maxima 
0.8 
3 The sharpness of the principal maxima depends on N. In Fig. 10.15, diffraction patterns of 
3 0.6 a monochromatic light incident across N slits of a transmission grating for various values of 
2 oat N are shown. You can easily notice that the peaks become sharper with increasing N. The 
ro peaks also become more intense. To compare the patterns for different N I have divided the 
: actual intensities by N?. Thus, the peak of intensity 1 for N = 32 is 64 times more intense 
0.0 than the peak of intensity 1 for N = 4. 
From the formula for intensity in diffraction for an N-slit grating, Eq. 10.51, we note that 
1.0 : the direction and the width of the principal peaks are controlled by the following function: 
f ry a 
0.8 ie % in(Na) 
a , N= 32 sin(Na 
3 0.6 / \ f@) = | ; (10.56) 
a / \ sina 
2 / \ 
~ 0.4 
/ 
0.2 rs % The principal peaks are at 
0.0 


0.2 0.0 02 OA 
O(rad) 


Fig. 10.15 Multiple slits diffraction. Nor- 
malized intensity is plotted against 0 with 
the slit width b=i/2 and distance be- 
tween slits a=4 for four values of N, 
N=4, 8, 16, 32. The dashed envelope is the 
diffraction of a single slit. The intensity was 
normalized by dividing the actual intensity 
by N?. 


a@=mmn, or, asind=ma, m=0, 


= 
va 


Diy neces 


To find the width of a particular peak, we need the directions on either side of that peak 
where intensity is a minimum. Let us illustrate the calculation of the width of a peak by 
working out the width of the central peak. The central maximum occurs at a = 0, which 
is in the direction 0 = 0. From Eq. 10.56, we see that the nearest minimum of f, which is 
f = 0, about this direction is when Na = +7. that is, the aw for the minimum around the 
central peak are given by 


Na =z. (10.57) 
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This condition in terms of the angle 6 is 


ind =+ Xr 
sind = +7. 

For small angles we can use the sin@ = @ approximation. Therefore, zeros of intensity occur i= 
in directions 6 = -A/Na and 6 = +A/Na. The half-width is defined as the angle from the 5 

be is : : ( Central 
center to one of these minima, as shown in Fig. 10.16. a ote 

Hence, half-width 6,,, of the central peak will be Grating 5 : 
— us + ‘ 
Pw = we (pw in radian). (Central peak) (10.58) Fig. 10.16 Half-width for central peak. 


The width of other principal maxima can be worked out similarly. You will find that, for 
small angles, the width is the same for all principal peaks. 


Example 10.4 Diffraction Grating for Spectroscopy 


Find the separation in angles of a light of wavelength 550 nm and 575 nm for the first 
order (m = 1) principal peak of the two waves from a diffraction grating with 800 lines 
per mm. 


Solution 


Since there are 800 lines per mm, the distance between adjacent slits is 


Hence, the directions for m = 1 principal peaks corresponding to the two wavelengths 


_ et 0.550 wm _ 6 
6550 sin 26.1 
1.25 um 


al 0.575 wm _ 5 
@s75 = sin 27.4 
1.25 um 


in the problem are 


Therefore, 6575 — A559 = 1.3°. 


10.5.3. Resolving Power 


A diffraction grating produces sharp lines in its diffraction pattern. The angular positions 
of the maxima depend upon slit separation and the wavelength of the light. Therefore a 
common use of diffraction gratings is in the separation of lights of different colors and meas- 
urement of their wavelengths and the corresponding intensities. However if the wavelengths 
of light to be separated are too close then their diffraction peaks may not be distinguishable. 
Once again, we use the Raleigh criterion to deduce the minimum separation for resolvability. 
The Raleigh criterion is based on the fact that the peaks of the diffraction pattern have a 
finite width and when two peaks overlap significantly we may not be able to tell whether 
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there is one peak or two. To properly discuss the criterion of separability we use the concept 
called the half-width of the peak calculated above. 

The ability of a diffraction grating to separate waves of different wavelength is often des- 
ignated by its resolving power. A diffraction grating with higher resolving power produces 
narrower peaks and is therefore able to separate wavelengths that are closer in value. The 
resolving power is defined by making use of the smallest wavelength interval that can barely 
be resolved. Let AA = |A1—A2| be the smallest wavelength interval resolvable so that A, and 
Az can both be seen at the screen. Then the resolving power R is defined as 


A (10.59) 


where Aaye is the average of the two wavelengths, 


Ay +A2 
ave = : 


2 


Using the Raleigh criterion, two peaks are barely resolvable if the peak of one is at the zero 
of the other peak. For wavelengths A; and A2 to be resolvable by the Raleigh criterion their 
peaks will be separated by a half-width given in Eq. 10.58 (we work with small angles), 


ave 


. 10.60 
Na ¢ ) 


Ohw = 


We will equate this to the angular separation between peaks of A; and Az. Now, using the 
condition for the maxima of the principal peaks we find the angular separation between 
peaks corresponding to two wavelengths separated by AA = 41 —A2, 


mAdX — mAr 


asind =m = > (acos@)A@=mAAK => AO= x (10.61) 
acos@ a 
Equating the quantities of Eqs. 10.60 and 10.61 we get 
Nike AA Nav 
eee g POE = Nee (10.62) 
Na a AA 
Hence, the resolving power R of a diffraction grating with N slits spread over a distance Na 
is given by 
Aave all 
R= = Nm. (10.63) 
Ad 


Example 10.5 Resolving the Sodium Doublet 


The D-line of sodium consists of two different wavelengths, 589.0 nm and 589.6 nm. 
A beam of light from a sodium lamp forms a beam of width 10 mm. The beam is 
incident perpendicularly on a diffraction grating that has 8000 rulings over a width of 
10 mm. (a) Find the directions of the first-order principal peaks for the two wave- 
lengths. (b) Decide if the two peaks are resolvable in the first order. (c) Find the 
number of lines of a grating so that peaks in the first order are barely resolved. 


Solution 
(a) We need the separation a between the slits to figure out the direction of the first- 
order principal peak, 
10 mm 
a= —___ 
8000 lines 
For m = 1, the condition for the principal peak is asin@ = 4. Let us denote the 
angle for wavelength 589.00 nm by @ and the angle for wavelength 589.59 nm 
by @. Hence the directions of m = 1 peaks for the two wavelengths are 
. 1 {589.00 nm 
6; = sin 
1250 nm 
ey (Fs nm 
og, = sin 


= 1250 nm. 


) = 0.49065 rad, 


= 0.49119 rad. 
1250 nm 


(b) We can compare the resolution required to the resolving power of the grating to 
see if the peaks will be resolved. The resolving power required for resolving the 
two given wavelengths is 


R= deve _ 589.295 nm _ oo, 
wed AA 0.59 nm , 


The resolving power of the given grating for m = 1 peaks is 


Rerating = Nm = 8000. 


Since Rerating > Rreq, the peaks will be resolved. 


(c) Using the required resolving power, we can work backwards and deduce the num- 
ber of lines required in 10 mm, the beam width, so that the grating can resolve the 
two given waves, 


Nm = Ryeq > Nx1=999 > N=999, 


Figure 10.17 shows the two peaks separated with a grating of N = 999. 


EXERCISES 


(10.1) Monochromatic light of wavelength 530 nm passes through a horizontal single slit 

of width 1.5 1m in an opaque plate. A screen is 1.2 m away from the slit. 

(a) Which way is the diffraction pattern spread out on the screen? 

(b) What are the directions of the minima in terms of the angle from the slit and 
of the locations on the screen? 

(c) What are the directions of the maxima in terms of the angle from the slit and 
of the locations on the screen? 

(d) How wide in cm is the central bright fringe on the screen? 

(e) How wide in cm is the next bright fringe on the screen? 

(f) What is the intensity of the first side peak compared to the intensity of the 
central peak? 
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589.00 589.59 


0.4905 0.4915 rad) 


Fig. 10.17 Example 10.5. Separation of 
m = 1 order peaks of the sodium doublet by a 
grating with N = 999. 
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(10.2) 


(10.3) 


(10.4) 
(10.5) 


(10.6) 


(10.7) 


(10.8) 


(10.9) 


(10.10) 


Light of wavelength 630 nm passes through a vertical single slit of width 1.5 wm 
in an opaque plate. A screen of dimensions 2 m x 2 m is 1.2 m away from the 
slit. 

(a) Which way is the diffraction pattern spread out on the screen? 

(b) Where on the screen are the diffraction minima? 

(c) Where on the screen are the diffraction maxima? 

(d) What is the angular width of the central peak? 

A monochromatic light of wavelength 632.8 nm is incident on a single slit. The 

emerging light behind the slit is projected on a screen 1.6 m away where the central 

bright spot is found to have a width of 5 cm. 

(a) How wide is the slit? 

(b) What will be the width of the central bright spot if light of wavelength 540 
nm is used? 

Solve the following equations graphically. (a) x? = sin(x), (b) xtan(x) = 1. 

Two slits of width 2 4m each in an opaque material are separated by a center-to- 

center distance of 6 4m. A monochromatic light of wavelength 450 nm is incident 

on the double slit. One finds a combined interference and diffraction pattern on 
the screen. 

(a) How many peaks of the interference will be observed in the central maximum 
of the diffraction pattern? 

(b) How many peaks of the interference will be observed in the central maximum 
of the diffraction pattern if the slit width is doubled while keeping the distance 
between the slits the same? 

(c) How many peaks of interference will be observed in the central maximum 
of the diffraction pattern if the slits are separated by twice the distance, i.e. 
12 wm, while keeping the width of the slits 2 pm? 

(d) What would happen in (a) if instead of 450-nm light another light of 
wavelength 680 nm were used? 

(e) What is the value of the ratio of the intensity of the central peak to the intensity 
of the next bright peak in (a)? 

(f) Does the ratio in (e) depend on the wavelength of the light? 

(g) Does the ratio in (e) depend on the width or separation of the slits? 

When a monochromatic light of wavelength 430 nm is incident on a double slit 

with slit separation 5 jm, there are 11 interference fringes in its central max- 

imum. How many interference fringes will be in the central maximum of a light of 
wavelength 632.8 nm for the same double slit? 

A converging lens of diameter 8 cm and focal length 20 cm is used to focus the 

image of a star. Think of the lens as a circular aperture and find the radius of the 

central bright spot by using 550 nm for the wavelength of light from the star. 

What is the minimum distance between two points on the Moon that the 40-in 

refractor telescope at Yerkes observatory in Wisconsin can resolve if the resolution 

were limited to due to diffraction only? Use 540 nm as the wavelength of light and 

a distance of 4 x 10° m from the Earth to the Moon. 

Two lamps producing light of frequency 589 nm are fixed 1 meter apart on a 

wooden plank. How far can the plank be moved from the eye so that the eye can 

still resolve them if the resolution is affected solely by diffraction of light in the 

eye? Assume light enters the eye through a pupil of diameter 4.5 mm. 

A diffraction grating contains 500 lines per mm. 

(a) What is the separation between lines of the grating? 

(b) What will be the angle of separation between the m = 1 peaks of a yellow light 
of wavelength 590 nm and a red light of wavelength 630 nm? 


(10.11) 


(10.12) 


(10.13) 


(10.14) 


(10.15) 


(10.16) 


(10.17) 


How many lines per mm are there in the diffraction grating if the second-order 

principal maximum for a light of wavelength 536 nm occurs at an angle of 24° 

with respect to the line from the grating to the center of the diffraction pattern? 

The spectrum of mercury has a pair of yellow orange lines at 576.959 nm and 

579.065 nm. A diffraction grating with 200 lines per mm is available in the lab. 

Determine if this grating will do the job of resolving the two mercury yellow orange 

lines in m= 1 order if the beam diameter is 4 mm. 

A light beam of an unknown wavelength is incident over 5 mm of a diffraction 

grating that has 400 lines per mm, and the first-order peak is observed at an angle 

of 20°. Find (a) the wavelength, and (b) the half-width of the peak. 

Suppose a is the ratio of center-to-center distance between two slits and b is the 

slit width of each slit in a double-slit experiment. Let p = f with p > 1. 

(a) Prove that the number of interference peaks inside the central maximum of 
the diffraction peak is 2p + 1. 

(b) Find the orders of the interference maxima that will be missing if (i) p = 3, 
(ii) p = 3, Gil) p = §, Gv) p= V5. 

A light ray of wavelength 461.9 nm emerges from a 2 mm circular aperture of 

a krypton ion laser. Because of diffraction the beam expands as it moves out. How 

large is the central bright spot at 

(a) 1m? 

(b) 1km? 

(c) 1000 km? and 

(d) the surface of the Moon at a distance of 400,000 km from the Earth? 

The Hubble telescope has an aperture diameter of 2.4 m and is approximately 

600 km from the surface of the Earth. If the resolution is only limited by the 

diffraction of the telescope aperture, what is the smallest separation between two 

points on the Earth that the Hubble telescope can resolve? Use 550 nm for light. 

Deduce the condition for the minima when light is incident at an angle w rather 

than normally incident on the slit, as shown in Fig. 10.18. 


Exercises 


N 


Fig. 10.18 Exercise 10.17. 
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Chapter 1 
1.1 v, = 2bot — 0364 sin(b4T), a, = 2b2 — b3b4 cos(b4T). 
1.2 x= fa? + ae - Z [cos(b4t) —1], v= bit + oe Tt 4 " sin(b4T). 
1.3 r= £ Bot’, v= 4 Bor. 
1.4 bsinD. 


: 2 3. 2 (md \4/3 
15 (a) x= 20°, w= F730) FOO Ge). 


c 


1.6 (a) Avy = (2-41) + £ (€ —€); (0) Ax = §(G-H)- § (% -€) - f(y - 0); 


(c) Hint: Perform the integration in < P >= oa Se Fv,. 


1.7 u(l+iInM)(m-4) + 4[(M-an) In |M-an|-(M-at) In |M-at, |]. 


1.8 With origin at a fixed point to the left of the two masses let x; an x2 be their co- 
ordinates. Then, equations of motion are: m d?x,/dt? = —k(x,; — x2), m d?x2/dt? = 
+kR(x1 — x2). 


1.9 md?x/dt? =—-(k, + k2)x. 


1.10 m©¥ =-(hy + ko) (h )?, with h = /B +52. 


1.11 (a) U = 3(& +h) (4—h)*, with h = /2 +92, (b) Hint: F, = -dU/dy. 


1.12 (a) Leth = /(b+%2+ 2? and bh = /(—x)* +2, then the x-component of the 
equation of motion is 


d*x Ib +x lb -x 
=k (hh -k ko(h -k : 
m2 14 =) i 2(h — ly) D 


(b) The y-component of the equation of motion will be 


Bd y 
=-k,( -| ko(h -k : 
m2 1 oF 2(b OF 


2 2 
1.13 @U=1k [VG cae +5? —lo| + 1k, RG Saye ae = bo] 


1.14 Hint: The vertical component of tension ~ mg in the small angle approximation. 
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1.15 


1.20 


1.21 


1.22 


1.23 


1.24 


1.25 


1.26 


1.27 
1.28 
1.29 
1.30 
1.31 


1.32 


1.33 


1.34 


(a) The equations of motion are 


dx, mg 

mM, 2 7 x1 + R(x2 -x1 -—Ip). 
ax mg 

m2 7 R(x2 — x1 — Ip) 


(b) Hint: Set x}, = x2 — 4 in the equations in (a). 
(a) /2¢*!4,. (6) Se; (6) 9/24, (A) 2e78/2, (e) Femme), (F) of Terma?) 
(a) 1, () i, (©) -1, (d) -i, (e) 1, £) 1 + iV3. 

(a) -2 + 12/3, (b) 4, (c) -4, (d) @, (e-) V3 +i; (£) 3 +1373; (g) 85 (h) 2, (i) -3, (3) 3. 


(a) When 62 > 0, the vector rotates counterclockwise and when 62 < 0, the vector 
rotates clockwise, (b) When a > 0 the vector keeps its direction when a < 0, the 
vector rotates by 180°. When |7 < 1], the length of the vector shrinks and when 
|r > 1], the length of the vector increases. 


== (iz) (ate). 

Hint: Use Euler’s formula. 

Hint: Use the polar form. 

Hint: List the roots and use the fact that for any integer n we get e’?7” = 1. 
229 = 228 _ 7228,/3, 21000 — 7999 _ 77999, /3 


(a) g = 0, the only solution, (b) four solutions: z = 1, 7, -1, -7, (c) four solutions: 
ga els, eit /84in/2 | et /Btiz | ett /8-10/2 

. ; 1/2 ; ; : 
(a) z= Vi= (e7/2 +207) (2 _ inition The rectangular forms: z= + +4, -4L-+. 


v2 
(b) gr (eit/2 + 12mm)! = (1/2 + Qn) | n=0,+1,+2,---. 


Jz = Jreel2+int = /rcos(0/2 + nr) + i./rsin(6/2 + nz), with n = 0,+1,+2,---. 


Hint: Use a ‘Taylor series of the exponential function. 
Hint: Use Euler’s formula. 
(a) fay = 250 Hz, (b) focat = 20 Hz, (c) 12.5 oscillations in 1 beat. 


(a) [1+2cos(O.1lwt)] cos(1.lwt), (6) Thear=202/w since max amplitudes at 
O.lwt = 0,27,47,---. 


(a) [cos wt— cos(wt—-€t) cos[wt-(N+1)et] + cos(wt+Net)]/ 2(1 - cose, 
(b) Writing the answer in (a) the form A(z) x Oscillating function we get the period 
of A(t) to be 277/€, which would be the beat period here. 


(a) x = Acos 5t+ Bsin5t. (b) &'(A cos 4t + Bsin 42), (c) See text, (d) Hint: sin(4) = 
cos(A—7/2). 


Let w= qBo/m. (a) x = (v/@)sin(wt), v = (vo/w) [cos(@t)-1], z=0; vx =U 
COS(WT), Vy = —Vo SIN(WT), Vz = 0. (b) R= w/w. 


Chapter 2 


2.1 Weare given 
m= 200 g=0.2 kg, k= 100 N/m. 


Therefore, 


wo = JSk/m = 100 [N/m]/0.2 kg = 105 sec! 


5/5 


5 

f =o/2n = Hz 
as 
a 


5/5 


2.2 (a) Comparing the given oscillations with x(t) = Acos(wt—@) we can read off the 
various quantities in the given x; and x2, 


Po 


sec. 


@, = 1sec', Ay =2cm, ¢; = 0, 


@2 =1sec', A> =2cm, go =—az. 


(b) ‘Taking the time derivatives of x; and x2 gives the velocities (or rather, the 
x-component of velocities), which we denote by v; and 72, 


vy =—2sin(t), vz =—2sin(t+7). 
Setting ¢ = 0 in x and v gives the position and velocity at ¢ = 0, 


x1 (0) =2cm, vy (0) = 0, 
x2(0) = -—2 cm, v2(0) = 0. 


(c) See Fig. A.1. Note that the two oscillations are 180° out of phase with each other. 
In this case, we cannot tell which one is “ahead” and which one “behind”. 


(d) We can calculate kinetic and potential energies from their definitions. For the 


potential energy, note that k = mw*, and write PE = $ hx? = $mo?x?, 


K, (0) = 0, K2(0) = 0, 


1 2 2_1 -1)2 2 
U, (0) = 3 101 *1 (0) = 3 x 0.2 kg x (1s~)* x (0.02 m)* = 40 yJ, 
1 2 2 
U,(0) = 3 m2@2%2 (0)* = 80 pJ. 
2.3 The solution will have the form 
x(t) = Acos(wt) + Bsin(wt), 
with w = 407 rad/sec. The velocity will be 


v(t) = w[-Asin(wt) + Bcos(wt)]. 
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/ 
-1.0 ¥ x2(t) 


Fig. A.1 Exercise 2.2(c). 


356 


Appendix: Solutions 


2.4 


2.5 


2.6 


We can now use the initial position and velocity to determine constants A and B. At 
t = 0, x = 3 cm, but v = -10 cm/s since the velocity is pointed towards the negative 
x-axis. 


x(0) =A =3 cm, and v(0) = Bw =-10 cm/s. 


Therefore, 


1 
A=3cm, B=-— cm. 
An 


This gives the displacement 
1 : 
x(t) = (3 cm) cos(407 2) - (= om) sin(40z ft). 
sf 


If we wish to write this answer in the single cosine form, we will get 
x(t) = (3.0 cm) cos(407t- 0.027). 
Expanding A cos(t— @) gives 
Acos(t-@) = (Acos @) cos(t) + (Asing) sin(2). 
Now, equating this to x(t) = C; cos(t) + C2 sin(£), we get 
(C, —Acos ¢) cos(t) + (C2 —Asin@) sin(t) = 0. 


Since sin(¢) and cos(t) are orthogonal functions, their coefficients must separately go 
to zero for their sum to be zero. Therefore, 


C, = Acos¢, C2 = Asing. 
Let us get the v from the given x(2), 


d. 
v(t) = = = -wC, sin(wt) + wC2 cos(wt). 


Now, setting ¢ = 0 in x and v gives 
x(0) = Cy, v(0) = wCo. 
Therefore, 
Cy =x0, C2 = vo/o. 


Since the amplitude is A, the total energy EF will be all potential energy when x = A, 
since at that instant v = 0. We can write k as mw* or 42?mf?, 


1 
E= 5h = 20? mf? A. 


2.7 


(a) When x = A/2, the potential energy will be 
1 Fen At idins E 
U = =R(A/2)° = — | =RAP | = -. 
2 4,2 4 


That is, at this instant, the potential energy is only 25% of the total energy. The 
potential energy will be given by the following expression: 


1 

U= srimp Aa. 

(b) Since K + U = E, the kinetic energy at this instant will be 
3 ’ 
Ke= 4 that is, 75% of the total energy. 
The expression for K will be 

3 2 2g 

Ke= at mf A’. 


(c) The lowest speed will be v = 0 since the oscillator will come to rest momentarily 


at the turning points x = +A. 


(d) The largest speed will be when U = 0. That happens when x = 0. At that instant, 
the kinetic energy would equal the total energy. This gives the following for the 
maximum speed: 


K=E, = Umax = 20fA. 


Let 6 be the counterclockwise angle of rotation from the equilibrium. Then, the 
rotational equation of motion of the disk for small angles will be 


ao 


I =-Ké, 


with the moment of inertia J = 5mR?. This equation of motion leads to harmonic 
motion with frequency given by 


o=V«/I, 


in analogy with the mass/spring system. The frequency / will be 


1 1 1 
f= —o= —Vk/I = —V2k/mR?, 
fig 20 20 


2 


which upon simplification gives 
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2.8 Figure A.2 shows the situation of the block immediately after it was hit with the 


Ceiling 


(a) 


(b) 


Fig. A.2 Exercise 2.8. 


(c) 


i) 


() 


f) 


(g) 


hammer. 


When the block is hung from the spring, the spring stretches. At the static equi- 
librium, the weight of the block is matched by the spring force from the stretch 
Al giving 


mg _ 5kgx 9.81 m/s” 


Al= 
k 100 N/m 


= 0.49 m. 


Therefore, the block will be 50 + 49 = 99 cm from the ceiling and 101 cm from 
the floor. 


We will use the static equilibrium point as the reference for both potential ener- 
gies, one due to gravity and the other due to the spring force. We will place the 
origin of the coordinates at the equilibrium place and point the positive y-axis 
downwards, as shown in the figure. Thus, 


U, =0, U,; = 0. (Choice of reference) 


The kinetic energy 
1 4_!i 2 
K= ain = 5 (5 kg) (0.4 m/s)* = 400 mJ. 


The change in kinetic energy will be the work done by the applied force since 
other forces are balanced and their work will cancel out, 


W = AK = 400 mJ-0 = 400 ng. 


Since the spring force is the restoring force (gravity is a constant force, always 
acting downward, and therefore it is not a restoring force here), the frequency 
will be same as the mass/spring system, 


1 /[k 1 /100N 5 
f= = hae v5 Hz. 
2nVm 20 Skg T 
With y-axis pointed down, the initial v > 0, actually v, > 0, but we will use 
v in place of vy. Since the motion will be simple harmonic, we will use y = 


Acos(2zft -— ¢). This would mean v = —27fA sin(27ft — ¢). Now we satisfy the 
given initial conditions, 


(0) = 0, = > cos(o) =0, => 6 > 


Now, since v(0) > 0, sin(@) > 0, which will mean that we will have @ = +7/2. 
Therefore, the solution is 


y= Acos(2rft-1/2) = Asin(2zft). 


The solution with y pointed down is y(t) = A sin(2z/ft). From the initial velocity 
we get 


v(0) = 40 cm/s = 27 fA. 


2.9 (a) 


(b) 


(c) 


(d) 


2.10 (a) 


Therefore, 

_ 40cm/s _ 40 cm/s 
auf 2/5 s-l 

The free-body diagram of the block is shown in Fig. A.3. 


Since both forces are in the same direction, they will add, giving the following 
equation of motion: 


A =8.9cm 


d’x 
ms = —-(k, + Rk) x. 
The equation of motion in (a) is just the equation for a mass attached to one 
spring with spring constant k = k; + k2. Therefore, the angular frequency will be 


7c fe +k, fe ky oS 
O= = = t =; + @3. 
m m m m 


The above argument also apples to parallel springs attached to a block since 
both springs will stretch or contract by the same amount x, as happened in this 
exercise. Therefore, 


Reg = Ry + ko. 


The energy of the mass/springs system in part (a) will be 


1 1 1 (dx\? 
E = =hix? + =kyx*? + =m eS 
2 2 2 dt 


1 1 (dx \? 
= (ky + ky) x? 4 
gt eae sm(<) 


From this it is clear that the square of the angular frequency of oscillation will be 


ky +k ky ky 
wo ef 2 2 
m m m 


The physical situation and the free-body diagrams of the block and glue are 
shown in Fig. A.4. 


Ry—h)  Ro(X%g- x — by) ko(x2 — Xy — Ly) 
<«<——_eoe—~_ < 


O x, (2) x9 (0) 


There is one force on the block and two forces on the glue. Let the position 
of the glue be x; and that of the block be x2. Then, the stretching of the two 
springs are x; —/; and x2 — x; — h, respectively. Since the position of the block 
is given by the coordinate x2, the acceleration of the block will be equal to the 
second derivative of x2. Therefore, the equation of motion of the block will be 


= kp (x2 -x1 —h). (A.1) 
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Fig. A.3 Exercise 2.9. 


Fig. A.4 Exercise 2.10. Here 1; and lz are 
unstretched lengths of the two springs. All 
coordinates are from the origin at the fixed 
support. 
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(b) Since the mass of the glue is negligible, we will get the net force to be zero. This 
gives 


ko (x2 -x1 -—h)-ki (x1 -h) = 0. (A.2) 


(c) Solving Eq. A.2 for x; we get 


2 k2x2 —hkoph + kh 


= A.3 
cH hy + hy wee 
Put this in the right side of Eq. A.1 and you would get 
kik kik 
k b)= 1+). 
2 (x2 — x1 — bh) Be Bee Gi +h) 
Therefore, the equation of motion of the block becomes 
d?x3 ky ka 
= lL -h). A.4 
m2 Pe (x2 - -h) (A.4) 


The variable x = x2 —/, — i can be introduced that refers to the displacement of 
the block with respect to its equilibrium position. In variable x, the equation of 
motion of the block will be 


Px ky 
GE 


(A.5) 


This will give a harmonic motion of frequency w whose square will be 


5 kik 1 
Kae: 
ki +k, m 


If we write k; = mar and kp = mos we can show 


2,2 
2: 2 Maa 


o+on 
(d) The equation of motion, Eq. A.5 shows that the effective spring constant is 


kik 1 1 1 


ki +h, Ret Rt 


Rett = 


(e) We need the expressions of the KE and PE at an arbitrary instant. For the poten- 
tial energy we just need to add up the potential energies in the two springs. We 
will use Eq. A.3 to eliminate x, and express the potential energy in terms of x2, 


Gete hye te bh)? 
5 1(%1-)* 4 5 2 (x2 — x1 — bh) 
1 kik, s 
= 1,-b)*. A6 
2 ES (x2 -h, — hb) (A.6) 


2.11 (a) 


(b) 


(<) 


The kinetic energy would be 


We can rewrite KE and PE in terms of the variable x = x2 —/, — b so that we 
study only the displacement with respect to the equilibrium. Thus, 


1 fax\? 1 kk 
Re onl 4 OSs (A.7) 
2 \ at 2 hy ¥ Rs 


Clearly, KE and PE are the kinetic energy and potential energy of a simple har- 
monic oscillator and from the ratio of the constants in the PE and KE we get the 
square of the frequency to be 


2 a kal (hr + he) __ oF 03 
m wo; +03” 


which is the same as we found above. 


Figure A.5 shows the fluid levels at an arbitrary instant. Suppose the potential 
energy is zero for the configuration when the fluid is in equilibrium and the fluid 
is at the same level at both ends, shown dashed in the figure. The figure shows 
that fluid of mass pAy has moved up a height y with respect to the equilibrium 
situation. Therefore, the potential energy at the instant shown in the figure will be 


U = (pAy)gy = pAgy’. (A.8) 


Suppose the level on the right is rising at this instant. The speed of the rising 
level will be dy/dt. Actually, this will be the speed of every particle of fluid since 
the tube is uniform in cross-section. We have a total mass of fluid pA(w + 2h 9) 
all moving with speed |dy/dt|. Therefore, the kinetic energy of the fluid will be 


Re paseo | ° (A.9) 

= w+ " . 
2 . dt 

From the ratio of the coefficients of the speed squared in K (Eq. A.9) and 

the displacement squared in U (Eq. A.8) we get the square of the angular 

frequency w, 


2_ pAg _ 2g 
4 pA(w+ 2h) wt 2ho” 


Therefore, the frequency of oscillation will be 
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Fig. A.5 Exercise 2.11. 
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y{ 


Fig. A.6 Exercise 2.12. 


2.12 We will use Fig. A.6. Let y’ denote the height of water moved on the side of area of 


cross-section wA when the water in the other arm of area A moves by y. 

From the volume conservation of an incompressible fluid, we find that the height 
moved will be different in the two arms. The volume moved in arm A is Ay and that 
in the other arm aAy’. They must be equal, 


(aA)y' = Ay. 


Therefore, 


The distance between the CM of heights moved in the two sides will be 


a yy pat _y(lta 

2°2° 20 a) 24a J 
The potential energy with respect to zero when the fluid has the same level on the 
two sides will be 


Ah 


pAgilt+a) 5 
Pee Te oP. 


U = (pAy)gAh = 
2a 


To find the kinetic energy, we note that the fluid on the right and bottom will move 
with speed | dy/dt|, but in the left arm with speed | dy'/dt|. We will also assume that 
|y| < ho. Then, the kinetic energy will be 


1 1 
K= - [pAho] (dy/dt)? + . [paA(hy + w)] (dy’ /dt)?. 
Expressing y’ in terms of y and simplifying we get 
1 1+ 
K=-=pA E " (=) | (dy/dt)?. 
2 a a 
Therefore, the energy of the fluid will be 


Ag(1 + 1 1+ 
poe Pa sea] ; ( =) 1] (dy/dt)’, 
a 


2a a 


which has the form of a simple harmonic motion with the square of the angular 
frequency given by 


>.  coeffiofy? —  (L+a)g 
coeff. of (dy/dt)?  wt+(1+ayho 


Therefore, the frequency of oscillation will be 


i (l+a)g 
f 2nV wt (1t+a)ho' 
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2.13 Figure A.7 shows the water levels at an arbitrary time. The level on the side with area 
A= sR?’ is up by y and that on the other side with area A’ = 10° R? is down by y’. a —— 
From the conservation of volume of an incompressible fluid we must have 


1 
Ay’ = Ay, => y= 7 Siac poe eg 
by 


The difference between the CM of the fluid that used to be in the bR side and what 
is now in the R side gives the change in the potential energy with respect to the 
equilibrium. Taking the potential energy of the equilibrium state to be the reference Le 
zero, the potential energy of the fluid at the instant shown in the figure will be 


w 


U = (pr R’y)g (3 + *). i ee 


Fig. A.7 Exercise 2.13. 


This gives 


14+0° 
U= [one ( Te )| yr. 


Now, we will find the kinetic energy of the fluid at this instant. We separate the cal- 
culation into three parts: Kr, Kyr, and Kjoin for the kinetic energy of the fluid in the 
arm with radius R, the arm with radius bR, and the base tube that joins the two arms. 
Assuming y < /o we can suppose that the length of fluid in the arms is ig for each. 
The speed of fluid in the two arms will be related by the relation between y and y’ 
found above. Let us denote the speeds by the same subscripts, 


1 
UbR = Ree with vey = dy/dt. 
Then, ignoring the small problems at the corners and assuming || < /o, the kinetic 
energies in the two arms will be 


1 
Kr= 5 (ot Rho) (dy/dt)*, 

1 ee 1 2 
Kor = 5 ont Rho) pola) ‘ 


To find the expression for kinetic energy in the joining base, we note that the speed 
will depend on the location since the area of cross-section is changing. Let r(x) be 
the radius at coordinate x and let v(x) be the flow speed at that point, as shown in 
Fig. A.8. 

The radius r(x) at distance x from the R-end will be 


Fig. A.8 Exercise 2.13. 
r= R[b+ al - =|. 


Let v(x) denote the velocity at a distance x from the R-end. Then, due to conservation 
of volume we will have 


r(x)? v(x) = 2 Rup. 
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Therefore, 


jos dy/dt 
~ [b+ (1-8)x/w]?” 


To find the kinetic energy Kjoin we first write the kinetic energy of a slice of width dx 
at a distance x from the bR-end, 


1 
AK pin = 5 (07 r(x)’ dx)o(x)?. 


Writing this equation explicitly we find 


2 
dK oin = a ome (2) & és 
2 dt [b+ (1—b)x/w]2 


Integrating from x = 0 to x = w gives the Kyoin, 


1 pxR?w (dy 
eS Ade 


The total kinetic energy will be 


1 ho w dy 4 
K= R + ho 4 : 
a (3 a ;) (3) 


Now, we combine all the kinetic energies and the potential energy to obtain the total 


energy, 
1 ho w dy\? 1+2 
E= R + ho 4 R es 
[Sen (3 : =) (2) BEEN ape) | 


This expression is analogous to the expression for the energy of a simple harmonic 
oscillator. Therefore, the angular frequency can be readily obtained from the ratio of 


the coefficients of y? and v’, 
(1+ b*)g 
o = ,.| ——____.. 
bw + (1 + b2)ho 


You can check for 6 = 1 to see if the answer is the same as that obtained above when 
the two sides had the same radii. 


2.14 (a) Figure A.9 shows a cross-section of the configuration of water in the tank at 


an arbitrary instant when the level on the right side is at height y,, above the 
equilibrium level. By symmetry, the level on the left side will be down by y,,, as 
shown. 

The CM at the arbitrary instant can be calculated from the CM at P of the 
rectangular part CEGF and the CM at Q of the triangular part CDE. The di- 
mension in the direction perpendicular to the figure is b. Let p be the density of 
water. 


(b) 
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Fig. A.9 Exercise 2.14. Here yo = H/2. The 
CM at an arbitrary instant ts at (x,y), which 
is calculated from the CM of CEGF at P and 
CDE at Q. 


CEGEF part: The mass will be 
m, = p(Lb)(H—yw). 


The coordinates of the CM of this part will be at 


H+ yy 


1 aaa 


CDE part: The mass will be 
m2 = PLby 05 


and the coordinates of the CM of this part will be 


Ji. et 1 


ee ae a eae 


w+ 


Using these we get the (x,y) of the CM of the water in the tank at an arbitrary 
instant given in the figure to be at 


MX, + M2X2 i 


Xem = my 4 mo = 6H?” 
_ my1 + m2V2 ae 1 y2 ly ; 6H 2 
- my + my 2° 6H 2 poo 


Let the zero of the potential energy be at the CM when the fluid is at equilibrium. 
Then, by the change in the height of the CM of the entire fluid in the tank we 
get the potential energy at the arbitrary instant to be 


U = mgh, 
with m = pLbH and h = vom — 9 With yo = —H/2, 
Got 


1 
U = pLbHg( yon) = pLbHe = se = <pblayi (A.10) 
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Fig. A.10 Exercise 2.14. 


() 


(d) 


(e) 


Consider a slice between x = x and x = x + Ax, as in Fig. A.10. 

Let the x-component of the velocity at x be v and pointed into the slice and 
let the velocity at x + Ax be v+ Av and pointed away from the slice. The height 
H ++¥ of the slice will change by Ay during an interval At due to more liquid 
flowing into the slice than leaving it. Notice the following in time Az: 

volume flowing in = vAt x (H+ y)8, 
volume flowing out = (v+ Av)Atx (H+ y)b. 


Therefore, the volume accumulating in this slice can be obtained by subtracting 
the amount that left the slice from the amount that came into the slice, 


vAt(A + y)b- (ut Av) At(A + y)b = AvAt(A + y)b © bHAVAL, 


where I have assumed y < H. This should equal the volume change resulting in 
the rise Ay of the strip of width Ax, i.e. 


bAyAx. 
Equating the two volume changes gives 
bHAvAt = bAyAx. 


Now, dividing both sides by HAtAx, we get the desired result. Show the 
following relation: 


a (A.11) 


We suppose the water level at each point rises so that the top is slanted in a 
straight line. This will mean that dy/dt varies linearly with x, being zero when 
x = 0 and having the value dy,,/dt when x = L/2. This will give the following 
expression for dy/dt when x = x: 


_ x dy 
L/2 dt’ 


d 
— (when x = x) 
Replacing dy/dt in Eq. A.11 and integrating from x = 0 to x = x we get 
v(x) — v(0) =- (Gz Se) x, (A.12) 


Note: while integrating with respect to x, the velocity dy,,/dt is fixed and comes 
out of the integral. Evaluating this for x = L/2 and setting v(L/2) = 0 as the 
velocity of the fluid particles must be zero since they are reflected at the wall and 
must switch direction with v = 0 at the wall, we get 


1 dy 


psatyee (a S:) (L/2)?, 


(f) 


(g) 


(h) 


2.15 (a) 


which gives 


L dy 
10pS 
4H dt 


The slice between x and x + dx has width dx, height y, and length 6, and moves 
with velocity v(x). Therefore, the kinetic energy of the fluid particles in this slice 
will be 


1 
dK = 5 [pb(H + y)dx] v(x)”. 
With y < H, we can ignore y in comparison to H and get 
1 2 
dK = 5 pbx) dx, 


and v(x) is given in Eq. A.12, 


1 L dyy\? 8 16 
dK = —pbH 4 1-4 xt) ae. 
4H dt BR TA 


To integrate dK along the width of the tank, we need the integral 
Pie 8 16 
2 4 
LE, (1-5. +t) dx. 
This integral is easily done by changing z = 2L/x to 
1 
if (1-227 +24) dz= —L 
0 
Thus, integration of dK from x = —L/2 to L/2 will give the total kinetic energy, 
bL3] (dyx\? 
K=\2 eo), 
60H dt 


Take the ratio of the coefficient of x, in potential energy in Eq. A.10 and 


the coefficient of (dy,,/dt) in kinetic energy gives us the square of the angular 
frequency, 


oa zpblg _ 10gH 
pbL? /(60H) L2 


Kater’s pendulum is a physical pendulum. From our discussions in the chapter 
you know that the period of oscillations of the pendulum will depend on the 
moment of inertia about the suspension point. Let us recall the formula here, 
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(b) 


2.16 (a) 


where / is the distance to the CM. Let Jp be the moment of inertia of Kater’s pen- 
dulum about its CM and J; and Jj be the moments of inertia about O; and O32. 
Let k be the radius of gyration. Then, we have the following formulas for the 
moments of inertia: 


lh = MP, h=hh+MP, bh=h+ MB, 


where /, and J are the distance to the CM from O, and Oy, respectively. 
Therefore, the periods 7; and T> will be 


T; = 2,/ Uo + ME)/Mgh, Tz = 274) Uo + MB)/Mel. 


Using Jp = Mk? and simplifying we get 


T, = 2n,/ (#2 +2)/gh, Tr = 2n,/ (2 + B)/gh. 


Equating 7; to T —2 gives us the condition when the two periods will be equal. 
This would give us a relation between k and /, and h, 


+l e+e 


1, Ss 7: 
: ? gh gh 


Simplifying this we get 
R =hb. 


Putting this in either 7; or T> will give the required period, 


RP+P Lbh+kh +l 
P= 2 t are 1-9, fi?) 
V gh gli g 


With L = i, + b this is 


To find the minima of the potential energy function, firstly we set the first de- 
rivative to zero and then test each extremum by the second derivative test to 
distinguish minima from maxima. With U(x) = ax(x— 1)? we get 


dU 


= a(x —1)? + 2ax(x-1) = a(x-1)@Gx-1). 
dx 


Therefore dU/dx = 0 would be 


a(x-1)x-1) = 0, 


(b) 


which has two solutions, 


Now we find the expression for the second derivative to test each solution, 


aU 
dx? 


= a(3x-1) + 3a(x-1). 


We have a > 0 here. Therefore, we have 


PU (3-1) =2a>0 
=a =2a>0, 
dx? x=1 


@U 1 
paiesacte =ax3x{=-1]=-2a<0. 
dx? J 1/3 3 


Therefore, x = 1 is a minimum and x = ; is a maximum. 


Expanding U(x) in a Taylor series around x = 1 we get 


nee ne ao) aor 
Oe) a Pail as) ee 


1 
= 2a(x-1)? +--+. 
7 a(x—1) 


U(x) 


The potential energy near x = 1 is therefore the same as the potential energy of 
a simple harmonic oscillator with “spring constant” k given by 


k= 2a. 


Therefore, the frequency of oscillations will be 


7 5 V2am. 


IT 


Yes. Since x = + is a maximum, the x of the particle must not get less than x = } 


3 3? 
otherwise the particle will roll down the hill. Therefore, the potential well around 


the x = 1 minimum for harmonic oscillations is between the following x values: 


1 1 
=~<x<lte. 
3 3 


2.17 In each of the given cases we will need to check wo versus t to decide whether the 
given system is under-damped, over-damped, or critically damped. 


(a) 


The values are 


k  /10N 
@o = rE = 02 = =/50sec! ~ 7.1 sec, 
b Tr 


- 6 kg/s 
m  0.2kg 


=30sec! => 5 = 15sec. 


Since wo < ry the oscillator is over-damped. 
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(b) ‘The values are 


Since wo < 5, the oscillator is over-damped. 


/R /32N, 
=| age = V/40 sec! ~ 6.3 sec! a 


8 kg/s r 
pee =10sec! =» ~ =S5sec" 
m  0.8kg 2 


(c) The values are 


1 


Since wo > 4, the oscillator is under-damped. 


22. 
[Rk 80 N/m 
= 10sec” 
0.8kg 


(d) ‘The values are 
_ 16 kg/s 


r=— = 20 = 
m  0.8kg ae 


= 10sec!. 


Since wo = f, the oscillator is critically damped. 


2.18 (a) We will illustrate the method for part (a) and you can carry out the others in a 
similar fashion. Since this oscillator is over-damped, we need to use the solution 
corresponding to the over-damped case, 


x(t) = &2' (Cie + Coe"), (A.13) 
with 
Oo = 50 sec, ; =15sec!, a= / (P'/2)? - 2 = /175 sec. 
The velocity will be 
v= “ a5 e8 (e™ } Cre") , ce 2! ( Cie™ 4 Cre"). 


Now, we apply the initial conditions of x and v, i.e. x(0) = 1 and v(0) = 0. This 
gives 


C, + Cz = 1, 


r 
5 (Ci + C2) +001 + Cz) = 0. 


2.20 


Solving these equations yields 


-T/2 
C=" [2 
2a 
a+T/2 
Cz =1-CQi= . 
2a 


Therefore, we have the two constants in the solution in Eq. A.13. Using the 
numerical values of T and a gives the required numerical values in the solution, 


V175-15 V¥1754+15 


po Se. Ce 
PAGE OaS175 


Therefore, the displacement x(¢) will be 


= 1.067. 


x(t) = &'* (-0.067¢1?% + 1.067¢177%/), 


(b) Try x(t) = € 2" (Cie + Coe), 
(c) Try x@) = es! (C; cos(@; 2) + C2 sin(@; 2), with w; = ,/w2 - (P/2)2. 
(d) Try x(t) = & 2° (C, + Cod). 


We can read off '/2 from the exponent of the exponential and w, from the argument 
of the cosine. Since w; >> I’, we will set w) = @;. From wo and T, we get QO by 


os 
Q=—. 
In (a) we have 
a OF -1 -1 
@p = 2m sec, g = Ol sec ass: f= 0.2 sec ~. 


Therefore, Q = wo/T = 107 *& 31. 
Similarly, Q for other parts can be obtained. They are (b) 25, (c) 4007, (d) 209,440. 


(a) We plot five cycles of oscillations. in Fig. A.11. We see that the oscillations decay 
with time as expected for an underdamped oscillator. 

(b) In Fig. A.11 the envelope of the positive and negative amplitudes is shown. They 
are plots of 2e°-'' and —2¢°-"". Either can be used to determine the time to drop 
by 7}, 

elt gl 

Therefore, the time for the envelope to drop by a factor of 1/e is t = 10 sec. 

(c) Setting e°!' = &? gives t = 20 sec. 

(d) From the expression of x(t) we have w; = 2m sec! and = 2 x 0.1 = 0.2 sec. 


Since @; > IT/2, we will approximate w) ~ @,. Therefore, the Q of the 
oscillator is 


0 
= — =107 © 31. 
Q T 7 
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Fig. A.11 Exercise 2.20. The solid line is the 
plot of x(t) and the dashed lines constitute the 
envelope. 
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(e) 


(dx,/da)/2n 


x f) 


(g) 


Fig. A.12 Exercise 2.21 (a). 


(divy/dt)/2n 


2.21 (a) 


(b) 


(c) 


Fig. A.13 Exercise 2.21 (b). 


The rate of dissipation of energy is proportional to the energy at that point in 
time, 


dE 


— =TE. 
dt 


At t = 0, the displacement x(0) = 2 m and the velocity is 


dx 
v(0) = — = -0.2 m/s. 
dt t=0 


Therefore, the total energy at t= 0 will be 
1 2,1 2 
E(0) = =mv(0)* + =kx(0)*. 
2 2 
Putting in the numerical values we get 
_l = 2,1 -2y2 2 ppd 
E(O) = 5 x 0.25 kg x (-0.2 m/s)* + 3 [0.25 kg x 2 $*)°]@ m)* & 2“ J. 


Therefore, 


dE _ 
dt |, 


t= 


TPE(0) = -0.477 J/s. 


From x(t) we already know w;=2m sec"!. 


oscillation is 


Therefore, the frequency of 


Q@) 
= — =1Hz. 
f 20 . 


Since the energy of the oscillator drops in time exponentially as E ~ &!, 90% 
of energy will be lost in time for the t obeyed by 


eT =0.9. 


‘Take the natural log of both sides to get 


-1In(0.9 
t= =e) ) = 0.53 sec. 


Figure A.12 shows the parametric plot of position versus velocity. The curve is 
closed and repeats with time without decaying to zero velocity since there is no 
damping in this oscillator. 

Figure A.13 shows the parametric plot of position versus velocity. The curve is 
not closed but rather spirals in and will end up at x = 0, dx/dt = 0 as t > oo due 
to damping. 

The two plots in Figs. A.12 and A.13 show that the trajectory in the (x, v) plane 
for the damped case spirals to the origin while the trajectory for the ideal case 
stays stable. Thus, when there is no damping, the oscillations continue for ever, 
but when there is damping, the oscillations will eventually stop. 


2.22 (a) 


(b) 


(d) 


2.23 (a) 
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From the given figure we read 10 oscillations take 1.0 sec. Therefore, the period 
T is 0.1 sec. 


Reading the envelope of the oscillations shows that only 20% of the amplitude is 
left after 1 sec. Therefore, we must have 


or x1 sec =0.2 
Therefore, 


r 
“5 =1n(0.2) sec! =» [T =3.2sec?. 


From T we can get @, 


1 


@, = = 20m sec’. 


20 
T 
Since @, > I’, we can set wo © w,. Therefore, the O of the oscillator will be 


Wo 2072 
= = — =19.6. 
2 Tr 3.2 


Energy decays as ~ ¢!". Therefore, set this to e! to obtain the time, 


which gives 


This is different than the decay rate of x(z) since energy goes as x”. 


Figure A.14 shows the situation for the problem. The left side of the figure is the 
equilibrium situation. Let us mark the level of the block as dashed and we follow 
the motion of the block by locating the position of the dashed line. This way, we 


Further 
stretched 
by x 
[* = kx 
Y 28 
F, = (pAxg 
Area A 


Fig. A.14 Exercise 2.23. 
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would not need to worry about gravity since its effect would already be included. 
Let us take the level of fluid to be the origin and point the positive x-axis facing 
down. Then, the stretch of the spring with respect to the equilibrium will be 
given by the x-coordinate of the dashed line on the block. 

From the free-body diagram we get the following equation of motion for the 
block: 


m = -kx — pAxg = —(k+ pAg) x. 


This is the equation of motion of a simple harmonic motion with angular 


frequency, 
|k+ pAg 
@o = ——.— 
m 


(b) When there is a drag during the motion of the block we will get 


ax b 4 Psal 
m x — pAxg ae 


If wo > (6/2m), then the new frequency will be 


ey (SE), 


Chapter 3 


3.1. For the given problem the positions of the two pendulums A and B can be written in 
terms of the normal mode frequencies w; and @ for this system, 


@, = @) =2sec!, a = Vo +202 =V4+2= V6 sec. 


The general solution will be a superposition of the normal modes. Let us write the 
general solution in the form of sines and cosines, 


x4 = [C; cos(@;2) + D; sin(@,2)] + [Cz cos(w2t) + D2 sin(w21)], 


xB = [C; cos(@,2) + D; sin(@,2)] — [C2 cos(w2t) + D2 sin(@21)]. 
The corresponding velocities will be 


v4 = @[-C, sin(@;2) + D; cos(@;t)] + w2[—C2 sin(w2t) + D2 cos(w21)], 


vB = @,[—-C; sin(@,t) + D; cos(@;2)] — @2[-C2 sin(@21) + D2 cos(@21)]. 


Now, we use the given initial conditions: x4 (0) = 0, v4 = 0, xg(0) = 1, and vg(0) = 0, 
to obtain the following relations for the coefficients: 


C, + C, = 0, 
aD; + @2D2 = 0, 
C; = Cz = ‘Ds: 


@,D, -— wD, = 0. 


3.2 
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Solving these equations simultaneously we get the values of the coefficients in 
cm to be 


1 1 
Cy ==cm, C,= em, D, =0, Dy =0. 
2 2 
Therefore, the positions of the two pendulums at the instant t will be 
1 1 
xa = 5 cm cos(2t) — 7am cos(V61), 
1 1 
xB = a cm cos(22) + 5 cm cos(/62), 


where ¢ is in seconds. 


Figure A.15 shows the configuration of the two pendulums at an arbitrary instant. 

Let the spring be attached at length f/. In the given problem f = $5 but I want to 
be more general at first. From the figure it is clear that the change in length of the 
spring will be f(xg —x,). Therefore, the x-components of the equations of motion of 
the two pendulum bobs are 


ax, mag 
MA ag = a k[f(xp-xa)], 
ee 
m = x xp—X,)]. 
Bap 7 8 B-XA 
We have m4 = mg = m. Let 
a = wo = Mg 


: : 
1 om 


Rewriting the equations of motion in terms of wp and w, we get 
Fig. A.15 Exercise 3.2. Here f is the frac- 


2 
d “4 = ~(w2 + w2)x4 + w2Xxp, tion of the total length | where the spring is 
dt attached. In the problem f = f. 
xp area 2 

ago (wp + w2) xB + WEXA, 


which have the same form as the equations of two identical pendulums when they 
are connected directly to the bobs. We will use the analogy to get answers to various 
parts. 


(a) The normal modes will be 


@, = @ = V8/I; 
2 
@2 = 1/4 + 202 oy 
m 


Setting f = 1/2 we get the mode frequencies when the spring is connected at 
half the length, 
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Fig. A.16 Exercise 3.3. 


3.3 


The normal mode amplitudes will be 
(B/A)1 = +1, (B/A)2 =-1, 


which are independent of f. 


(b) Modes are the same, but the frequencies are different now. The effective coup- 
ling is fk here versus k when spring is attached to masses. Hence, the bobs are 
less strongly coupled now. 

(c) Inthis case f = 0. This would make w2 = wo = w;. There will be only one normal 


mode, the mode of a single pendulum, since each pendulum is independent of 
the other. 


(d) In this case f = a/I. 
Figure A.16 shows the variables y4 and vg measured from the equilibrium positions, 
which already include the effect of gravity. That is, y4 and yg are the extra stretch 


on top of what happens due to gravity. Here y, gives the extra stretch of the upper 
spring and yg — yz is the extra stretch of the bottom spring. 


(a) The equations of motion of the two blocks will be 


dy4 

mg hat h(yp-Ja)s 
d’ yp 

—* = -k(yp—ya). 
m9 (yp - ya) 


(b) Let us rewrite the equations of motion using 
k 

ea 
m 


We now have a simplified form of the equations of motion, 


aya 

Ga = W524 - YB)» 
d’ yp 

a 08 (yp - 34). 


To find the normal modes, we will seek a solution of the form, 
y4 =A cos(wt), yg = B cos(wt). 
These convert the equations of motion into equations for A, B, and w, 


—w*A =-w2(2A-B), 
-w’B = -w2(B-A). 


Let A = w?/ 2, and rewrite these equations to obtain 


(A-2)4+ B=0, (A.14) 
A+(Q-1)B=0. (A.15) 
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Eliminating A and B we get 
7-34+1=0, 


whose solutions are 


The mode frequencies for these modes will be 


1/2 
Q1 = @0> 


2 


1/2 
(4) : 
@2 = Wo. 


2 


The ratios of amplitudes for oscillations in the two modes can be obtained by 
using A; and Az in either Eq. A.14 or A.15 respectively, 


B 14/5 
(4), =2 M= WD 2g 
; 2 


A 

B 1-J5 
=2-’,= 0. 

(5), ‘ 2 " 


(c) In mode 1 both masses move in the same direction and in mode 2 they move 
in opposite directions. The ratios B/A give the ratio of their amplitudes. For 
instance, for a motion in mode 1, if v4 = cos(@;2), then yg = (B/A), cos(@1) 
= li cos(@,2). Similarly, for a motion in mode 2, if y4 = cos(w2t), then yg = 
(B/A)2 cos(@2t) = 15 cos(@2t). The sketch is left for the student to complete. 


(d) Let us write the solutions in the form of sines and cosines and use a single symbol 
to denote the amplitude ratios. Let 


Then, the general solution will be 


ya = C; cos(@,t) + Dy sin(@,1) + Cz cos(w2t) + D2 sin(@2t), 


YB = a, [C; cos(@;t) + D; sin(@;2)] + a2 [C2 cos(@21) + D2 sin(@22)]. 
The corresponding velocities will be 


v4 = @[-C, sin(@;2) + D; cos(@;2)] + w2[—C2 sin(@2t) + D2 cos(w21)], 


vB = @,a1[—C, sin(@,2t) + D; cos(@;2)] + w@2a@2[—C2 sin(w2t) + D2 cos(w21)]. 
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3.4 (a) 


Now, we use the initial conditions at t = 0 to obtain the following: 


ya(O) = C, + Cz = 0, 
yp(O) = aC, +a2C2 = 1, 
v4(0) = @D; + @2D2 = 0, 


1 
vp (0) = a,@,D, +.a2@2D>, = 5 


These can be solved for the coefficients, 


1 1 
a1 — a2 JS" 


These coefficients fix the values in the y4 and yg and we have definite values of 


Cy -C> 2@,D, 202 D> 


ya and yz at an arbitrary instant t. 


The equations of motion will be 


dx, 


ma a = —kx4 — R(X%a- Xp)s 
axp _ AC ) kh 
maa = k(a-xp) ~ hx. 


Let us introduce the following symbols: 


k k 
2 2 
ar =—, p= —. 
mA MB 


Then, the equations of motion are 


ax, 
me = -2a7x4 + xp, 
t 
dxp 
2 2 
dt = B x4-26 XB. 


To find the normal modes we will set 
x4 = Acos(wt), xg = Bcos(wt). 
This turns the equations of motion into 


-w’A =-20°A+a’B, (A.16) 
-w' B= B°A-2p7B. (A.17) 


We find that these equations give two different expressions for B/A, 


Bo -w* + 2a? 

AD oe oe 
B p? 

A” Wot 2p? on 
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Therefore, 


—w? + 2a? p? 


a? -o? + 2p?" 


This gives the two values of w, 
wo =a? + B+ Vat + Bt -a7B?. 


Therefore, the angular frequencies of the two normal modes are 


wy = a? + B?-Ja* + BtoB, 
wo = a? + B2 + Jat + Bare. 


Putting w = @, and w = @ into Eq. A.18 or A.19 gives the ratio of the mode 
amplitudes for the two normal modes. For mode 1 we get 


B\ _ -07 + 2a? 
A}, a? 


a? — p+ Jat + BP a a2p? 


a2 


For mode 2 we get 


B\ _ -03+ 2a? 
A), a? 


of pha Jere 


a2 


(b) Draw modes for the case mg = 2m4. When mg = 2my, a? = 267. We use this to 
find that 


or =p (3-v3)", @ = p(3+v3) 


5) 


(2) 1+ 73 


a 

[lo 

Sa 
N 

2 

| 
NO 
a 


In mode 1, B has an amplitude that is (1 + /3)/2 times that of the amplitude 
of A and has the same phase. In mode 2, mg has an amplitude that is (/3- 1)/2 
times that of the amplitude of A and in the opposite direction. 


3.5 Figure A.17 shows the physical situation for this problem. Let y4 be the change in 
the length of the four springs supporting M, in addition to the change that already 
exists when in equilibrium with gravity. Let yg be the change in the length of the 
spring from which mass m is hanging, in addition to the change that already exists at 
equilibrium. Fig. A.17 Exercise 3.5. 
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(a) The equations of motion of the two blocks will be 


ay 

M3" = ~ARya + (yn -)> 
dyp 

maa = —-k(yB-Ja)- 


(b) Let us solve this for the special situation when 


The equations of motion simplify to 


d’ya 

aa = eS - IB)» 
d’ yp 

it 08 (YB - 3A). 


Let v4 = Acoswt and yg = Bcoswt to help find the normal modes. The 
equations of motion become 


(Sw, — w?)A = a2 B, 


(@, -—@*)B = a A. 
Solving them yields the following normal mode frequencies: 
@, = (3 -/3)\" @, 02 = (3 + J)" o> 
and the ratio of the amplitudes in the two modes to be 


(4) =? + /5, (4), =? V5. 


(c) Sketch is left as an exercise. 


3.6 The equations of motion of the two-variable system are given to be 


ax, fe 2 
==% =XB> 
dt? sae 
d*xp re 3 
=X, =X4. 
dt? pa vie 


(a) With x4 = Acoswt and xg = Bcoswt in the given equations of motion we get 


, 2 

-lt+o = A 

: 3 (3) -0. (A.20) 
-1+@? 


8 


The characteristic equation will be 


2 
-1+0? 3 
=0 
3 
= -1+0° 
8 


Expanding the determinant we get the following equation for w?: 


(@* -1)? = 


Ale 


Therefore, the eigenvalues are 


wo = 


1 
mG 


Keeping only the positive roots we get the following angular frequencies of the 


two normal modes: 
1 3 
oO, = 5 >» 22> 5 * 


When we put = @, in Eq. A.20 we get B/A for this mode, 


ee 2 
37 er (j)-° 
= =142 B 
8 2 
Therefore, 
1 2 
-~A+=B=0 B as 
eae A}, 4 


Therefore, 


The un-normalized eigenvectors are 


(3),=(s4s) (a), *(s4} 


To normalize we need to make the vector length 1. This gives 


(2),=(3is) (@),=(3s). 
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(b) ‘To find the solution when the oscillators are started in an arbitrary state given by 
x4(0) = 1, v1 (0) = 0, xg(O) = 0, v2(0) = 1, we start with the general solution, 


x4 = C; cos(@,t) + D; sin(@,t) + Cz cos(@2t) + D2 sin(w22), 


3 3 
xB = r [C; cos(@,t) + Dy sin(@;1)] - ri [C2 cos(@2t) + Dz sin(w21)]. 
The corresponding velocities will be 


v4 = @1[—C, sin(@,t) + D; cos(@,2)] + w2[-—C2 sin(w2t) + D2 cos(w21)], 


3 3 
UB = 4°" [-C, sin(@;t) + D; cos(@;1)] - Tha [-C2 sin(@2t) + D2 cos(@21)]. 


Using the initial conditions gives 
C, + Cz, = 1, 
3 3 
—C,- —C, = 0, 
ae Wide 
wD, + @2D>, = 0, 
3 


3 
qo = qo2da =, 


These equations can be solved to obtain C;, C2, D,, and D2, 


1 2/2 2/2 
CQ.=Q= =, Di= oe D, = e. 
2 373 


Therefore, the displacements are 


x4 = ; cos(/V2) + au sin(s/V2) + = cos( 3/21) = ae 


2 


xp= : cos(1/V2) + ue sin(1/V2) = : cos( ¥/3/2r) a 4. sin( /3/2t). 


sin( 3/21), 


3.7 Figure A.18 shows the system at an arbitrary time. 


(los Ya) 


(21; Vp) 


Fig. A.18 Exercise 3.7. 


The forces F; on my have the following magnitudes: 


F, = a8 +y-hi}, 


3.8 


where Jo; is the length of the unstretched spring and / is the length when it is in the 
horizontal direction. We make the approximation 


yA Kh. 
This simplifies F; to 
F, © kg -ho1)- 
We need the y-component of this force. From the figure, the y-component will be 


R(p — k 
ok i ae Fu = (lo OD 


[2 +5 ) ty 


Writing this as 
Fy = —Retrvas 


we find the following expression for the effective spring constant given in Eq. 3.94: 


— k(lo - bo) 
ly 


To obtain the Reg of the middle spring, you can follow a similar procedure. 


Three identical pendulums of mass m and length / are coupled by two identical 
springs with spring constant k, as shown in Fig. A.19. As shown in the figure we 
will use the x-displacements, x4, xp, and xc of the bobs from their corresponding 
equilibria as dynamical variables. 


(a) From the x-components of forces on each bob we find the following equations 


of motion: 
x4 mg 
m Te = 7 tA Rk(x4- Xp) 
a 
mae = ~“E xp — hep x4) — (xp —Xc)s 
xe mg 
m 77 = 7 *e R(xc — Xp). 


(b) Let us introduce the following symbols for brevity in writing: 


Also, to look for the normal modes we assume the oscillating solutions 


x4 = Acos(wt), xg = Bcos(wt), xc = Ccos(at). 
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—_= ———_>=> > 
Xa XB xe 


Fig. A.19 Exercise 3.8. 
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The resulting equations can be summarized in the following matrix equation: 


B20 2 2 
Oo —@ -@: Oo: 0 
2 2 2 2 2 = 
Oo; w* — Wh -— 207 wo. B|=0. (A.21) 
2 De 8s 2D, 
0 Oo: wo —W - 0% 


Therefore, the characteristic equation will be given by 


2 npo2 23 2 
WO - 0 - a; (On 0 
2 2) ged 2 2 = 
wo: Ww —@ — 207 0) =0 
2 Ce ee 
0 (On  - 0) - a; 


Note: When you expand the determinant it is best not to expand every term. Let 
us write 


then you would have 


We can factor out a to get 
ala? — aw? — 2w*] = 0. 

Now, the quantities in the square bracket can be factored also to yield 
a(at+ w?)(a- 20?) = 0, 

which is 


2 2 


@)) (w” — @ — W2) (w? — w) — 307) = 0. 


(w 


Therefore, the normal mode frequencies are 


@1 =, @2 = je +02, 03 = je + 302. 


When we had two modes, there was only one amplitude ratio, B/A, but here 
we have three modes, therefore, we will need two amplitude ratios for each 


xo 


mode, which we will take to be B/A and C/A. The three equations in the matrix 
equation, Eq. A.21, are 


(w? — 2 —w?)A + w?B = 0, 


w2A + (@* —w2 — 2w?)B + w2C = 0, 


2B + (w —a@—07)C = 0. 


In case of mode 1, w = w; = wo, these equations become 
2 2R. 
-—w7A; + w7B, = 0, 
2A, —202B 2C, =0 
w, A, — 20, BD; + @, C1 = 0; 


w2By -w7?C; =0. 


Therefore, 


In this mode all bobs move in the same direction with the same displacement 
such that the coupling springs do not exert any force on them. This explains the 
mode frequency being the frequency of the single pendulums. Similarly, in the 


case of mode 2, w = w2 = ,/w) + 2, we get 
2 
w; By = 0, 
2 2 20. 
w; Az -—w, Bo +O, Cy = 0, 
2p 
w; Bz =0. 
Therefore, 


ia 


Note that in mode 2, bob B remains at rest, only bobs A and C move in opposite 
directions with equal amplitudes. Finally, in the case of mode 3, w = 3 = 


je + 3w2, we get 


20? As + ow B3 = 0, 
w7A3 + 7 B3 + w2 C3 =0, 
ow B3 + 2w? C3 =0. 


Therefore, 


Figure A.20 shows a sketch of the three modes based on the ratio of the ampli- 
tudes for the corresponding mode. In each case, I chose A = 1 and determined 
B and C based on A. In mode 1, the three masses oscillate independently and 
that is why the frequency of this mode does not depend on the spring constant. 
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> > > 
Xa = 1 Xp = 1 Xc= 
=. Xn =0 <— 
Xa=1 B Xc=-l 
> <— > 
Xa = 1 xp=-2 Xo =1 


Fig. A.20 Exercise 3.8. 


Mode 1 


Mode 2 


Mode 3 
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3.9 We choose the x-coordinates of the pendulum bobs from the vertical line passing 


(a) 


(b) 


Fig. A.21 Exercise 3.9. Displacements are 
exaggerated for clarity. In the text we work 
with small displacements. 


through the suspension point as the dynamical variables, as shown in Fig. A.21. 
Alternatively, one could work with the angles also. 


It is easy to show that the tensions in the three strings will be T= mg at the low- 
est one, T= 2mg for the middle, and 7 =3mg in the top, since y-acceleration 
of the bobs will be negligible in the small-angle approximation. Then, the 
x-components of the equations of motion of the three bobs will be 


dx, Sing? 4 9 (xp - Xa) 
m =-3m, + 2m, 5 
de ae ae 
- axp me (xp -%a) | ae (xc — Xp) 
dt i i? 
ax (xc — XB) 
m 
dt? I 


For a simpler notation, let 


> 
wo 7 


We find normal modes as usual by seeking a solution in which all masses oscillate 
with the same frequency, and set 


x4 = Acos(wt), xg = Bcos(wt), xc = Ccos(at) 


in the equations of motion. This gives the following matrix equation for the 
vector A, B, C): 


w —5a3 2w2 0 A 
203 w — 303 a B|=0. (A.22) 
0) ap w - we Cc 


The characteristic equation will be obtained by setting the determinant of the 
square matrix to zero, 


aw — 52 202 ) 
205 w? — 30 wo |=0. 
0 a w - wp 


Expanding this we get a cubic equation for w”, 
(2) — 9a (w + 16@9(w") — 6W_ = OV. 
2)? — 9a (w?)? + 18«7% (w*) — 68 = 0 


Rather than write the exact answer, we can work out an approximate answer by 
a graphical method. Let us call A = w? /a?, then this equation becomes 


fA) = 23-927 + 184-6 = 0. 


Plot f as a function of 4 and read off the points where f is zero, 
Ay = 0.42, A2 = 2.3, A3 = 6.3. 
These correspond to the following mode frequencies: 
@, = 0.659, @2 = 1.52m@0, w3 = 2.51. 


The mode amplitude ratios in the three modes can be worked out by using 
these mode frequencies in Eq. A.22, as we have done in other problems. The 
results are 


(4) (4) 
—) =-0.65, —}) =0.15. 
A 3 A 3 


(c) Find B and C in each mode for A = 1 and then sketch the configurations of the 
system for the three normal modes. Figure A.22 shows the three modes. 


3.10 Figure A.23 shows the dynamical variables for the three masses. For each mass we 
refer to its displacement with respect to its equilibrium position. 


(a) The equations of motion of the three masses can be written by examining the 
forces on them, 


ax, =p , AC ) 

m de XA + R(XB-XA)> 
d 

m ae = —-k(xgp-—x,4) + R(xc - XB) 
xc 


de = R(xc xB) kxc. 
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Fig. A.22 Exercise 3.9. In mode 1, all three 
bobs move in the same direction so that there 1s 
no node in the motion; in mode 2, the top two 
move one way and the bottom one moves the 
other way so that there is one node between 
the middle and bottom; and in mode 3, the 
top and bottom move one way and the mid- 
dle moves the other way so that there are two 
nodes. 


Equilibrium Equilibrium Equilibrium 


Fig. A.23 Exercise 3.10. 


388 


Appendix: Solutions 


(b) Set z = ap. To look for normal modes we seek an oscillatory solution for x4, xg, 


and xc. We set 


x4 = Acos(wt), xg = Bcos(wt), xc = Ccos(@t) 


in the equations of motion. This gives the following matrix equation for the 
vector (A, B, C). 


1-2 1 A 
1 A-2 1 B|=0, (A.23) 
0 1 A-2 C 
where 
2 
A= 5; 
w% 


Expanding this we get 
(A-2) (47-42 + 2) =0 
Therefore, 


2 =2, 2-V2,2+ V2. 


Writing these as increasing frequencies we get 


1/2 


1/2 
Q, = (2-v2) ®0> a2 = V2 a; w3 = (2+ v2) Wo. 
The three equations in the matrix equation, Eq. A.23, are 


(A-2)4+ B=0, 
A+(A-2)B+C=0, 
B+(A-2)C=0. 


In the case of mode 1, A = Or = 2~—,/2, these equations become 


~J2A, +B, =0, 
A, -V2B, + C; =0, 
B,-V2C, = 0; 
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Therefore, 


Similarly, in the case of mode 2, A = ws = 2, we get 


Bz, =0, 
A, + C2, =0, 
Bz, =0. 


Therefore, 


a 


Note that in mode 2, bob B remains at rest, only bobs A and C move in opposite 
directions. Finally, in the case of mode 3, 4 = o% =2+ V2, we get 


V2A3 + B3 = 0, 
A3 + V2B3 + C3 = 0, 
B; + V2C3 = 0. 


Therefore, 


(c) The sketch can be drawn based on the numerical values given for the mode 
amplitude ratios. 
3.11 (a) +1, (1,0);-1, (0,-1). 
(b) 41, (1,1);-1, (1,-1). 
(c) +4, (1,1);-1, (3,-2). 
(d) 0, (1,1, 1); +1, (1,0,-1); +3, (1,-2, 1). 


Chapter 4 


4.1 (a) Figure A.24 shows bead j and the adjoining beads along with their displace- 
ments w from equilibrium. The bead to the left has a change of length given by 
|W; —vj-1| and the bead to the right, | Wj41—¥;|- 


Fig. A.24 Exercise 4.1. 
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(b) 


‘Taking into account the direction of these forces we find that the equation of 
motion of bead 7 somewhere in the system (excepting the ends) will be 


ayy; 
m ae = Ry; Wij-1) t RWyj-1 Wj). (A.24) 


The equations of motion of the beads at the ends will be different since they are 
not connected to beads on both sides, 


dad 

mM = te + RaW) (A.25) 
AV ING 

mI = Rhy — ova) Py. (A.26) 


We can write all these equations in one equation if we introduce Wo and Wn+1 
for the supports on the left and the right, which will be zero, 


PY; 
wa. = RW; — Wj-1) + ROj+1 — Wy) 
j=0,1,2,...,N41, (A.27) 
Wo = 0, (A.28) 
Wn+1 = 0. (A.29) 


Equations A.27—A.29 can be solved to determine the normal modes. As before, 
we require that masses oscillate with the same frequency when in a normal mode 
by setting the following for yy: 


Wi = A; cos(@t), Ao =0, Anit =0. 


With this form for the displacements, Eq. A.27 turns into 


2 spe: 2 2 
w Aj = wo Aj-1 — 2054; + wp Aj +15 


where for brevity we have set 


Rearranging we find 


2 
% 


> Did 
Ai hAng= (=*) 4. (A.30) 


The discrete equation A.30 has a solution of the form sin( ja) and cos( ja). Add- 
ing two of the sines gives a result that is proportional to a sine in the middle 
index. For example, 


sin[(j- 1)a@] + sin[(j + la] = (2cosq@) sin(ja). (A.31) 


A similar equation holds for cosines. But since we want Wo = 0, we will have 
the sine series. If we take A; = sin(ja), the discrete equation A.30 will be auto- 
matically satisfied by a proper choice of a, to be obtained below. To satisfy the 
boundary at 7 = N + 1 we would need 


Anu = Oif sin[(N + 1a] = 0. 


That means a can take only discrete values given by 


(N+ la=nnr, n=0,+1,+2,.... 


We will see below that 7 = 1, 2,3, ... , N only. 


Let us indicate these by attaching an index 7 to a, 


nv 


= ——. A.32 
N+1 ¢ ) 


An 
Plugging A; = sin(ja,,) into Eq A.30 we get 
2w2 - 


2 
sin[(j — 1)@,] + sin[(j + la,] = (5°) sin(ja,,). 
wo 


0 


Comparing this to Eq. A.31 shows that 2 cos(@) must be related to w and wo by 


which we can solve for frequency w, 


n 


a 
wo = 2a (1 -cosa@,) = 42 sin? ($). 
This will give discrete values for the frequency, which are the normal mode 


frequencies here, which we will indicate by attaching the index n. Keeping only 
the positive roots we get 


. an 
@n = 200 jsin ($*)| = 20 


sin( 35) (A.33) 
2(N+1) 


Let us now look at the values of 7 in this equation that correspond to the modes. 
First, note that for n = 0, N+1,2(N + 1),..., @ = 0, which would not be a 
vibration. Therefore, we will not allow these values for 7. Now, note that negative 
and positive values of 7 correspond to the same frequencies and the same mode 
amplitudes. In the case of amplitudes, the 7 and —n will give the same nodes and 
antinodes. Therefore, 


n= 1,2,3,...,.N,N+2,N+4+3,...,2N +1, ete. 


However, even these are too many as I will show now. We can now show that 
we only have N modes, which can be taken to be 7 = 1,2,...,N. The mode 
amplitude for a particular particle 7 in a particular mode 7 is given by 


sil aceite toneey ee 
[; = sin(jo,) = sin Nail 
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4.2 


Consider the amplitude for this bead j in mode n + N + 2, 


= sin 


nt N42 . [Jm+N4+2)x 
Art + 


E 2(N +1) Mr) 
= sin 
N+1 


= AlN =—AN-", (A.34) 


Since the negative sign is independent of j, the amplitude of every bead in mode 
n+ N +2 is just the negative of its amplitude in mode N — n, which would 
not change the mode profile. This shows that modes n + N + 2, n—N, and 
N-nare the same. Using these equivalencies, all indices with 1 outside of n = 
1,2,3,...,N can be mapped into this range. Hence, we have only N modes. 
Some examples are 


mode N + 2 same as mode N (set n = 0 in Eq. A.34), 
mode N + 3 same as mode N-1 (set m= 1 in Eq. A.34), 
mode N + 4 same as mode N -2 (set n = 2 in Eq. A.34), 
mode 2N + 1 same as mode 1 (set 2 = N-1 in Eq. A.34). 


(c) The normal modes for the N =2 case will have the following frequencies: 


: ca 
sin { ——~ }| =a, 
2% 3 


20 
in {| —— }| = V3 a. 
sin (5) V3 wo 


@, = 200 


@2 = 200 


Mode amplitude ratios will be 


sin@2a,) _ sin(27/3) _ 


(A2/A1)1 = sin(a1) sin(z/3) 


5) 


sin(2a2) _ sin(47/3) _ 
sin(@) sin(27/3) 


(A2/A1)2 = 


(d) You should get sine waves like structures. 


This problem is an application of the calculations in the last problem. Let mass M 
of the spring be distributed into N beads of mass m = M/N each, to be distributed 
at equal intervals of separation / and the massive spring with spring constant k, be 
replaced ny N + 1 massless springs of spring constant k connecting successive beads 
at a distance / = L/(N + 1), 


Appendix: Solutions 


Since the original spring with spring constant R, is being replaced with N + 1 springs 
connected in series with spring constant k each, the relation between & and , will be 


where on the left are N + 1 terms or N + 1 springs. This gives 


k=(N+D&. 


From the treatment of N beads in the last problem we know that the normal modes 
of this system will have frequencies 


On = 200 >» n=1,2,3,...,N, 


. not 
sin sar 5 


where 


E 
M0 = = 
m 


Now, expressing these in k, and M of the full spring we get 


/N(N + 1)k, |. not | 
Oy = 2 sin : 
M 2(N + 1) 


To get the result for the continuous spring we need to take the limit N — oo with 
NI = Land Nm = M fixed. Let us also focus on only the low frequencies, n « N. 
For these modes the sine can be approximated to linear values, 


nm not 
a 
UNE A) 2N’ 


and the constant wy becomes 


NIN + 1)k, k, 
wo = uM > N va 


Therefore, the normal modes of the massive spring have the following frequencies: 


k, 
On =nt,)/—, n=1,2,3,... (A.35) 
M 


The lowest frequency is 7./k,/M. 


For the N —> oo limit, the amplitudes can be similarly obtained. For a definite N, the 
amplitude of the jth bead in the mode n takes the form 


Ge: jn 
vy; =sin (<5). 
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Divide and multiply the argument of the sine by /, then we see that j/ is the 
x-coordinate of the jth bead, x; =j/, and the denominator is the length L of the spring, 


) jinn (xin 
V; sin (a) sin ( Z ). 


‘Taking the limit N — oo makes the beads become continuously distributed, with x; 


taking on all real values x between 0 and L, and we get the mode function w,,(x), 


Wn) = sin(“*). (A.36) 


4.3 (a) Consider the stretching by dw of element dx of the spring when not in equilib- 


rium, as shown in the figure. The spring constant of this tiny spring is not k,, 
which is the spring constant of the complete spring of length L. The spring con- 
stant of the tiny spring can be obtained by thinking of the full spring as built out 
of tiny springs in series. This will give 4 tiny springs in series. Therefore, the 
spring constant of the tiny spring will be 


L 
Regt = a 
Using this spring constant we note that the stretch dw will cause the tension at 
the coordinate x to be 


L dw 
T(x, 0) = —k,dy =k,.L—. 

dx dx 
Since this is at a fixed instant in time, we can write this as a partial derivative 
also, 


a 
TODSREOO. 
Ox 


(b) ‘The force on the element towards the fixed support will be T(x, t) and the force 
towards the block will be T(x + dx,1). Since the mass in the element will be 

dm = 7 dx, we will get the following equation of motion: 
m., yp 


d: 
L ae 


= T(x + dx, t)- T(x, 0); 


where the sign on the right side is based on the choice of positive coordinate 
direction. Dividing both sides by m4 we obtain 
a? LdT L, @ 
v2 = —k,L a 
ar m dx om ax? 


Therefore, 


ew kL? ay 
— = —_ —. A.37 
ar m ax? ¢ ) 
This is classical wave equation with speed 


kL? 


m 


(c) At x = 0, the spring is attached to a fixed support. Therefore, there will be no 
displacement there, giving the following boundary condition at x = 0: 


wv, 1) = 0. 


(d) The restoring force on the block at x = L is the tension 7(at x = L). The 
displacement of the block is given by the function yw (L, t). Therefore, we get the 
equation of motion to be 

aW(L.) _ 


M =-T(L,1) 
a2 (L,1) 


which gives the following condition at the boundary at x = L: 


2. 
pee nt () (A.38) 
x= TE 


ar ax 


(e) G) The boundary condition for w(x, 1) = [A cos(kx) + B sin(kx)] cos(wt) at 
x = 0 would give 


Acos(@t) = 0, 


which can be satisfied for all ¢ only if A = 0. Therefore, the solution will 
have only a sine function of x, 


w(x, 2 = B sin(kx) cos(@t). 


(iil) Now, we plug W(x, 2) = B sin(kx) cos(wt) into Eqs. A.37 and A.38, with 
the following result: 


2 Rel? 2 
a gees“ (A.39) 
m 
— Mo” sin(kL) = -k,Lkcos(RL). (A.40) 


From Eq.A.39 we get 


w = kLV/R,;/m, 


which we can use in Eq. A.40 to obtain 


Mo tan(w/,/k,/m) = 


k, 
JR; Jim 


We introduce 


to write this result as 


tan (Ve) ages. (A.41) 
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(f) 


(g) 
(h) 


4.4 (a) 


(b) 


When 6 —> 0 we get tan@ © @ in the linear approximation. In this approxima- 
tion, Eq. A.41 becomes 


Je— eile, 
Wo @ 


which gives 


Left for student. 


Let us write the argument of the tangent as 
o 
= J/e—. 
®o 
Then, for small € we will also have small 6. Now, we write the inverse of each 
side in Eq. A.41, 


1 6 


tan (0) ~ € 


> 


and use the expansion of 1/tan(x) for small x to get 


1 ete | 6 
~-0%-. 
0 3 € 
Solving for 6 we get 
eee 
e+3 


Writing this back in terms of w, k,, m, and M you get the required result, 


ks 
a= |——. 
M+im 


The figures for the three lowest modes here are the same as the modes of air in 
a tube with one end open and the other end closed, shown in the text. 


From the figures for the modes we obtain the following for the wavelengths of 
the modes: 


Therefore, the corresponding wave numbers will be 


Eas 
dy 25 
k _ 2a 3m 
sia RS Ye 
20 51 
k3 = = 


a3 2k 


— (2n-1)n = 
(©) ky = Be n= 1,2,3,.... 
(d) wW,(x) = sin(k,x) with the k, as given above. 
(ec) @2 = (RL? /m)R2, or, On = VRLZ/m Ru. 


4.5 The normal modes of N beads have been worked out in the text. For three beads the 
normal modes are 


Mode 1: @; = 2m  sin(7/8) = 0.766 wo, wo = V T/ma, 
1 1 


a ie 


Mode 2: w2 = 2m  sin(z/4) = 1.414 wo, 


A® = sin(z/4) = —z, AY = 1, AP = 


A® = sin(r/2) = 1, AS? = 0, AS? =-1, 


Mode 3: w3 = 2m  sin(37/8) = 1.848, 


1 1 
A® = sin(3x/4) = —, AY =-1, AP = —. 
1 / J2 2 3 2. 
The general solution will be 
3 
y(t) = SS (C; cos(@;t) + S; sin(@;t)), (A.42) 
j=l 
3 
y(t) = > [ 2; (C; cos(@;t) + S; sin(@;2))], (A.43) 
j=l 
3 
y3(t) = Se [b3; (C; cos(@;t) + S; sin(@;2))], (A.44) 
j=l 


where the mode amplitude ratios are 


A® vo 
ba, = 40 = V2; by 0; b3 z /2; 


1 


and similarly, for others. Now, we use the initial conditions given in the problem, 
3y1(0) = 0 = 392(0) = 9300), v1(0) = 0 = 03(0), v2(0) = vo. 


These give 


C1 + C+ C3 =0, V2C,-V2C3 = 0, Ci- Cz + C3 =0, 
@1S8, + @2S> + 0383 = 0, J2018; -~/20383 = U9, 1S), —@2S2 + 0383 = 0. 


Solving them we get 


vo vo 


> 5S = ® 
Rfdag = tes 


Cy Cz C3 0, So 0, Si 
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Putting these in the general solution we get the vibrations of each bead to be 
n@® = 


Vo , 20) : 
—— sin(@,t) - —— sin(a@3f), 
2/201 2/203 


U + U : 
42(t) = s sin(@,t) 4 g sin(w31), 
20, W3 


Vo . 210) < 
3 (t) = sin(@,t) sin(w31). 
et Sai Bate Ne 
\7 
\ \ | 4.6 The system for this problem is shown in Fig. A.25. 
\ \ | (a) The motion of the bob at position j is coupled to the coordinates of the bobs at 
\ k \ Z R {| positions 7-1 andj + 1 through the coupling spring. Therefore, the equation of 
m m lm P Sai wheats 
©-TNE-e-qmM - - - motion of the bob at position j will be 
"3 TD-e ae 2 P J 
1 V2 ‘N 2 
ai Vi 
m aa mg ; k(Wi-Wj-1) + R(Wj41-Y)- 
Fig. A.25 Exercise 4.6. 


(A.45) 
(b) As stated in the problem, let 


wj(t) = cos(wt) [Acos(Kja) + Bsin(kja)], 


where w is the frequency and the K the wave number. Using this in Eq. A.45 
and canceling the common time part we obtain 


-w? [A cos(Kja) + Bsin(Kja)] =— (we + 2w2) [A cos(Kja) + Bsin(Kja)] 


+ w [A cos(K(j- 1)a) + Bsin(K(j- 1)a) 


+A cos(K(j + 1)a) + Bsin(K(j + 1a], 
where 


2_§ o_hk 
o>? C m 


The cosines of 7-1 and j +1 terms will combine separately from the sines and 


will give rise to a common factor on both sides which leads to the following 
relation: 


=o == 


(we + 2) + 2? cos(Ka). 


Rewriting this we obtain the desired dispersion relation, 


K 
w = w2 + 4a? sin? (=). (A.46) 


(c) With K = 0 in the dispersion relation, Eq. A.46, we obtain the lowest frequency 
to be 


= _ |[& 
lowest = WO = T 


In this mode none of the springs are participating as if the pendulums are 
independent of each other. 


4.7 (a) The function f(x) = A sin(27x/L) is already one of the sine terms in the Fourier 
series. So, no further work is needed, 


B, =A, 
B, =0, n#1, 
A, = 0, Von 


(b) The period of the given function is L. Therefore, we will get 


27 2 
A= = f Asin (=) cos sala dx 
L Jo L L 
4A 
m(4n2-1)° 


(c) ‘To find the Fourier series of f(x) = x, 0 < x < L, f(x+L) = f(x), we will 
calculate the coefficients, 


2 rl 
Ao a [ x dx = pg 
L Jo 
2 rh 
An = al x cos(2mnx/L)dx = 0, 
L Jo 


2fe L 
By = al x sin(2mnx/L)dx =-—. 
L Jo ni 


Therefore, we have 


(d) The Fourier coefficients in this case are: 


2 fF 1 
Ag = [ x(L—x) dx = 5 
L 0 3 


2 


2 ft L 
A, = al x(L—x) cos(2mnx/L)dx =-——, 
LA nq 


2 rl 
By = al x(L—x) sin(2anx/L)dx = 0. 
0 


Therefore, we have 


LY 7? = 1 2mnx 
x(L-x) = —- b> 72008( ). 
6 a io Aa nm L 
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(e) 


24 A. (2nx 2A ee 1 2m nx 
70) = 2+ Fin) 4S > a (3). 


R= 24,656 


4.8 (a) Let f(x) bea periodic function of period L with the Fourier series 


f) = a + > A, cos(knx) + D> By sin(knx), (A.47) 


n=1 n=1 


where k,, = 27 n/L. Since the function is an even function we have 
f(x) = f@). 


Expressing both sides of this equation using the expansion in Eq. A.47 we get 


oe) oe) 


A 
oe Y> An cos(-knx) + D> By sin(-kyx) 
n=1 


a 
n=1 


foe) foe) 


+ st A, cos(kyx) + > B, sin(kyx). 


n=1 n=1 


_ Ao 
7) 


Since 
cos(—x) = cos(x), and sin(—x) = —sin(x), 
the Ap and A,, terms cancel out from both sides and give 
00 
2 x B, sin(k,x) = 05 
n=1 
which easily gives 


B, = 0, for all n. 


That is, an even function has only Ag and A, non-zero, and therefore, has a 
cosine series only. 


(b) Hint: Do similarly to part (a). 
4.9 Let us use symbol A for the amplitude, 
Az=2x 107 cm. 


1 


The wave number 77 m™ is one of the wave numbers for the normal modes, 


with L = 1 m. That is, the vibration is started in the nm = 7 mode. Since the vibration 
is started in the m = 7 mode at rest, the subsequent vibrations will be in this mode 
only. Since the mode starts with zero speed for all elements of the string, the phase 
constant in the cosine term will be zero. Therefore, the subsequent motion will be 
given by 

W(x, 2) = Acos(@7t) sin(77x), 


where 


@7 = vk. 


T 10N 
v= = = 10 m/s, 
lL 0.1 Kg/m 


we get w7 = 70m sec!. Therefore, 


With 


w(x, 1) = Asin(77x) cos(707 2). 
The vibration is started in a superposition of modes with ” = 4 and n = 6, 
w(x, t = 0) = 2x 10 cm sin (47x) + 3 x 107 cm sin (67x). 


Each mode will oscillate at its own frequency. The mode 7 = 4 will oscillate at w4 and 
the mode v = 6 will oscillate at we. Since 


40 
v=,/— = 20 m/s, 
0.1 


the frequencies are 
w4 = Av = 800 sec!, we = 6mv = 120m sec. 


Since the vibration started with zero velocity we will have only the cosine term for the 
time part. Thus, the motion at subsequent times will be 


w(x, t) = 2 x 10 cmcos(80z72) sin (4x) + 3 x 10°? cm cos(120z2) sin (67x) , 


(a) The function representing the given shape in Fig. A.26 is 


2a o< L 
—x <x<a 
yas) _ 
-—(x-L) =<x<L. 
L 2 


(b) We saw above that if we know the given shape in terms of a superposition of the 
normal modes we can evolve each mode independently. Thus, our first task is to 
find the series representation of the given shape in terms of the normal modes of 
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fe 


Fig. A.26 Exercise 4.11. 
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(c) 


the system. Recall that the normal modes of a string fixed at the ends are (with 
ends at x = 0 and x = L) 


Wn(x) = sin (43>): 


We want to know the coefficients that go with each mode in the following 
expansion: 


v@= SD Aysin (=) (A.48) 

n=1,2,... " 7 
Note that this is an expansion in normal modes of the system, which is similar to 
the Fourier expansion, but it is not a Fourier series since a Fourier series requires 
the function to be periodic. If you consider copying the given function outside 
of 0 < x < Land create a periodic function, then you can work with period 2L 
and you would get the same result as we will find here if you choose the inverted 


function for the range L < x < 2L and then copy the new function of period 2L. 
To find the coefficients A, in Eq. A.48, note that 


if sin (=) sin (“) dx = 


Now we multiply both sides of Eq. A.48 by sin (7) and integrate from x = 0 
to L. This gives 


NI 


2 


Therefore, the initial state expanded in modes has the following representation: 


W(x) = 2B a sin (“) sin(“*). 


Figure A.27 shows the four plots. You can see that the function is well 
represented even with just three terms. The corners require many more terms. 


Fig. A.27 Exercise 4.11(c). 
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d) Now, evolving this in time is very easy since each mode will evolve with its own 
gs y. y 
frequency. Since, the initial velocity was zero, the phase constant is zero, which 
q y. Pp 
gives the following for y (x, 2): 


where v = /77/w. 


4.12 Hint: First express the given shape analytically, and then expand this function into a 
superposition of the normal modes of a string fixed at both ends (Fig. A.28). The 


coefficients will be very messy here since you have to perform integrals in three 
ranges. Fig. A.28 Exercise 4.12. 


4.13 Figure A.29 shows a string hammered in the middle. This gives the following initial 
condition on the vertical displacement w of the string: 


(x50) = 0, 
(2M) = wba (x 5): v=0 Ay v=0 
dt 1-0 7 ey eae 


We will start with the general solution and determine the coefficients that satisfy the 
initial conditions. 


Fig. A.29 Exercise 4.13. 


(a) The general solution of vibrating strings fixed at x = 0 and x = L is given by 


WOO = x [A, cos(@nt) + By sin(@nt)] sin(k, x); 


n 


where k, = naz/L and w, = vk, with v = /T/u. The initial condition on y 
gives us 


yo An sin(k,x) = 0, 


n 


which immediately gives 
A, = 0, for all n. 
Now, w simplifies to 


W(x 0) = D> By sin(ont) sin(,x). 
The initial condition on velocity gives 


L 
Y onBy sin(kyx) = voLd (x- 5): 


n 
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Now, multiplying both sides by sin(&,,x) and integrating from x = 0 tox = L 
gives 


2 
By = —* sin(knL/2). 


Om 


Therefore, the subsequent motion of the hammered string is 


Wad) = “% a sin(k,L/2) sin(@,t) sin(R,Xx). 


ai nt 


(b) Note that the frequencies are multiples of a fundamental, 


Vv 
On = N— = na. 
L 


The longest period for any term in the sum to return to the original state would 
be that associated with w,. Since that term is not zero, that will also correspond 
to the largest time when the string’s velocity and position will return to the initial. 
In each period, the string becomes horizontal twice. Therefore, 


Is 20 i 
Atz=2=> =. 
Uv 


4.14 Kundt’s tube. 


d 


Lowest mode of rod Mode of air column 


aur 


Fig. A.30 Exercise 4.14. Kundt’s Apparatus. 


(a) In Kundt’s tube the heaps occur at the nodes of particle displacement. Hence the 
distance between heaps is equal to half a wavelength. There will be five wave- 
lengths in an 11-heap situation. These wavelengths are in air. Let us denote them 
by Aq. Therefore, 


5Aqg = 40cm, Ag =8cm. 
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From this data and the given velocity of sound in air (let us denote that by v,) 
we can find the frequency of the wave, 


Ua _ 34,000 cm/s 
Xa 8cm 


f= 


= 4,250 Hz. 


The frequency will be the same for the vibrating rod. However, the wavelength 
A, of the standing wave in the rod is equal to twice the length of the rod for the 
fundamental mode in the rod, 


Ap = 220.8 m, Ap = 1.6m, 


With the frequency the same as in air and the wavelength 1.6 m, we find the B C 
speed v, of sound in the metal rod will be 
A De Beak 
v, = fa, = 4,250 x 1.6 = 6,800 m/s. 
B 
b) Thi t is th ise but i bols, 
(b) s part is the same exercise but in symbols A i ee 
Ay 2L 
Up = — Vs = — Vs. 
ho Xo 
A Dp V2=L 


4.15 Drawing waves in the flute with pressure nodes where there is an opening gives 
the answers immediately. From the sketches in Fig. A.31, in which nodes are 
pressure nodes, we arrive at the following answers. (i) A =2 x 40 cm=80 cm. There- : . : . 
fore, the frequency for that sound will be f=v/A=431.25 Hz. (ii) f=862.5 Hz. Big Pot Euaroie hi. Madevena orp 
(iit) f = 1725 Hz. te 


Chapter 5 


5.1 The equation of motion we wish to solve is 


& d. 
ee a 


"2 dt 


+ kx = Fo sin(wt). 


We will use the identity sin 6 = cos(@ — 2/2) to write the driving force as a cosine, 


(a dx 
mos + ae + kx = Fo cos(@t—7/2). 


Let us write the right side as a real part of a complex exponential, 


a d: 
ii + b= 


= RB pl(wt—m/2) 
i at be = Relfo e ? ]: 


Let us divide both sides by m and introduce the parameters wp and T, 


@ = Vk/m, T = b/m. 
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5.2 


We can now think of x as the real part of a complex displacement z and leave reference 
to the real part out of our equations, 
az dz 2 Fo 


m5 , ce + OX = = got-7/2) | (A.49) 


We need a steady state solution of this equation. Let 


(wt-8) 


Z= 2e 5 With Zo real. 


Using this in Eq. A.49 and canceling out e“”’ we get 


gO-2/2) (A.50) 


w 29 + ial 29 4 wR20 = 
m 


The left side has the following polar representation: 


reac 2_ 42 
Left side = 20,/ (@2 —@)? + wT? eu [or/c0§ - d. 


Using this in Eq. A.50, we can equate the amplitude and phase on the two sides to get 
Fo 1 


Ls 
ut 4/ (2 —w*)? + wT? 


ie = + tan (wT /(o2 -0)). (A.52) 


20 = (A.51) 


Now, we use 
x(t) = Re[z], 
to get 
x(t) = xo cos(wt — 4), 


with 


Fo 1 


> 
m/w —w?)? + oT? 


a ‘4 ol 
5 5) + tan (= ), (A.54) 


xo = (A.53) 


Since the system is linear, each driving force will drive displacement x independently 
of the other. Let x, be the steady state solution when only F, cos(w?t) acts and x, the 
steady state solution when only F, sin(wt) acts. Then the steady state solution when 
both forces act will be 


X= Xo + Xs5 
with 


Xo = Xo¢ COS(wt — 5), 


X; = Xos CoS(wt—5,), 


where 


F./m = F,/m 


(a —w*)? + wT? 


Tr 4 ol 
é. = tan! ( = ). 6; = + tan! ( 5 ), 
Wy - w 2 @ - w? 


5.3 (a) The equation of motion of the damped driven oscillator with the given param- 


eters is 


ax dx 4 
— + — +20°x = 1 cos(100), 
dt? dt 


where x is in m, ¢ in sec, and @ is in sec". 


(b) In the steady state, the oscillator will oscillate with the driving frequency, 
x = Acos(wt—54), 
with amplitude A given by 


1 
A= 


(oR —w*)? + Tw? 
_ 1 
V (202 — 102)? + 1 x 102 


= 3.33 x 103m. 


(c) The phase lag is 


r 10 1 
6 =tan! ( = ) = tan! ( ) x rad. 
Ws — w? 300 30 


(d) The average power, 


1 Po To 
(ES : OL 2 |. 
2 m |(@-@7)?+T2o 


Putting in the numbers we get 
(P) = 2.5 x 10% J/s. 


5.4 (a) The equation of motion can easily be obtained by considering the rotation of the 
bob about an axis through the suspension point, 


2. 


ao do 
mr? 7 = —mglo - bP a + Fol cos(wt). 


Divide by mi? and introduce we = g/landT = 6/m and write this equation as 


@e dd 4, Fo 
7 +1 er + WO = nal cos(wt). (A.55) 
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~~ 
O L Fixed point in space 


Fig. A.32 Exercise 5.5. 


(b) 


(<) 


5.5 (a) 


Equation A.55 is analogous to the equation of motion of a driven harmonic 
oscillator. Using the analogy we can immediately write the elastic and absorptive 
amplitudes, 


Fite Fo w -a@ 
1 nl (we — @?)? + T2@? | 


Hig. Fo Tw 
oo al (wp — @*)? + 120? | 


By analogy we get the time-averaged power to be 


(P) = Fe Ta? 


2m | (wp - w*)? + 120? 


We will use the coordinates shown in Figure A.32 to deduce the equation of 
motion of the block. 

Let us first note that the change in length of the spring is given by the 
difference in the coordinates y and yz, 


Al = (yz + H)-(y +h). 
The y-components of the restoring force on the block will be 
F, =k[Al]. 


The damping force on the block will be proportional to the rate at which the 
block is moving with respect to the Earth, 


d 
Fy = b— [Al]. 
2 = b= [Al] 
Using the standard substitution 


7 k 
@ =,— T= — 
(an > as > 
m m 


we get the following for the equation of motion of the y-coordinate of the block 
with respect to the fixed frame: 


ay 3 d 
i =a ,Al+ Pel). (A.56) 


Let us write this equation in terms of the negative of the change in length of the 
spring, which we will denote by the Greek letter y for brevity, 


wy =-Al= (y+ b)- (ye + A). 
The acceleration of the w variable will be 


yp dy dyz 
de de dr- 


(b) 


(c) 
5.6 (a) 


(b) 
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Substituting for d?y/di? in Eq. A.56 we get 


Cp Pye | 
de ° de 


dy 


on -T ai 


Rearranging, we find that w will obey the following equation of motion: 


ew 
dt? 


dy a a? yp 
dt dt? © 


tow +P 


For the steady state solution we note that the acceleration of the surface of the 
Earth provides the driving force 


d 2 VE 


F=- 
m dt 


= (mw? Az) cos(wt). 


This is the same form as we have worked out in the text for a driven harmonic 
oscillator; thus, we will replace Fy in our formulas by (mw*A,). This gives the 
following for the stationary state for the variable w: 


W = Wo cos(wt 8), 


2A r 
Yo= ae 6 = tan ( :). 


& 3 
[ (2 — w2)? + w2T2 Wo -@ 


The resonance of w can be used to determine w of the earthquake vibrations. 


The motion of block 1 with a rigid rod in this problem is analogous to the motion 
of Earth in the previous problem. Let 


Wo = x2 -%X. 


Then, we will arrive at the following equation of motion, obtained by setting 
T = 0 in the previous problem, 

ax, 
de? 


ay 
re a 


where a = k/m3. With the given x; (1) we get 


wy : 

7 + ony = wo sin(wt). 
The steady state solution will be given by a similar formula as in the last problem, 
but with the phase off by 27/2 due to the sine in the driving force in place of a 
cosine and I’ = 0, 


W = Wo cos(wt - 8); 


2 
ono 


Wo = 2 _, 5= 


us 
| (@2 - 0)? 2 
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No COS (tt) 4 
o> 


x) x2 


Fig. A.33 Exercise 5.7. 


5.7 (a) 


Let x2 and x3 be the displacement of blocks mz and m3 from their corresponding 
equilibrium positions, as shown in Fig. A.33. 
The equations of motion of blocks m2 and m3 are 


dx dx2 


aa TPG = wae - 21) + 0G (3-2), 
d*x3 dx3 
aa TPG = a3 - 22)» 


where we = k/m, and T = b/m, and 
x1(t) = no cos(wt). 


Note that the motion of x; (2) provides the driving force here. First set x; = 0 
and I" = 0 in these equations and find the normal modes by assuming 


x2 = Acos(At), x3 = Bcos(Ad), 


where we are using a new symbol A for frequency since w is used for the driving 
frequency. We will find that A, B, and A must obey 


(-A? + 202)A = @B, 
(2? + w2)B = aA. 


Therefore, 


Therefore, the eigenvalues and mode ratios are 


we)" (8 


2 A 2 
1/2 
34/5 B 1-J/5 
A2= M05 = = ‘ 
2 A), 2 


Using these we can construct the two normal coordinates, 


MV = X2 (3) x3 = xX2+ (: : * X35 (A.57) 
1 


A 2 
B 1-J/5 
y2 = X2 (4), =x2+ ( s*) x3. (A.58) 


Now, by taking two derivatives of this equation and using the equations of motion 
of x2 and x3 you can show that y; and y2 are each a separate driven oscillator, 


ayy dy, 
+7 +2 y1 = wrx, = weno cos(wt 
dbz dt 1J1 0*1 No Cos(wt), 
a d 
Bie +T cage yr = wrx = onno cos(wt). 


dt? dt 


Therefore, the steady state solutions of y, and y2 will be 


M1 = 10 cos(@t — 41), 


J2 = Yio cos(wt — 52), 


with 
2 
ono _ oD 
S10 = » 6 = tan ( 5 :): 
(o} -w?)? +@2T2 W, — w 
2 
ano = oD 
320 = » dy = tan ( 5 :). 
(w5 -w?)? + @T2 W@W; — Ww 


When we put these expressions for y; and 2 into Eqs. A.57 and A.58 we can 
find x2 and x3 in the steady state by 


Pan (1-V5)y1 + (1+ V5)92 pa 
2 > 3 . 
2 V5 


(b) When @ is near the normal mode frequency @, the amplitude y19 will be large 
compared to 29. Consequently, the motion of the two blocks will be dominated 
by mode 1. 


5.8 We use the x-coordinate from the fixed vertical line in Fig. A.34 to write the equation 
of motion in an inertial frame. 
The equation of motion in the small-angle approximation will be 


ax 


mg 
ma = oe a (x-7n). 


We can write this in terms of the x-displacement with respect to the suspension point, 


vu =xX— Ns 
giving 
Py ay 
77 + ony = i = wo cos(wt), 


where wo = a The steady state solution of the equation of motion for w will be 


W = Wo cos(wt - 8), 


2 
ono 


Yo = ==. 
y/ (@ - w?)? 


6=0. 


Appendix: Solutions 


1 = No COS(wt) 


Fig. A.34 Exercise 5.8. 
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Fig. A.35 Exercise 5.9. 


5.9 The system in Fig. A.35 is a driven coupled system. As before, we will solve it by 


first finding the normal modes and then rewriting the equation of motion in normal 
coordinates. Each normal coordinate will obey a separate driven oscillator equation, 
which can be solved. From the normal coordinates we will be able to deduce the 
original coordinates. 

The equations of motion for the x-coordinates, in the small-angle approximation, 
with respect to an inertial frame which is the vertical line in the figure will be 


ax, 2mg mg 

We (xa-m) 4 7 (xp -Xa)> 
d’xp mg 

Moa (xp -%a). 


Let us introduce coordinates to measure the x-distance from the instantaneous 
position of the top suspension point, 


Wa=Xa-N, We=Xp-n. (A.59) 
Let us also introduce the following constant: 
@ = 


uct 
3 


Then, we have the following equations of motion: 


awa 2 2 dn 

qa * 2@0Wa— 0B - Wa) =—-F 5 (A.60) 
ave 2 dn 

I @ (We - Wa) = a (A.61) 


To solve this for y4 and wp we will find the normal modes of yy and wep. For that we 
need only look to the undamped undriven equations, 


da 
“a + 20a — 05 (We - Wa) = 05 
da 

at + we (We — Wa) = 0. 


We set the oscillating solutions for y4 and yp, 
Wa = Ae," We = Be, 
in these equations to get 


(-a? + 30g) A - opB, 


A? + >) B= and. 


Therefore, 


This gives the two normal mode frequencies to be 


1/2 


1/2 
A, = (2- v2) @o05 A2= (2 + V2) @05 


and the corresponding amplitude ratios, 


(4) =1+v2 (4),=1 V2. 


Now, we construct the normal coordinates. Let us denote the normal coordinates by 


vi and wo, 


B 
Wi = Wat (4) bp = Wat (1+ V2)¥p; 
1 


to=Wat(G) ve=va+d-V2ve 
2 


(A.62) 


(A.63) 


Now, by taking derivatives of w, and w2 and using Eqs. A.60 and A.61 we can show 


that 


ayy 
dt? 

aw 
dt? 


2, 
Mh =-2+ VD" = 2+ V2)07np cos(on, 


2 
2 = (2-2) a = (2-2) cos(wt). 


(A.64) 


(A.65) 


The steady state of the normal coordinates w, and 2 can be obtained immediately 


by analogy to the driven one-dimensional harmonic oscillator, 
vi = Wi0 cos(wt—451), W2 = W20 cos(wt — 52), 
with 


(2+ V2)0*n 
Vio = 26 20) 
(A? -@2)? 


_ (2-V2)@7no 


20 > 
V3 -w?)? 


Equation A.66 can be used in Eqs. A.62 and A.63 to get yy and wp, 


6=0. 


_ A+ Vv2)2-A-V2)n1 
2/2 : 


= Wi-wW2 
wW/2 - 


Wa VB 


Now, we can use these in Eq. A.59 to obtain x4 and xz to be 


X4=Watn, xp =Wpt+n. 


(A.66) 
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IP 
20 


15 
10 


5 


Fig. A.36 Exercise 5.10. 


5.10 (a) 
(b) 


(c) 


(d) 


5.11 (a) 


(b) 


5.12 (a) 


See Fig. A.36. 


By taking the derivative of P with respect to w and setting it to zero we find that 


the maximum of power occurs at w = 5 sec. 


The maximum value of power is 20 W. By setting the expression of power to 
10 W we get 


20? 7 
(w? —25)2 +02 


Solving this for w* we get two values, 


1 
w= = (51 + /512-4 x 625) = 20.5, 30.5, 


2 


which give the two frequencies, 


@, = 4.5 sec}, @2 = 5.5 sec. 


Therefore, the width of the peak is 
Aa). = 5.5-4.5 = 1.0 sec". 


The time constant is obtained by the inverse of the half width, 


1 


= ieee = 1.0 sec. 


t 


Since the hammer hits in the middle, the middle will not be a node of the excited 
modes since that point will be moving. Since the fundamental mode of the string 
does not have a node at the middle point, the lowest frequency mode excited will 
be the fundamental mode. The wavelength for this mode is equal to 2L, as we 
have seen in systems fixed at both ends, 


A=2L. 


The wave number for this mode will be 


20 


ue 
A OL 


Riowest = 


The wave velocity on the taut string is 


T 200 N 
v= — = 44.7 m/s. 
lL 0.1 kg/m 


Therefore, the frequency of the fundamental mode 


lowest = VRiowest = 44.7 sec! = 140.5 sec}. 


The normal mode frequencies for a sound wave in a tube opened at one end and 
closed at the other are given by 


v — (2n+1)v 


i= 4L 


n=0, 1, 2, 3,.... 
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Using the length L = 70 cm and speed v = 34,000 cm/s in this equation we get 
Sn = 121.43(2n + 1) Hz. 


The range of frequencies to be excited will be from 300 Hz to 3,000 Hz. 
Therefore, the lowest frequency mode to be excited will be 


121.43(2mow +1) = 300 => mow = 1, 


where I have rounded to the nearest integer. 


(b) ‘The mode number for the upper end of the frequency range will be 


121.43 (2mhigh + 1) 3000 > Mhigh 11. 


Therefore, we will have modes n = 1 to n = 11 excited. The actual frequencies 
that will be excited are 


fi = 364 Hz, jf, = 607 Hz, fy = 850 Hz, 
fy = 1093 Hz, fs = 1336 Hz, fs = 1579 Hz, 
fy = 1821 Hz, fz = 2024 Hz, fo = 2307 Hz, 
fio = 2550 Hz, fir = 2793 Hz. 


5.13 (a) Letus calculate wo and I to see what type of damping is in the system, 


k cay b +4 
@ =,/ — = 31.6sec; [T= — = 20sec. 
m m 


Since wp > I'/2, we have an under-damped oscillator. Therefore, the complete 
displacement of the oscillator will be given by 


x(t) = ent [C cos(@,t) + S sin(@;t)] + A cos(wt— 5), (A.67) 


where 


Az Fo/m = 10/1 
{i ~o2)2 +P 2@2 — V (31.6? = (2007)?)? + 20? (2007)? 
=2.5x10°m 


7 “1 ol _ 1 200z x 20 _ 
6= tan tan 0.032 rad. 
we — 0 31.62 — (200zr)? 


To find the constants C and S we use the initial conditions on x(t), 


x(0) = C+ Acosé = 0, 


r 
v(0) = a,S— ge enaing = 0. 
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(b) 
(<) 


5.14 (a) 


(b) 


() 


Now, we solve these two to get C and S, 


C =-Acosé = -2.5 x 10> m, 


r 2 
3 C— wd sin 6 


S= = 2.5 x 10° m. 


@ 


The steady state part is the Acos(wt— 5). 


The criterion in time is when t > 2/T = 0.1 sec so that the complementary 
solution becomes negligibly small due to the exponential decaying multiplying 
factor. 


Since the system is linear we can add up the effect caused by each force, 
X=X,+X2, 
with 
x, = A; cos(@,t-451), x2 = Az cos(@2t- 52), 


where (with ar =k/mandT = b/m), 


Fo/m Tw 
A, = of ° }y = tan" ( 3 Ss). 
Jei0d? + Fak of = 05 
Fo/m Tw 
Az = a > 55 = tan! (+5). 
(w5 — a)? + T2035 se ad 
The instantaneous power will simply be the net power of the net force, which 


will have cross-terms as well, 


dx, a 
P(t) = F(t)0(2) = [Fo cos(a 2) + Fo cos(w1)] (F F +), 
=F toe) dx, . dx ‘7 on dx iP dx 
= Fy cos(a, ees 1) COS(W2 ae tT ae 


To find the average power, we need to average the instantaneous power over 
time. We note that if the two frequencies are different then, we will get 


(cos(@,t) cos(@2t)) = ; (cos(@; + @2)t) 4 5 (costo @2)t) = 0, 
and when the two cosines have the same frequency, 
(cos(@,t) cos(@,t)) = ; (1 + cos(2@;1)) = 
and similarly for w2. Therefore, 


_ odio. FoAza2 


(P) 5) in 5; 4 5 sin 6}. 


5.15 (a) 


(b) 


5.16 (a) 


(b) 


The steady state solution will just be equal to the sum from two driving forces, 
as shown above, except now, the two terms have different Fo. 


The answer can be generalized to 


x(t) = A; cos(a;t — 5;), 


i=1 


where 
F;/m 4 Ta; 
A; = > Oo; =tan zs |: 
ay (w? — a)? + Tw? Bes Wo 


The multiples of the fundamental frequency are 


n 
n= Fi n = 2 ne 
Jn = 2 On = Inf, 


We need the coefficients in 


Ao 27 nt \ 2m nt 
fas a Aycos (=) 4 > By sin ( ra ). 


Wea 25ic8 = 1525.12. 


where 


27 27 2 
Ais =f f()dt, A, = zi fQ) cos ( “) dt, 


2 fe . { 2mnt 
= =f F@ sin (2) dt. 


Using the given function in these integrals we get 


& 
3 


Ao 


2 
2 ai : 2m nt ner (n odd) 
Bo== sin adi= TN 
yh T/2 T 0 


(n even). 


ll 
oy 
= 
ll 
& 


Therefore we have 


Le 2 fost 1. (6nt 1. (10zt 
fO= sin + — sin + — sin fees |, 
2a wh 3 T 5 T 
The steady state will be the sum of contributions from each component of the 
driving force, 


x=Xo+ y Xno COS(@yt — by), 
Wa NV325 500 


where 
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nh Vr ¥3 


Fig. A.37 Exercise 5.17. 


For the constant force F = $5 the displacement will be moved by a constant 
amount (as you can easily check by setting x = x) and F = Ap/2 in the equation 
of motion), 


1 


0 = Saas 
2mw5 


and the sine driving forces will give rise to the following expressions for the 
amplitude and phase lags: 


2 
- ow, B,/m 


Xnd 5 > 
2 2\2, 242 
y/ (@p — @2)? + Tw? 


cr 4 Tan 
on = = + tan 5 5 |}. 
2 Wp — 7 


5.17 Three identical pendulums are coupled by springs, as shown in Fig. A.37. A metal 
rod is then glued to the pendulum on the left which is them vibrated sinusoidally so 
that its horizontal displacement from equilibrium yy; (¢) = no cos(wt). Find the steady 
state solutions W(t) and w3(¢) in the small-angle approximation and without any 


damping. 
In the small-angle approximation we will get the following equations of motion for 
wW2 and ws: 
Pfr mg 
mg = hha Vi) + Ola Wa) — has 
ay mg 
m—> = ka Yo) - as 


with yw, moved rigidly to follow 


Whi = no cos(wt). 


Let us introduce 


We can find the steady state by working with normal coordinates as we have done 
above. Alternatively, we can find the steady state solution by demanding that the two 
driven masses oscillate at the same frequency as the driving force. We will carry out 
the latter method in this problem. Thus, let us write the displacements in exponential 
notation, 


Wn = no eM, Wo = C2 el, Wz = C3 el", 


from which the actual solution can be deduced by taking the real part. Using these in 
the equations of motion we get 


w* Cz = —w? (C2 — No) + 02 (C3 — Cr) — @ Cr, 
w” C3 = —w? (C3 — C2) — oC. 
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Let us organize these equations as follows: 


( wo +04 20?) C2 — w? C3 = w? No; 


ww C2 + (-w* + a + w2) C3 = 0. 


These are two equations in two unknowns C2 and C3, which can be solved by 
standard methods. The answer we obtain is 


(-w? + ap + @2) ano 


Cz = 5) 
(-w? + w2 + 2m?) (-w? + 2 + w2) - 4 
C= ono 
(2 + w2 + 2?) (-w? + 2 + w2) - 4 


If you worked out the normal modes of this system by setting 7 = 0 in the equations 
of motion, you would find that the normal frequencies are 


The denominators in the constants C; and C3 can be expressed more succinctly in 
terms of the normal mode frequencies as 


wo (-w* + wo + @?) 


Cz mies eer ee ar no 
(= 07) @? = 03) 

4 

(2) 
C3 = SO > I10- 


(@2 - ow?) (@2 - a9) 
(a) Since fr = 20 kHz and Af = 10 Hz we have 


or _ 2nfg _ 20,000 Hz 


O= + 2x Afi2 10 Hz 


= 2,000. 


(b) Doubling the resistance R of the circuit will double the value of I. Since Af ~ T, 
the width Af;/2 will also double. 


(c) The resonance frequency depends on the capacitance C as inverse square root, 


Therefore, doubling C will reduce fr by a factor of V2, 


_ 20 kHz 


V2 


Ar = 14.14 kHz. 


The peak width does not depend on C. 
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(d) The resonance frequency and width of the resonance peak depend on 
L differently, 


1 
> Afrz~ sr. 


tR~ L 


1 
Vi 
Therefore, doubling L will decrease fr by a factor of ./2 and halve the Afi/2> 


20 kHz 10 Hz 
TR = V2 = 14.14 kHz; Afij2 = a = 5 Hz. 


(e) At resonance frequency, the average power will be related to the peak voltage by 


2 
~ YM 


(P) = 58. 


Therefore, 


Vo = J2R(P) = V2 x 102 x 30 W = 24.5 Volt. 


5.19 Let q4, gs, and g3 denote the charges on the three capacitors when the current in their 
branches in Fig. A.38 are J4, Is, and J3 respectively. 


Fig. A.38 Exercise 5.19. 


With the convention that current in the capacitor is flowing into the positive end 
at instant ¢, we get the following loop equations in the three loops: 


dy 44 
Yi t) -L—- — =0, 
0 COS(wt) = CG 
94 dh 45 
—-L—-—=0, 
C dt C 
qs diz 3 


on 6 


Now, taking derivatives of these equations with respect to ¢ and using the current 
conservation equations at the nodes, we can eliminate J, and J;. Let us also introduce 


After simplifications we arrive at 


aI Yi 

ooh wpl = “= sin(wt), 
I 

ie 2a2h onl, onl = 5 
a@1; 

de 2a; og = 0. 


Since we do not have dissipative terms, the currents will also be oscillating as sines of 
the same frequency as the oscillating source. Let 


q = A, sin(wt), 
bh =A, sin(wt), 
Iz = A3 sin(wt). 


Then, the amplitudes of the current obey 


@ Vo 
L B) 


A, + WA; -— a7 Az = 


w Ay + 20,42 — 2A; — @2A3 = 0; 


wA3 20@2A3 wpAz =0. 


These are three equations in three unknowns, which is left as an exercise for the 
student. I got really complicated expressions for A’s, 


4 22 4 
-w* + 4w° a5 — 305 wVo 


A, _ > 
Det L 
j (@? - 205) wVo 
Az = pee 
Det Ls 
= wg aVo 
AE ie 


where 


Det = -w® + 5w4a2 — 670} + of. 


Note that the denominator in A; and the other amplitudes can be shown to be the 
product (w*-w?) (w -w3) (w*-03), where @1, 2, and w3 are the normal frequencies 
of the system. 
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Chapter 6 


6.1 The following expression of a traveling wave on a string is given in the problem, 


(a) 
(b) 


() 
(d) 
(e) 
(f) 


(g) 
(h) 


@ 


1) 


® 


6.2 (a) 


y(x, t) = [0.05 m] cos(27x- 200712). 


Amplitude of the wave, A = 0.05 m. 
(i) The displacement of the particle at x = 0 will be 


(0, t) = [0.05 m] cos(200z712). 


This is a simple harmonic motion with amplitude 0.05 m. (ii) The displacement 
of the particle at x = 0.1 m will be 


(0, t) = [0.05 m] cos(0.227 -— 20072). 


This is also a simple harmonic motion with amplitude 0.05 m. 


Wave number, k = 27 m!. 


Angular frequency, w = 2007 sec7! 
Wavelength, i = 27/k, with k = 27 m™!. Therefore, 4 = 1 m. 
Period, J = 1/f with f = 100 Hz. Therefore, 
1 
T= 
100 Hz 


Phase velocity, vp = w/k = 100 m/s. 


, and frequency, f = w/2m = 100 Hz. 


= 0.01 sec. 


To find the speed of the particle we first find the displacement of the article at 
an arbitrary instant ¢, 


y(1 m, 2) = [0.05 m] cos(22 — 2007?) = [0.05 m] cos(200z72). 
‘Taking the time derivative we get 


d 
v= 7 = ~[0.05 x 2002 m/s] sin(200z72). 


Therefore, the speed at t = 2.5 x 10° sec will be 
v = | —[0.05 x 200z m/s] sin(200z/600) | = 27.2 m/s. 


Maximum speed of any particle of the string will occur when the sine in the 
expression for the velocity has value 1. When that happens, the speed will be 
Umax = 0.05 x 200 = 31.4 m/s. This should be compared with the wave speed, 
which is given by the phase velocity here, which is v» = 100 m/s. 


Minimum speed will be zero since particles will come to rest at their turning 
points. 


From the phase velocity, we can get T since vp = /T/w. 
Therefore, 


T = wv, = 0.01 kg/m x (100 m/s)” = 100N. 


Let us calculate k and a first, 


20 +4 
k= —=4rm , 
x 


@ = kup = ki T/p = 4007 sec! 


(b) 


6.3 (a) 


(b) 


(c) 


(d) 


6.4 (a) 


(b) 


(<) 


Since the wave is traveling towards the positive z-axis with amplitude 4 cm, we 
will have 


y(z, 0) = [4 cm] cos(4a m™! z-400z sect + ), 


where ¢ is an undetermined phase constant. We can fix the value of ¢ if we know 
the amplitude of the wave at some point at a particular time, for instance, at t = 0 
atz=0. 


The sign of the k term will change in this case, 
y(z,t) = [4 cm] cos(—4a m!z- 400m sec!t+ ¢). 


Since z and ¢ terms have the same sign, the wave would be traveling towards the 
negative z-axis. Also, from g(z, t) = 0.872 + 2871, you get dz/dt = -35 cm/s. 


From k and w we can find the wv, of the wave by 


k= 0.82 cm, w = 28m sec, 


@ 28m 


Pi EL ease, 
hk 0.87 cm/s 


Up = 
From v, and mass density jz we can get T by, 
T = wv, = 2.0 kg/m x (0.35 m/s)’ = 0.245 N. 


The average power 


1 1 
(P) = es = 5V Tho A’. 


Putting in the numerical values we obtain 


1 
(P) = 5 v0.245 N x 2kg/m(28z s!)?(0.02 m)? = 1.1 W. 


From the given displacement wave function we get the velocity of the oscillating 
particles of the string in units of cm/s by 


a 
. = 12002 sin(200zx + 40071). 


Evaluating this for x = 0 gives the displacement velocity of the particle at x = 0, 
which can be evaluated for t = 0.001 sec to obtain the velocity at that instant, 


dy 


a = +1200z |sin(0.47r)| = 3585 cm/s. 


x=0,t=0.001 


The phase difference will be obtained from the difference in the argument of the 
cosine at the two instants, 


Ag = 400 At = 400 [sec] x 0.002 sec = 0.87 rad. 


The phase difference will be obtained from the difference in the argument of the 
cosine at the two points in space, 


Ag = 200x[cm™]Ax = 200z rad. 
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6.5 (a) 


(b) 


From the tension and mass density we note that the wave velocity will be 
Up =V T/L. 
The wave towards x = +00 will be 
) 
x(x, 1) = A, cos (ot - =x) 5 
v 
and the wave towards x = —oo will be 
@ 
y_(x, t) = A_cos (w + <x) ¥ 
v 
where A, and A_ are the wave amplitudes. Now, the wave at x = 0 has a unique 
displacement whether you come from the right or from the left of the origin. 
That is, we must have the following boundary condition at x = 0. 
3+(0; 1) = y-(0; t) = yo cost). 
Therefore, the two amplitudes will be equal to yo, 
A, =A_= 5. 
Thus, the two waves are 


@ 
yl650) = yp 008 (wt~ 2s), 
Uv 


@ 
y_(x, t) = yo cos (wt + =x) F 
v 


(i) The force at any point of the string comes from the net y-component of the 
tension at that point. At x = 0, the tension components can be obtained by 
using the wave amplitudes on the two sides of x = 0, 


] dy- 
peor [=| s 
dx dx },-6 


This gives 


F, = 2B — sin(wt). 
Up 


(ii) To find the average power, we can evaluate the time average of the 
instantaneous power at x = 0, 


This gives 


2 2 
(P) = 2B2— (sin2(oo) = BR. 
Up Up 


6.6 (a) 


(b) 


6.7 (a) 


(b) 


(<) 


In the standing waves the sine or cosine of space is multiplied by a sine or cosine 
of the time part. Expanding the given traveling wave immediately gives the two 
standing waves whose sum is the traveling wave, 


Acos(kx - wt) = Acos(kx) cos(wt) + Asin(kx) sin(wt). 
Same method as above. 


w(x, 1) = A cos(kx-owt) + B cos(kx + wt), 
= Acos(kx) cos(wt) + Asin(kx) sin(wt) 
+ Bcos(kx) cos(wt) — Bsin(kx) sin(w2), 
= (4 + B) cos(kx) cos(wt) + (A- B) sin(kx) sin(wt), 
= Ccos(kx) cos(wt) + Dsin(kx) sin(wt). 


Figure A.39 shows the circuit element between x = (j — 1)a and x = ja. 
The charging of the capacitor during an interval At will give 


CaAV = Aq= AIAt= [I(x = ja, t) -I(x = (j- 1a, 0] At. 


Dividing both sides by aAz and taking the limit A > 0 and a > 0 with x = ja 
fixed gives 


CIV @ t) _ 99 (1) 
ot ox 


The voltage across the inductor will give 


OI(x = ja,t) _ 
at 


La 


-V@ =Jja,t)-Vx=(F-1)ad). 


Dividing by a both sides and taking the limit a > 0 such that 7 > oo in sucha 
way that x remains constant we get the following relation of quantities at x = x 
at time ¢ = t: 


PaLics) _ aV(x,0) 
at! ax 


(2) 
‘Taking the time derivative of (2) and using (1) to substitute for 0V//dt gives 


a7 (x,t) 1 87 (x, 2) 
L ae 
O12 C Ax? 


5) 


which gives the required wave equation for the current wave, 


a7I (x,t) 1 d7L (x, 2) 
ar LC ax? 


5) 


with wave speed 


1 
Up = —=. 
> JIC 


The wave equation for the voltage wave is obtained in a similar way. 
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Fig. A.39 Exercise 6.7. 
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(d) Putting the wave solutions for J and V into either (1) or (2) gives the required 
relation between Jp and Vo. In (1) we get 


CaVo sin(kx - ot) = kIp sin(kx- ot), 
in which we can cancel the sine part to get 
CoV = kip. 
Now, we know that the wave velocity is also equal to w/k. Therefore, 
Iy = CopVo = JC/L Vo. 
(e) The ratio Vo/Jp gives the characteristic impedance Z, 
Z=JLI/C. 


(f) The average power will be the time average of JV, 
1 
(P) = IV) = holo. 
6.8 Let us collect the numerical values we will need in this problem. 


Current amplitude, Jp = 10 mA, 
Angular frequency, w = 21f = 27 x 10° sec", 
Phase velocity, v, = 1 x 10° m/s, 


o = 
Wave number, k = — = 22 m?. 
v 
p 


(a) I(z,t) = Ip cos(kz -wt + d) gives 


I(z,t) = 10 mAcos(2x m7! z-27 x 10° sec!t+ ¢), 


where the phase constant ¢ is undetermined. 


(b) The phase change is the change in the argument of the cosine in the wave for 
x = Oand At = 2 x 10° sec, 


Ag = 2m x 108 sec! At = 0.4m rad. 
(c) We set the phase change to 0.5 rad to get the distance Az, 
kAz = 0.5 rad. 


Therefore, 


_ O.5rad_ 1 


Ag 


~ 2nm! 4n 


Note that this answer is not unique since the wave is a harmonic wave and will 
repeat in space. This distance is the minimum distance. 
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(d) The speed of a wave on a transmission line is given by 1// LC, which will equal 
the phase velocity, 


1 1 
vC (1 x 108 m/s)? x 10-7 F/m 


= 10° H/m. 


(e) The characteristic impedance of a transmission line is given by 


a acd 
C 
-9 
go =| 2 orig: 
10-7 F/m 


6.9 Figure A.40 shows the displacements around the pendulum 7. 


Therefore, we get 


(a) The horizontal forces on the pendulum bob 7 will be from the two springs on 
the two sides and the tension in the string to which it is attached. With the x-axis 
pointed along the springs, we get 


mg 


F,fon 7] = Wi + K (Wrist QW; t Wi-)> 


where the capital K is used for the spring constant. Therefore, the equations of Fig. A.40 Exercise 6.9. 
motion will be 


Py; 
ut in = “ Wit K Wisi 2i t+ Wi). (A.68) 


(b) ‘To take the continuum limit, we approximate the derivative by a finite difference 
and note that 


Wis —Wi =; ow 


a ax” 


The second derivatives will come from three terms, 


Wi+1-2Wit+ Wi-1 ary 


ae ax? * 


Now, we divide both sides of Eq. A.68 by m and rewrite the discrete terms as 


yi 8 
i 


wz K Wisi - 2+ Wi-1 
dt? : 


m a 


Wit 


which in the limit a > 0 gives 


2 
oe (A.69) 


ar 
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() 


(d) 


(e) 


6.10 (a) 


To find the dispersion relation between frequency w and wave number k 
(Note: small letter k) we assume a harmonic wave solution for yw, 


U5 1) = Yoel. 


Using this solution in the wave equation, Eq. A.69, we get the dispersion relation 
after canceling the common factors, 


2 
pst gl ese (A.70) 
I m 


The phase velocity v» = w/k but group velocity is v; = dw/dk. These can be 
obtained from the expression for the dispersion relation, Eq. A.70, 


ro) g CR 
= — = , 5 
Poop Ik? m 


To find dw/dk we start from the expression Eq. A.70 for w”, 


aK 
2adw = 2 kdk. 


m 


Therefore, the group velocity 


_ do _ k (@K 
ek Nm) 


The driving of oscillations occurs by keeping the displacement of the bob at 
x = 0, as given by 


w(0,t) = Acos(t). 
The harmonic wave motion in the system is the steady state of the driven system 
subject to this harmonic driving displacement. The harmonic wave will match 
this boundary condition at x = 0. Therefore, the traveling wave on the coupled 
pendulums will be 


W(x, t) = Acos(kx - wt), 


with 


ari) 


The lowest mode will have nodes at both ends, which will give the longest 
wavelength to be 2L. Therefore, the wave number of this mode will be 


and with the speed of the wave vp = /T/, where w = M/L, the frequency of 


this mode will be 
x /|LT 
w = kup = —,/ —. 
LVM 


Since the wave must vanish at the ends, which are at x = 0 and x = L, the space 
part will be a sine function. Therefore, the wave function for the standing wave 
for this mode will be 


w(x, 0) = Asin (kx) cos(wt + ). 


(b) The kinetic energy in a small segment of length Ax and mass Am = (M/L) Ax 
will be 


1 av\? 1M 2 
AK = yam( ) =5 7 4( “) A sin? (x/L) sin? (ot + 4). 


The time-averaged kinetic energy per unit length will vary along the position 
(the x-coordinate of points) on the string as given by 


AK _M HUp\2 5 . 9 
(=)- az (=) A’ sin’ (x/L). 


(c) The potential energy in a length Ax at the coordinate x will be obtained by the 
potential energy in the wave, 


1, (avy? 
au =31() Ax. 
2 Ox 


Using the w above, and time averaging we get 


AU\ 1 
(32) = — TRA? sin? (1x/L). 
Ax 4 


Expressing T = Lv, we get 


(=) = - (7) sin? (ax/L). 
6.11 The wave is given as a superposition of two different wave numbers, 
ky = 10m cm?!, k = 15a cm?. 
With speed of the wave, v = 50 cm/s, the frequencies of the two component waves are 
= kv = 500m sec!, aw: = kv = 750m sect. 


Since the wave is moving towards the positive x-axis we can write the wave function as 


(x,t) = 2. cos(102x— 50071) + 3 cos(152x- 75071). 
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6.12 The wave is given as a superposition of two different frequencies, 


1 1 


@, = 10m sec”, @2 = 15m sec. 


With speed of the wave, v=50 cm/s, the wave numbers of the two component 
waves are 


1 


3 
hy = o/o= Lom, kp = @2/v = — cm 


Since the wave is moving towards the positive x-axis we can write the wave function as 


a 30 
W(x, t) = 20s (1011~ x) + 3.c0s 15nt- 79% é 


6.13 (a) The given function has a period of A = a. We can write the analytic expression 
of the function in one period explicitly as 


b 
W(X) = -x, O<x<a. 
a 
The other parts of the function can be obtained by 
M(x + a) = yx). 
(b) The coefficients of the Fourier series for this function are evaluated as follows: 


Ao 


2 a 
= i y(x)dx = b, 
a Jo 


2 fF 2nmx 
= ‘y(x) cos dx = 0, 
aJo a 


2° £% ; 2nntx b 
By, =- [ y(x) sin dx =-—. 
a Jo a nt 


An 


Therefore, 


b ob 1. (2nnx 
WO) = 5 . ~ 5sin( a ). 


6.14 (a) The given pulse is 


0 t<0, 
y(0, tf) = b OK<tK<rt, 
O ¢t>T 


Since the wave is non-dispersive, it will keep its shape while moving with speed v. 
The front of the pulse was generated at time t = 0. Therefore, the front will have 
moved a distance Ax = vt in time t. The back of the pulse was generated at time 
t = t. At the instant where time ¢ = t, the back had only a duration t—t to move. 
That means, the back would have moved a distance Ax = v(t-T), 


0 x <v(t-T), 
VOH=) 6 vad-t)<x< ut, 
O 08 


(b) 


6.15 (a) 


If the dispersion relation is 
wo = &k', 


then the frequency is not a linear function of k. This would give a wave 
number-dependent (equivalently, frequency-dependent) phase velocity, 


Up = 7 = ak = Jaw. 


That means, each harmonic wave will move at its own speed. Therefore, differ- 
ent Fourier components of the given pulse will move at different speeds. As a 
result, the pulse will not remain a square pulse, but rather will spread out. 

Fourier representation of the given pulse can be obtained by finding the 
coefficients A and B in 


y(0, 2) = [4@ cos(wt)dw + [ 5@) sin(wt)dw, (A.71) 
0 0 
with 

1° bi, 

A(@) = = yO, t) cos(wt) dt = — sin(wt), 
Joo 540) 
1p? y b 

Bi) = — / (0, t) sin(wt)dt = —— (1-cos(@t)) . 
Jy 5 a0) 


The wave at x at time ¢ will be obtained by substituting t—x/vp = t—x/,/aw for t 
in Eq. A.71 for a wave moving towards the positive x-axis to obtain a formal 
expression for the wave function, 


2 x i) . x 
v(x, 0) =| A(@) cos (© [- 4) do f B(q@) sin (« [-]) do. 


For a non-dispersive system, the wave will maintain its shape. The wave at t = 0 
is given by the following periodic function: 


b 
yO, 0) = -1, O<t<a; (0, t+ a) = 90,12). 
a 


Let the wave velocity be denoted by v. Then, a wave traveling towards x = +00 
will be 


b x 
34050) = = (:- =), 
a v 
and the wave towards x = —oo will be 


y_(x, 0) = : («+ “). 


a Vv 
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Fig. A.41 Exercise 6.17. 


(b) 


6.16 (a) 


(b) 


(c) 


The instantaneous power output of the wave generator at the origin will be twice 
the formula for power when the wave moves only towards the positive x-axis, 


dy\? e 
Pi=22(2) =waet—, 0<t<a 
dt a 
which is independent of t. Therefore, the time-averaged power is 


b 
(P) =2/ nu TS 


To find the wave profile in the x-space we perform the Fourier integrals in 
Co [oe] 
W(x) = [ A(R) cos(kx) dk + [ B(k) sin(kx) dk. 
0 0 


For the given A(R) and B(k) we get 


dye a cos(hx) dk = sin[(ko + Ak) x] sin(kox) 


ko x x 


Since the speed of a wave is independent of frequency, we would just translate 
the wave in time at speed v. Therefore, to obtain w(x, 2) from w(x) at t = 0, we 
will replace x by x- vt, 


Ven sin[(ko + Ak)(x—vt)] | sin[ko(x- vt)] 


x— Ut x— Ut 


The plots are left as exercises for the student. Plots show that as Ak > 0, Ax > 
oo in space, and vice versa. This example confirms the relation AxAk ~ 1, i.e. 
the spreading in k-space and x-space are inversely related. 


6.17 Lorentzian Wave. 


(a) 


(b) 


Figure A.41 shows the plots for w = 1 and w = 2. Clearly, the parameter w 
is related to the width of the function y; the larger is the w, the wider is the y 
function. 


First we find the height of v(x, 0), which occurs at x = 0, 


bw 
Vpeak = — = 
‘pea we 


Now we set (x) to 6/2 to find the values of x at which y has half the maximum 
value, 


This gives two values of x, 
xy =—-W, X2 = Ww. 
The width is the difference of these, 
Ax = x2 -X, = 2w. 


Therefore, the width of v(x) at half height is 2w. 


(<) 


(d) 


We get velocity of the particle at x from +(x, t) since y is the displacement of the 
particle at x. We will denote this velocity by vy to distinguish it from the velocity 
of the wave, which is denoted by v here, 


_ Oy bu 
ar ga ep [2-012], 


which upon simplifying gives 


2buw? (x — vt) 


_ [ (x- vt)? + wy 


Figure A.42 shows the three plots. We see that in the x < 0 part, when the wave 
moves to the right, the y-values drop, giving a negative y-component of the 
velocity in this part. On the other hand, in the x > 0 part, the y-displacement 
rises and therefore, v, is positive here. 


Kinetic energy per unit length and potential energy per unit length will be equal 
in this system, as you can show from the general expressions applied to the 


given nies 1), 
KE 1 (ay)? PE 1 ay\? 
Ae 2° \ ae) * Ae 3° Nae) * 


Now, using T = pv? and carrying out dy/dt and dy/dx we can show that 


ay ay 
—=v-—. 
ot Ox 


Therefore, 


KE PE 1. (ay\’ 
Ax Ax 2” \az)° 


Using this, the total energy per unit length will be 


E 2bvw? (x - vt) ] 
E= =p ‘ 


Ax (x - vt)? + wy] 


Evaluating this at ¢ = 0 we get 


2buw?x ° 
(x2 + w?)? 


ees =0 | 


Integrating this over the entire string, -oo < x < 00 gives 


2 
wb 5 


+00 
B= | E(x, 0)dx = — pv’. 
pes 4w 


Appendix: Solutions 


433 


Fig. A.42 Exercise 6.17. 


434 


Appendix: Solutions 


6.18 


6.19 


6.20 


(a) 


(b) 


(©) 


(d) 


The function f(x) below is centered about x = xo, 


bw? 


(x— x9)? + w?” 


f(x) = 


We can show this by changing variable z = x — x9. That will give f(z) which is 
a symmetric function of z at the peak z = 0. Thus, the given function y(x, t) 
at ¢ = 0 has two peaks, one at x = a and the other at x = —a. To examine the 
direction of movement of each pulse, work out d/dt. 


To get the velocity at t = 0 we start with first taking the derivative of y with 
respect to ¢ and setting ¢ = 0, 


dy 

50) = — : 

Vy (x, O) del 

I leave the sketch to the student. You will find that the two peaks move towards 
x = 0 with wave speed v. 


When the two peaks reach x = 0, they overlap completely after time ¢ = t from 
when they were 2a apart. We get time t from the distance a and speed wv that 
each peak travels, 


a 
T=. 
Vv 


Momentarily, the wave appears to vanish, but since acceleration is not zero, the 
two pulses re-emerge after they collide at x = 0. 


The non-relativistic Doppler effect for a moving detector is 


(a) 


(b) 


gx (= 2) fi 
v 


fe (= m/s + 10 m/s 


x 400 Hz = 412 Hz. 
343 m/s 


f= (= m/s— 10 m/s 


x 400 Hz = 388 Hz. 
343 m/s 


The non-relativistic Doppler effect for a moving source is 


(a) 


(b) 


r=( 2 a 
Ut US 


343 
fof 2 |) Bane aa, 
343 m/s — 10 m/s 


343 m/s 
f=(=—>———__ ] x 400 Hz = 389 Hz. 
343 m/s + 10 m/s 


6.21 


6.22 


Let v, be the speed of the fire engine, v the speed of sound in air, f; the frequency you 
hear when the fire engine is approaching and /, when the engine is receding while the 
engine produces the frequency fo. From the non-relativistic Doppler effect we will 


have the following relations: 
v 
A= ( fn @) 
V-Vs 


Uv 
he (=) (2) 


Dividing, we get 


vty — fi 


U—Us he 


Let us denote the ratio of frequencies by a, 


fi 
fi 


Then, we have the following equation: 


Ill 
SI 


Ut Us 


U-Us 


We can solve this for v,, 


Now, putting in the given values, 


165 
a= 1650 Hz/1550 Hz = 155° v = 343 m/s, 
we get 
v, = 10.7 m/s. 


We can put this in either (1) or (2) to obtain 


343 - 10.7 

fo = | —>——_] x 1650 Hz = 1598.5 Hz. 
343 

Let fo be the frequency of sound emitted by the humming bird. Let f’ be the frequency 

in a frame at rest with the ground and f be the frequency you hear. then, we have the 

following relations: 


fe -( ie ) fo (Source moving), 
U-U;s 


+ 
f= (- ~) f (etector moving). 
v 


Therefore, 


Putting in the numerical values we obtain fo = 413 Hz. 
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6.23 Relativistic Doppler shift gives the following formula: 


Here, 


Therefore, the relation for wavelengths is 


Xo a. 1l-v/c 
(2) ~ 1t0/c 


Let us denote the ratio of the wavelengths by x, 


xr 
x=—. 
ro 
We can solve this for v/c which gives 
v_ x21 
oc. x4) 
From the given data we have 
486.6 nm 
A 
121.6nm 


Therefore, 


16-1 15 8 8 
v= | —— ] c= — x3 x 10° m/s = 2.65 x 10° m/s. 
164+1 17 


6.24 (a) Let us write « = v/c in the relativistic Doppler effect formula, 


f =8€) ho» 
where 
l-e 
a(e) = lt+e 


We can expand g(e) around € = 0 ina McLauren series. This gives the following 
in the quadratic approximation: 


l-e wvl-e? 
g(e) = = 


lte  l+te 


1 
=1-e+ xe. 
Keeping only the linear term in u/c we get the following approximate formula: 


r+(0-2) 4 
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(b) Numerical value of v is 
v = 100 mph = 44.4 m/s. 


Therefore, the change in frequency will be 


44.4 m/s 
3 x 108 m/s 


Af =-<f = x 5 x 10° Hz =-741 Hz. 
c 
6.25 We have Ay = 21 cm and v = 0.9¢. 


(a) The formula for the relativistic effect for recessional speed v in terms of 
wavelength gives 


1+v/c 1+0.9 
=21cm 
1l-v/c 1-0.9 


= 91,5 cm, 


X= ko 


(b) The shift in wavelength 
Aid = 2A-Ao = 70.5 cm. 


The z is given by the fractional shift in wavelength, 


— AA _ 70.5cm _ 
= ho ~ 21cm 


6.26 The red-shift z of a galaxy is defined by z = AA/do, where AA is the change in the 
wavelength and Ao is the emitted wavelength. A quasar is found to have a red-shift of 
20. Supposing the quasar is moving away from Earth, what is the speed of the quasar 
with respect to Earth? 
Let us rewrite the relativistic Doppler shift formula in terms of zg in place of 


Xx 
gt1l=—. 
Xo 


That is, for a receding source and detector with relative speed v we will have, 


1+v/c 
g+¢1= : 
1l-v/c 
Solving this for v/c we get 
v a+ 22 


For z = 20 this gives 


v 207+2x20 — 220 


= = 0.995. 
c 20?7+2x20+2 221 


Therefore, v = 0.995c. 
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Chapter 7 


7.1 This question is about reading properties contained in a wave function, 


W (x,y, 250) = 0.05 cos(2a7x + my- 2072-60072), 


where x, y, and z are in cm, ¢ is in seconds, and y is in Pa. Determine the following 


quantities. 
(a) Angular frequency, w = 6007 sec”!. We can also state this as w = 600z rad/sec. 

The frequency, f = w/2m = 300 Hz. 
(b) The Cartesian components of the wave number vector are given in the wave 

function as factors that are multiplying x, y, and z in the argument of the cosine, 

ky, = 2x cm, ky = cm?!, k, =-20 cm?. 
Therefore, the propagation vector is the wave number vector, 
k= ky X+hky P+k, F = 2a +0 V-2n B, (units: cnr") 
(c) The wave number 2 is the magnitude of this vector, 
- = -1 
k= /k2+h2+k2 = 30 cm”. 
The wavelength is obtained from the wave number by using their relation, 
4 2x 2 
=—=-=cm 
k 

(d) When we write wt with a negative sign, the direction of wave motion is the 

same as the direction of the propagation vector, which is in the direction of the 

following unit vector, 

Pee £ Toe 2a 
w= r= X+2 59-228. 
eae aa 

(e) Wave velocity here refers to the phase velocity of the harmonic wave, which is 


(f) 


(g) 


obtained by the ratio of w and k, 


@  600z sec"! 
= ———— = 200 cm/sec. 


U=— 
PR 3x cm! 


The amplitude of the wave is the factor multiplying the sinusoidal part, 
A= 0.05 Pa. 
The phase refers to the argument of the sinusoidal part. Here, the phase ¢ is 
yg =2nx+ny-2rz-600z1. 
The change in the phase at fixed x, y, and z will be 


Ag = -6007 At = -6007 sec! x 3 x 107° sec = -1.87 rad. 


(h) 


7.2 (a) 


(b) 


For a fixed t, the phase change will be 


Ag = 27 Ax +m Ay—-20 Az = 2n x 1+0-2m x (1) = 47, 


which is equivalent to Ag = 0 since Ag is modulo 27 radians due to the fact 
that cos(@) = cos(@ + 27) with 7 an integer. 


From the given expression of the harmonic wave we get 
wo =2n x10 sec! => f= 10! Hz. 
This will give wave number and wavelength to be 


@ 22x10 sec! 27 aay 
= = x 10'm”, 


k= 
Up 3 x 108 m/s 3 


20 7 
A=— =3x 10m. 
k 
When we set the phase of the cosine to zero we get 
15 Md 

2x x 10° t+ky+ 3 = 0. 
In time duration At the wave will travel a distance Ay given by 

2x x 10 At+ kAy =0. 


Therefore, the velocity has only the y-component given by 
Vp = —— =-3 x 10° m/s. 


Since the y-component of the wave velocity is negative, the wave would travel 
towards the negative y-axis. 


At the origin, the electric field is given to be 


E(0, 0,0, 1) = 73 x 10° N/C cos (2x x 105 64 a 


=-13 x 10° N/C sin (2x x 10° 2), 
which at ¢t = 0 is 
E(0,0, 0,2) = 0. 


The magnetic vector will also be zero at the origin at t = 0. 
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7.3 


7.4 


75 


(d) Att=0.25 x 107! sec, the electric field at the origin will be 
E(0,0,0,0.25 x 1075 sec) = -7 3 x 10°(N/C). 


Since the wave is traveling towards the negative y-axis and the electric field points 
towards the negative x-axis, the magnetic field will be towards the negative z-axis, 


. 3x 10°N/C | 


& 210° T. 
3 x 108 m/s 


B(O, 0,0, t= 0.25 x 10°! sec) = 


(e) Hint: Use B = 3By cos (2 x 10! + ky + 3). 


(f) Hint: The times are simple factors of the period. 


Let us first find the propagation vector and the angular frequency, 


k k 1000 1000 
x + y= x Ye 
V2 V2 V2 V2 


~~ 
yw 
| 


Since f = 2 MHz, we get 
@ = 2nf = 4m x 10° sect. 
With amplitude A = 5 wm we get the following expression for the wave: 


1000 1000 é 
W(x, 2,0) = 5m cos | -——x+ ——yv-4m7 x 10°t}, 


VE a 


where x, y are in cm and t in sec. 


(a) This is a simple application of definition. The wave energy is spread over a 
spherical surface area 4 R? with R the radius of the surface, 


P 10W 
A 4m x (1m)? 


= 0.8 W/m?. 


(b) The intensity of an isotropic source drops as the square of the distance from the 
source. Therefore, 


(1m)? 


~ = 0.2 W/m?. 


I= Tpart (a) X 


(a) ‘The wave number can be found by its relation to the wavelength, 


20 20 = 
k= —= =0.126cm™. 
cm 


7.6 


7.7 


(b) Since intensity goes as the square of the wave amplitude, I ~ ||, we get 
the ratio of intensities from the ratio of the square of the amplitudes since the 
common factor will cancel out, 


boo _ |W(r=200cm)|? _ (100\? 1 
Too = |w(r=100cm)|? — \ 200 4° 


(c) In your plots notice that intensity drops off much faster than the amplitude. For 
simplicity you can use J = 1 unit when r= 2X. 


The intensity of the wave will come from time-averaging the square of the wave 
function, 


I~ (p’). 
Suppressing the constant factor, this gives three terms, 
I = Al 4+ A} + 2A) Az (cos(kix— wt) cos(k2x — 2wt)) , 


where k} = w/v, and kz = 2w/v,. Expanding the cosines we find that the time 
averaging is done in four terms, each of which gives zero because, 


(cos(wt) cos(2mt)) = 0, (cos(@t) sin(2wt)) = 0, 
(sin(wt) cos(2mt)) = 0, (sin(wt) sin(2mt)) = 0. 


Therefore, the intensity will be just the sum of the intensities of the individual waves, 
Tl=Ap+4 = +h. 


(a) Figure A.43 shows a plot of the wave profile for the case A = 1 across the pipe 
along the x-axis. 


(b) It is easy to verify that the given wave function satisfies the classical wave equa- 
tion by simply plugging in the given expression to the classical wave equation. 
The frequency will be 5.0 M Hz. 


(c) Note the following identities: 
2 sin(A) cos(B) = sin(A + B) + sin(A-B), sin(-A) = -sin(A). 


We use these identities to write the mixed wave function into the sum of the 
traveling waves, 


W (x59, 25 0) = Asin ( cos (272/30 m—2zft) , 


UX ) 

20 cm 
A. TX 2nz 

=—sin t 2nft 
2 20cm 30m 


A. UX 212 
sin t 2nft). 
Z 20cm 30m 
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Fig. A.43 Exercise 7.7. 
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Fig. A.44 Exercise 7.8. 


(d) 


(c) 


(d) 


() 


The wave profile shows that the amplitude of oscillations is greatest when 
x = a/2, i.e. in the middle of the cross-section. Therefore, the intensity will 
be strongest there. 


The wave function is zero at the walls at x = 0 and x = a. The intensity will be 
zero, i.e. the least at these walls. 

Figure A.44 shows a plot of the wave profile for the case A = 1 across the pipe 
along the x-axis. A similar plot is along the y-axis. 


(i) Using the harmonic wave given in the problem into the classical wave 
equation we get the following relation between w and k of the wave: 


a-e[(2)-@) 4 


where v is the wave speed. 


Gi) The minimum @ will occur when k = 0. This gives the smallest frequency 
that can propagate to be 


2n \? 2n\* 
Omin = UV — + | — % 
a b 
Using the trigonometric identity between the product of a cosine and sine by the 
sum of two sines we get 


A 2 2 
w(x, 250) = — sin uaa tk,z—ot) sin alte 
2 a b 


A. 21x _ (2ny 
sin +t k,z—ot ) sin : 
2 a b 


Now, we use the following identity to further transform this equation: 


2 sin 6; sin 92 = cos(@; — 62) — cos(@; + 62). 


We get 


A 2ax 2ny 
W (x; V5 2,0) = — cos +t kz — wt 
4 a b 


A 
4 
A 2 
cos ( els t RZ or) 
4 
_A 


2 2. 
: + cos ( ne my t kzZ or). 


a b 


From the wave profile across the cross-section of the pipe, the intensity will be 
strongest at x = a/4 and x = 3a/4 along the x-axis and at y = b/4 and y = 3a/4 
along the y-axis. 

From the wave profile across the cross-section of the pipe, the intensity will be 
zero at the walls at x = 0 and x = a and in the center at x = 5 along the x-axis 
and at y = 0 and y = b and in the center at y = g along the y-axis. 
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7.9 The oscillation in local volume change can be obtained by multiplying the oscillation 
of displacement by 


dV = Adx. 


We have shown in the text that 6x can be expressed in terms of pressure incremental 
amplitude p,,, by 


bx = RPm pitkxott 7/2). 
w? po 
Therefore, the flow rate will be 


dsV __,ddx __AkPm 
dt de = aan 


lkx- att 1/2 


From this we can obtain the characteristic impedance by 


Z= Pin -_ WPo _ Pov 
[diV/ai] Ak A” 


7.10 (a) The wave number is given in the wave function, 
k=10m". 
Using the wave speed v = 350 m/s, we get the angular frequency, 
w = kv = 3,500sec!. 
The wavelength and frequency will be 
20 o 
A= — =0.20 m, f = — = 557 Hz. 

k 20 


(b) Intensity of sound wave is given by 


I — Pi = Pn 
2Z = 2pov 
Using the numerical values we get 
10 Pa)? 
I= oe = 0.12 Wim’. 


2 x 1.225 kg/m? x 350 m/s 


(c) Adding 2/2 to the phase of the pressure wave will give the phase of the dis- 
placement wave and the magnitude of the amplitude of the displacement wave 
will be 


k 10 


Pm = x 10 = 6.66 x 10° m. 
po 35002 x 1.225 


Xi = 
Therefore, 


6x = 6.66 x 10° m cos(10z + wt + 2/2). 
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7.11 (a) 


(b) 
(c) 
(d) 
7.12 (a) 


(b) 


We have the following relation between impedance Z, the density po, and wave 
speed: 


Z 
Z=vUpP, => v=—. 
Po 
Putting in the numerical values we get 


1.5 x 10° kg/m?.s 
se 


3 = 1.5 x 10° m/s. 
1000 kg/m 


Hint: Follow the solution of the previous problem. 
Hint: Follow the solution of the previous problem. 
Hint: Follow the solution of the previous problem. 
When we compare the given pressure wave with the plane wave expression we 


find that the amplitude A/r here is analogous to p,, in the plane wave equation. 
A calculation along the line of the plane wave calculation will lead to 


Intensity is power per unit area. When we multiply the intensity at all points of 
the sphere of radius r = a by the area of the sphere we will get the total power 
radiated, 

20 A? 


pov — 


Prat = I(r = a) x 41a” = 


Figure A.45 shows the expansion of gas in the neck of the bottle. In this part we 
will find the force on the gas in the neck part. 


Fig. A.45 Exercise 7.13. 


When the gas expands into the neck, the volume changes from Vo to Vo + Ax, 
where Ax < Vo. Let the pressure change from pp to po + Ap. Since the process 
is adiabatic we will have 


(po + Ap)(Vo + Ax)” = poVy. 
Expanding to one power in change, i.e. dropping the ApAx term, we get 


Vi Ap + ypoVe~'Ax = 0. 


(b) 


Appendix: Solutions 
Therefore, 


YDoA 
Vo 


Ap=- x. 


This would give the force along the x-axis, 


(1) 


We can estimate the mass m of the air in the neck upon which the force F, acts, 


m = (Al) po. 


With force (1) on this mass we get the equation of motion, 


which is an equation of a harmonic oscillator with angular frequency, 


Y DoA? 
= + (Alpo). 
o=)] V (Alpo) 


The frequency of oscillations, 


1 poA 
ee ea) 
20 Vopol 


(c) Using numerical values in (2) we get 
1 /(5/3) x 1.013 x 105 Pa x 8 x 104 m? 
f= 5 = 292 Hz. 
20 10-3 m3 x 1 kg/m’ x 0.04m 
7.14 The displacement w of the particle of air at x = 0* and x = 0” is given by the functions v 


shown in Fig. A.46. 


(a) 


The inverse Fourier transforms give A(w) and Bw), 


A(a) = =f. v (0, £) cos(w2)dt, 


1° Oo = 
Bio) = = w (0, t) sin(wt) dt. 

T Joo 
Fig. A.46 Exercise 7.14. 
We can carry out these integrals by using the function in Fig. A.46, 


b ft b 
Al) = al cos(wt)dt = as sin(@T), 
0 


Bio) = =f sin(wt)dt = Le [1 -—cos(@t)]. 
0 
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(b) The intensity of the wave in a particular frequency w is proportional to the sum 
of the squares of A and B, 


I(@) x |A@) |? + |B@)|?, 


2 


= = 5 [sin? (wr) +( —cos(wt))*], 
o 


br\? 1 
=2( =) rr) [1 -cos(wt)] , 


_ (ot 3 sin(wt/2) ‘ 
a) ae 


Therefore, 


Ore [ee 
ot/2 


(c) Two waves will be generated, one moving to the right and the other to the left. 
Since the medium is non-dispersive, the speed will be independent of the fre- 
quency and hence the square shape of the wave will be maintained. Thus, the 


waves will be 


0 O<x< ut, 


WwOwO=4 6 w<x<v(t+T), 
O x>v(t+T). 
QO -vt<x <0, 

w(x, t) = 6b -v(t+T)<x<-vt, 


O x <-v(t+T). 


7.15 (a) Let us rewrite Maxwell’s equations in a linear medium with py = Fy = 0, 


V-D=0, (A.72) 

- = dB 

Vx Bb=-—, (A.73) 
ot 

V-B=0, (A.74) 

Bence OD 

VxH=—. (A.75) 


‘Taking the curl of both sides of Eq. A.73 gives the following on the left side: 


VxVxE=V(V-E)-V°E =-VE, 


and on the right side, 


2B 


aB oS SB 
-V — =U, —(V A)=- r r . 
x LL Hos x H) =-r oe r€o xe 


at 
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Therefore, 


ve 


VE= Mr Lo€r€o aR? 


which is a classical wave equation with the square of the wave speed wv given by 


3 1 


= — 
LrlLo€r€o 


Recall that the speed of light in a vacuum is 


1 
/€0Lo ‘ 


c= 


Therefore, the speed of an electromagnetic wave in a linear homogeneous 
medium is 


Cc 


Vert 


v= 


(b) Using plane monochromatic wave solutions for E and H 5 
B= By cl, A= Ay ole00, 
in Eq. A.73 leads to 
REg = Ooo. 
Therefore, the impedance will be 


_ |B] _ Eo _ op,-bo 
\H| Ho & 


Writing w/k = v, the wave speed we get, 
Z= Ui Ho- 


Now, v in a medium is 


1 
V ErLo€r€o , 


v= 


Therefore, the impedance can be simplified to 


Zz LrHo = Zo fare 
V €,€o Ey 


where Zo = ./L0/€0.- 
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7.16 (a) 


(b) 


() 


(d) 


(e) 


Note that the given electric field wave is moving towards the positive z-axis. 
Since E x B points in the direction of travel and since the electric field vector is 
pointed towards the x-axis, the magnetic field vector will be pointed towards the 
y-axis. The magnitude of the magnetic field vector is Bp = Eo/c, where c is the 
speed of light. Therefore, the associated magnetic field wave will be 


= Ei 
B=y% sat cos(kz— wt). 
c 
The Poynting vector Sis given by the cross-product of the electric and magnetic 
fields, 
= 1 1 EE 


S=—ExB=3 ° cos? (kz — wt). 
Mo Ho ¢ 


The energy density in the electric field follows from the definition, 


> > 1 
Up= -~eoh-E= 56085 cos? (kz — at). 


1 
2 


Similarly, the energy density in the magnetic field wave is 


bs) ey” i iB? 
ug = B-B= 3 cos? (kz— wt). 
2/0 20 ¢ 


Sine c = 1/,/f0€0; this gives 
ug = sok cos? (kz — wt). 
Therefore, 
UE = Up. 


First, note that w = ug + wg will just be two times wg or ug. Let us write the 
electric field form for calculations here, 


u= eoE cos? (kz - wt). 


‘Taking the magnitude of the Poynting vector found above we see that 


=, 1 
|S| = ——2 cos*(kz-ot). 
Mo ¢ 


Now, let us write 1/j19 as c?€. then we get 
|S| = c[eoHg cos*(kz- at). 
Comparing this to wu we immediately get 
|S | = cu. 
Let us write the Poynting vector in terms of Hp by writing Ey = cBo = UocHo, 


S=8 bocH® cos? (kz - at). 


7.17 (a) 


(b) 


(<) 
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1 
2? 


The time-averaging of the square of the cosine gives 
2 1 
(cos* (kz -at)) = 5 
Therefore, 
= al 2 
(S) = 25 Hoch). 


The factor joc is actually the impedance Z of a vacuum, 


ee, 1 [Lo Z 
0 0 =Z. 
J Ho€0 €o 
Therefore, 
a 
(S) = 2= ZH). 
2 
Figure A.47 shows that light in area A actually strikes an area A/ cos @ if the ray A 
strikes at angle 0. Therefore, pressure will be obtained by dividing the rate of r A ' 
momentum change by area A/ cos 0, 
_ |dP-/dt| 
~ A/cosé” 


where P, is the g-component of the momentum in the electromagnetic wave. 


Here we take the z-axis normal to the surface. Recall that the momentum density A/cosé 
of electromagnetic fields is 


p=-5 Fig. A.47 Exercise 7.17. 
c 


where w is the electromagnetic energy density. The momentum absorbed in time 


At will be the momentum of the wave in a tube of area A and length cAt. 
Therefore, 


|AP.| = (pcos @)AcAt = uAAtcos 6. 


Hence, the radiation pressure on the surface will be 


|dP./dt| 7 
= Afeoue =ucos’@. (1) 


The averaging will be done over a spherical surface above the flat surface. There- 
fore, the averaging in the angle 6 will be done by multiplying the function by sin 
first and then integrating from 6 = 0 to6 = 7/2, 


1 
UO) = = 


n/2 
rr f@) sinddé. 
9 sin 0 


Thus, for f(@) = ucos? 6, we get, 


1 


~ he sin 0d0 


n/2 1 
i cos’ 6 sin 6d6u = gt (2) 
0 
0 


If the surface were perfectly reflecting, the momentum change would be twice 
as much as for the perfectly absorbing. That would give twice as much as given 
in (1) and (2) above. 
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7.18 Since the radiation is absorbed, the pressure P applied would be 


1 
P=u= 56085. 


where Ep is the electric field amplitude. Let A be the area of cross-section of the 
particle. Then, the force applied to the dust particle 


F=PA. 


Since the particle of mass m comes to rest from initial velocity vo in some time At, we 
must have the following from Newton’s second law of motion: 


-0 
F=m— 
At 
Hence, 
1 Vo 
=e EFA=m—. 
hak At 


Solving for Eo we get 


Ha 2mvo 
eo AAt 


Putting in the numerical values gives Ey = 7.35 x 10° N/C. 


7.19 Now, we have a two-dimensional vector situation. Let the direction of the force be 
the positive x-axis and the direction of the initial velocity be in the second quadrant 
of the xy-plane. Then, we have 

fis F _u-0 _ 0.30m/s _ 0.3 m/s’, ned 
m At 1s 
Vox = —0.3 cos 30° = -0.26 m/s, voy = 0.3 sin 30° = 0.15 m/s. 


Since we are working with time-averaged quantities, the acceleration is constant in 
time. Therefore, 


Vy = Vox + At = 0.26 m/s + 0.3 m/s? x 2s = 0.34 m/s, 


Vy = Voy = 0.15 m/s. 


7.20 (a) We suppose that the light is emitted isotropically from the Sun in all directions 
equally. Then the intensity of light from the Sun will drop off quadratically with 
distance. This will give the following relation between the intensity at the surface 
of the Sun and a distance r away from the Sun: 


Rils = rhs 


where Rs is the radius of the Sun, Js the intensity at the surface of the Sun and 
similarly for other symbols. Taking r to be the distance from the Sun to the Earth 
we get 


r \? 149, 600, 000 km \” kW kW 
Is = I= 1.38 = 64,000 —. 
Rs 695, 800 km m2 m2? 
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(b) Let us find the force F, by the radiation pressure, 
eer 
F,=PA=— x 1Rz. 
c 


where A is the area of cross-section of Earth, whose radius is denoted here by Rez. 
Putting in the numerical values gives 


_ 1.38 x 10? W/m? 


F,= x 1 (6,371,000 m)? = 5.87 x 10°N. 
3 x 108 m/s 


The gravitational force on Earth will be 


MsM, 1.989 x 10° x 5.972 x 1074 
SE = 6.67 e1G . a = = 3.54 x 1022N 
ad 149, 600, 000, 0002 


Fg=G 


Thus, Fg is about 6.1 x 10!> times as great! 


7.21 (a) Equating the mg to the radiation pressure will give 
vg 
~7R? = mg. 
c 


Therefore, 


pa me 20 x 10° kg x 9.81 m/? x 3 x 108 m/s 
a R2 (2 x 10°3 m)? 


Ww 
= 4.7 x 10° =. 
m 


(b) If completely reflected, the radiation pressure will be twice as much for the same 
intensity. Therefore, we need half as much intensity, i.e. J = 2.34 x 10° W/m?. 


7.22 The intensity of light at the location of the astronaut will be 16 times greater than 
the intensity on Earth since the intensity drops off quadratically with distance from 
the Sun, 


LS 16Iz. 


Since the radiation pressure is from perfectly reflecting light which is perpendicularly 
incident on the reflecting surface of area A we will have 


21 
—A= Ma. 
c 


Therefore, the acceleration of the astronaut due to the radiation pressure alone will be 


32IzA 
a=——. 
Mc 


For M = 100kg, A = 100 m’, and J; = 1,400 W/m? we get 


a= 1.5 x 1074 m/s”. 


451 


452 Appendix: Solutions 


(a) (c) 


y a 
——: : 
(6) (d) 


Fig. A.48 Exercise 7.25. 


7.23 This exercise is a direct application of J = Jp cos? 6, 


2 ° 3 

I; = Ip cos* 30° = gio 
b=!I 269° = ty, ee, 

= 1; cos =—h = > 
2 1 4) 16” 

3 9 

Is = bcos? 30° = —h = — i 
3 2 COS 4°? 64° 


7.24 Let the rotating polarizer be aligned with the axis of polarizer 1 at t = 0; then the 
angle between the axes of polarizer 1 and the rotating polarizer will be 


6=at. 


Therefore, 


I, = Ip cos? (wt), 


the angle between the rotating polarizer and polarizer 2 is also 0, 


lb = I, cos? (wt) = Ip cos* (wt). 


7.25 Figure A.48 shows the three cases. (a) and (b) are linearly polarized and (c) and (d) 
are circularly polarized. 


7.26 (a) 


(b) 


(<) 


Let us write +7 multiplying the unit vector 7 in exponential notation, 


i= etl? == ele. 


Using these, the real parts of the waves are easily found to be 


£), = Ey cos(kz-ot), Ey, = Ey cos(kz— at + 1/2) = —Ep sin(kz- at), 


Eb, = Ey cos(kz—-t), Ey = Eq cos(kz-wt—1/2) = Ep sin(kz- wt). 


Wave E. In this wave, the phase of the y-wave is 90° ahead of the phase of 
the x-wave. Thus, say we look at the z = O plane, at ¢ = 0, the electric field is 
pointed towards the positive x-axis, then, a quarter-cycle later (i.e. t = 1/2w), 
the electric field will be pointed towards the positive y-axis. That is the electric 
field will rotate in a counterclockwise way. That is this wave is left-circularly 
polarized. 

Wave E2. This wave will be clockwise or right-circularly polarized. 


To find the associated magnetic field, you can think of the given wave as a super- 
position of two waves, one having polarization along the x-axis and the other 
having polarization along the y-axis, 


E, = Eig sg Ep, 
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where 


Eta = xEp cos(kz-t), 


Ey = SEo cos(kz — wt + 17/2). 


Now, the magnetic fields associated with these component waves are easy to 
work out, 


~ E E . 
Big =H < cos(kz-wt) —> j O gitar) 


" E Eo ; x 
Bip =-%— cos(kz-wt 4 n/2) — -x— eilke-at+ F) 
c 


Therefore, the associated magnetic field of E 1 will be 


By = Bia + Bu, (A.76) 


E, .: 
= (ik + §) Sele), (A.77) 
c 
7.27 The electric field in the incident wave is 
= 2. 2 
Ein = Eo [00s (2nn- =) + Hsin (2nn- = .)], 


The outgoing electric field will be linearly polarized in the direction of the linear 
polarizer. The projection of this electric field on the axis will give the amplitude of 
the electric field vector, 


Ba) 


_ £ a 20 a5 20 Ato 
= Va [cos ( nia) + sin ( nh-=2)| (A.79) 


Fou (2 t) = Ein z ( (A.78) 


The factor 1//2 will give an intensity half that of the incident wave. The electric field 
vector would be 


* x y 
Fou (2 t) = Four (25 t) (= te =). 


7.28 Let @ be the angle between the first polarizer and the inserted polarizer. The angle 
between the inserted polarizer and the second polarizer will be 90° — 6. Therefore, in 
order to get a fraction a as the output intensity we must have 


vf 
7 cos’ 6 cos?(90° — 6) = alo. 
This gives 


sin? (20) = 8a. 
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7.29 


7.30 


7.31 


Therefore, 


Putting in a = 0.05 we get 


sin! (v04) 


G= = 19.6°. 


Let J be the intensity of the unpolarized light. Let the axis of the rotating polarizer 
at t = 0 be aligned with the first polarizer. Then, the angle of the first polarizer with 
the rotating polarizer at instant ¢ will be 6 = 27/t. Therefore, the emergent intensity 
will be 


Ip 2 2 
I= cs cos* (27 ft) cos* (1/2 -27ft). 
Simplifying we get 
1, 13 
I= gh sin“ (477 ft). 
(a) We will use the de Broglie equation to obtain the wavelength, 
p= 50kg x 10 m/s = 500 kg.m/s. 


Therefore, 


_h _ 6.626 x 104 J.s 


=-= = 1.325 x 10°° m. 
p 500 kg.m/s 


(b) (i) 7.3 x 10 m, (ii) 7.3 x 10 m, (iii) 7.3 x 1071? m. 
(c) (i) 3.97 x 10-8 m, (ii) 3.97 x 107!! m, (iii) 3.97 x 10715 m. 


An electron’s position in the hydrogen atom is known with an uncertainty 
of 107!° m. 


(a) Heisenberg uncertainty relation for position and momentum uncertainties states 


that AxAp > Zé; 


h 6.626 x 10**J.s 


Ap> = 5.273 x 10° kg.m/s. 
p= An Ax 4xax1071°m i ems 


(b) ‘The uncertainty in speed can be obtained from Ap, 


A 
poe! > 5.79 x 10° m/s. 
Me 
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7.32 The probability will be based on the profile of a wave for the lowest state, which is 


given by 
[2 
Wo(x) = Ps sin(**) ; 


(a) The probability that the electron is in the right half of the well should be half 
based on the symmetry of the wave function about x = a/2. We can also verify 
it by direct calculation, 


1 


2 2 
pe ff Ivo) Pay f | Wo (x) |?dx = et 


The detail is left as an exercise. Hint: you will need a double angle trig formula. 


(b) The probability of being in the quarter of the well is not i- You will have to really 
work out the integrals this time, 


(c) The probability here is 


7.33 Hint: see the solution above. 


Chapter 8 


8.1 (a) Figure A.49 shows the main parts of the problem. In region I (« < 0) the dis- 
placement of the string will be the sum of the two waves, ;, and W,. and in 
region II (x > 0) the displacement will just be the wave W%, 


Vi (x, t) = Winx, t) ae Wre (Xs 1) x<0 (A.80) 
V2 (x5 t) = Vr t)s x> 0. (A.81) 


Region I: x < 0 Region II: x > 0 


incident —> 
transmitted —> 


(sT) ONT ey (usT) 


<— reflected 


Fig. A.49 Exercise 8.1. 
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When j; 4 [42 the wave speeds would be different in the two strings, as is clear 
from the dependence of wave speed on mass density and tension, 


vy =VT/M1, 2 =VT/p2.- 


Therefore, the wave numbers of the waves on the two strings will be differ- 
ent even though they will have the same frequency. We will denote them by 
ky and kp, 


Therefore, the analytic expressions of the three waves are 


Win(x, 0) = A cos(kix- ot), (A.82) 
Wre (x t) =B cos(-kix -ott g)> (A.83) 
Wir(x, 0) = C cos(-kix-wt + 8), (A.84) 


where I have added the phase shifts of the reflected wave with respect to the 
incident wave at x = 0 and t = 0. Therefore, the displacements of the two strings 
will be 


Wi(x, 0) =A cos(kix-wt) + B cos(-kix-ot+¢), x <0 (A.85) 
W2(x, 0) = C cos(-kix-@t+5), x>0 (A.86) 


It is more convenient to perform the calculation using complex exponential 
notation, and therefore, we will write these displacements as 


W(x, t) = A efPt- 9 4 B elix-Or+®) yn < 0 (A.87) 
Wrox, 1) = Cex) x 3 0 (A.88) 
These displacements will cause the motion of the knot at x = 0 and must satisfy 
boundary conditions there. Since the knot is assumed to be massless, we will get 


the continuity of the wave function as well as the derivative with respect to space 
coordinate across x = 0, 


W110, 1) = 2(0, 0), (A.89) 
(2). -(2),. as 
ax Jeng \ 0% Dyno 
Therefore, 
A+ Be? = Ce", (A.91) 


ky (A- Be®) = kn Ce”. (A.92) 
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Solving these yields 
B, ki -k 
a (A.93) 
A ki +k 
C , 2k 
Jo (A.94) 
A ki +k 


Since k, and k2 are real and positive, we can extract the amplitude ratios and the 


phases by observing that e’” = -1, 


B |ki-k 0 kek 

Bes Woe) ge ee (A.95) 
A ky + kz xn k<k 

SF yeep (A.96) 
A kth ; 


We can write these in terms of the two speeds by noting that k = w/v in each 


string, 
B = 0 V1 <U 
BF EAE op aici (A.97) 
A V1 + U2 H vU> 
a a (A.98) 
A wt — : 
Since v = /T/ in each medium, we can also express these in terms of 
fy, and f42, and simplify with a = 2/1, 
B 1- O a<l 
=a evel. b= (A.99) 
A 1+ Ja zr a>ti 
Cc 2 
— = ——~, 6=0. A.100 
Ai 1l+/a ¢ ) 


(b) The time-average of power in a harmonic wave of amplitude A and frequency w 
on a string of tension T and wave speed v is given by 


1T 
(P) = =—o?A?. 
2u 


Applying this to the three waves we get 


(Pin) = 5 not (A.101) 
tea 

(Pre) = 2 ms (A.102) 
1T 

(Py) = = nee: (A.103) 
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Now, let us verify that the power in the reflected and transmitted waves add up 
to the power in the incident wave, 


1 1 1 
(Pre) + (Py) = To ( B’ 4 c’) 
2 Vv V2 


dnp | 2 (w-v2)? | 1 4v3 
7° 2 2 
V1 (V1 +U2)? ~~ v2 (UY + V2) 
= 1 2 42 1 @w + v2)? 
2 Ae v1 (v1 + v2)? 
1 1 
ae 2A? — = (Pin) 
V1 


Therefore, on average, the energy arriving at the knot per unit time is carried 
away from the knot as the same amount. 
(c) The average power of the incident wave is independent of the value of a. When 


we look at the dependence of B/A and C/A on @ we find the following: 
Gi) When a = 1, we have 


—=0, —=1, §=0, ¢=0. 


This is the case when the two strings are the same. The incident wave just 
moves on without any reflection. 


(ii) When a = oo, we have 


B < 
1, 0, 5=0, d=nz. 
A A 


This is the case when string 1 is just tied to a fixed support. The reflected 
wave is 180° out of phase with respect to the incident wave. 
(d) We can use either (0,72) or w2(0,2) to obtain the displacement of the knot. 
Using w2 we get 


W(t) = W2(0, 2) = Ccos(-wt + 8) = —— cos(wt). 


8.2 (a) The equation of motion of an arbitrary bob, say, labeled 7, will be 


ad? n 
ad = _ evn KW Wr) t K(Wn+1 Wn)> 


where K = K, for a bob at x < 0 and K = Kp for a bob at x > 0. This equation 
can be rewritten as 


ey, P. Sy Ka? (Sa) 
n @ : 


dt2 T m 
Taking a > 0 with na = x, the x-coordinate, we get 


PW t) _ 


Ka? a? (x,t) 
at? , 


ax? 


Svs (A.104) 


(b) From the continuity of the displacement we note that one condition will be 


Wi, t) = Wr, 1). 


When we integrate Eq. A.104 from x = -€ to x = +e, where € < 1 and take the 
limit € > O we would get 


OW (x,t) 


~ Keg OURO 
Ox 


K 
i gp ax 


x=0 


(c) Let us first find the dispersion relation based on the wave equation in part (a) so 
that we can know whether wave numbers would be different in x < 0 and x > 0 
regions. By using w(x, 1) = Acos(kx— qt) we find that 


w = £.(<) R?. 
1 m 


Clearly, k will depend on whether K = Ky, or K = Kr. Let us denote them as ky, 
and kp respectively, 


n= [ae (#-4), 
RR= J re (0 Z 7): 


These show that the wave numbers in x < 0 and x > 0 regions are related by 
ky _ {Kr 
kp Y\ Kr’ 


The displacements on the x < 0 and x > 0,1.e. wy and we, in terms of incident, 
reflected, and transmitted waves will be 


WL(%5 0) = Win + Wr = A cos(kpx— wt) + B cos(-kyx- ot + ), 
Wr(x,t) = Wr = C cos(krx- at + 8), 


or, in complex notation, 


W(x t) =A el RLX- ot) 4 Be'é ei ALx- oF) | 


Wr(x, t) = Ce eERX— OD) | 


where I have used e“” for the time part for each exponential. It is easier to 
conduct the calculation in complex exponential notation rather than cosines. 
The boundary conditions yield 


A+ Be® = Ce’, 
Kiky (A — Be'®) = KrkpCe’. 
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Let us introduce the following for calculation purposes: 


B, Cox 
p= rue t rik 
Then, 
1l+p=t, 
Krk el = p) = Krkprt. 
Therefore, 
_ VKi-J/Kr 
~ MRL +/RKr 
2/K, 
t=. 
Kr, + /Kr 
Therefore, 
B JK, - VK; 0 K,>K 
_ WR ae eens (A.105) 
A VJKr+/7Kr 1 Kr < Kr. 
C 2./K; 
= 8=0. (A.106) 


A’ JK, +JVRp’ 
8.3 Figure A.50 shows that there are two types of oscillators in the system in the two 
regions x < 0 andx > 0. 


Fig. A.50 Exercise 8.3. 


(a) ‘To deduce the wave equation for this problem we will start with the equations of 
motion for an arbitrary bob in the two regions, 


CW m, 
x<O: m = = En + K Un in + Waa) s 
m Py — mg Vn K Wn+1 = 2Wn + Wn-1 . 
dt2 1 2 


ee04 


(b) 
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The distance between bobs is a. We divide the last term in the two expressions 
by a? and take a > 0 limit to obtain the wave equation for pendulums in the 
continuum limit, 


PvE) ¢ a&K iy (x,0) 
0: =--wW9x,t 5 
ee ar? rad eH) m ax? 
a2 W(x, t 2K aw (xt 
x>0: VED) 5 y9x,0) a ve a 
ar? l 2m Ox? 


If we try the harmonic wave solution, y = Ae’**-", in these equations we get a 
different wave number on the two sides of x = 0 for the same frequency, 


m & 
: = 2 
x<0: kp= 5 ( 1b 


2m g 
* = —s 2-2)= 
x>0O: kp (2 (o ;) J 2kr, 


where the wave number k is now labeled as ky and kp. 


Let us denote the displacement on the left side by psi; and that on the right 
side by wr. In terms of the incident, reflected and transmitted waves these 
displacements will be 


WL = Win + Wre (x < 0), 
Vr=Vr (<0). 


To find the reflection and transmission coefficients we make use of the following 
boundary conditions based on the wave equation: 


WL (0, t) = WR (0, t), 


K OWL =K OWR 
: ax x=0 . ax Lor 


where 
K 
Kr = R, Kr = 2 


Fitting the boundary conditions to the given wave functions, written in complex 
notation, we get 


A+ Bel® = Ce”, 
’ K : 
Kk, (A-Be'®) = 5 ke Ce. 
With ke = /2kr, we get 
A+ Be'® = Ce”, 


: 1 : 
A- Be’? = —Ce’. 
J2 


461 


462 


Appendix: Solutions 


8.4 (a) 


Therefore, 
B 2-1 
ao ale > vy) = 0; 
A J24+1 
Cc 2/2 
—= v2 > 6=0. 
A /2+1 
We will apply the following relation: 
al aV 
eee 1d) 
Ox at 


to the three waves separately. Recall the following additional relation in a 
transmission line, 


@ ( ) 1 
= v(wave) = ‘ 
k VLC 


This becomes the following at a point on the negative x-axis in the figure: 


. = v1 (wave) = 


1 
JVI1C,_ 


where L; and C; are inductance and capacitance per unit length of the cable on 
the left. At a point on the positive x-axis in the figure we have 


1 
Wino 


© = vp (wave) = 
Pr a = 


where [2 and C) are inductance and capacitance per unit length of the cable on 
the right. 
G) With = TJ, and V = V;, we find the following at a point where x < 0: 
kyle” =-CiwVo, 


where , is the wave number in this region and C, the capacitance per unit 
length at that point. The ratio 


We can write the constants on the right side as 


C; (0) C. Cy Cy 1 
vo) " 
Ay Be lay Was Bi 


Hence, if we write -1 = ¢'” in (2) we get the desired result, 


(b) 


(ii) When we use J = J,, and V = V,, in (1) we get 


Vor ! 
hr=— —, ¢.= 9. 
OR Z Z 


(iii) When we use J = I, and V = V,, in (1) we get 


Vor 
Ior = Zz” =o +7. 


The boundary conditions in this problem are the continuity of voltage and cur- 
rent across the boundary at x = 0. Let V,(x,2), and (x, 2) be the voltage and 
current at an arbitrary point on transmission line 1 in the region x < 0, and 
V2(x, 2), and I(x, 2) be the voltage and current at an arbitrary point on trans- 


mission line 2 in the region x > 0. Note the voltage and current would be equal 
to the sum of the incident and reflected wave on 1, 


Yi (x, t) = Vin (5 t) oh Vie (% t), q (x, t) = Tin (x, t) + Tro (X t), 
V2 (x, t) = Vir (X5 t), th (x, t) = Tip (x5 t). 


The boundary conditions would then be 
Y (0, t) = V2(0, t), q (0, t) =1(0, t). 
These conditions give us the following relations: 


Vin, 1) + Vre(Os t) = Vir(O5 £), 
Tin(O, t) + T2(0; t) = IO; t). 


Using the results from above we can rewrite these equations as 


Vo + Vor’? = Vore'*, 


Vo Vore'® —— Vorel* 


LZy Zy Zy 
Solving these we obtain 
, 2, -Z; 
Vope’?” = 5 
OR er 
; 22 
Vore* = ‘ 
or eee 


Reading off the amplitude and phase, we get 


|Z, -Z2 | 0 Z,>2Z\;5 
Vor = >— = 
Z,+Zo ww Z,>Zy 
22. 
Vor = ea > & =9. 


~ Zy+Zy 
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(c) ‘To verify the conservation of energy, we note that the time-averaged power for 


8.5 (a) 


(b) 


any sinusoidal wave is 


Therefore, the power values in the three waves are 


1 V2 

(Pin) Se , 

22, 
(P,) = 1 Vie ran! (Zy-Z,)* v2 
"2 Ly 2 (2, +22)? Z,° 
ae 1 Vp 1 4222, VE 
"2 2, 2 (“4+ 2° 


It is easily seen that 
(Pre) + (Pir) = (Pin). 
The shorted connection at x = 0 means we will have 
Vin 1) + Vre(Os t) = 0. 
Therefore, in this situation the reflection coefficient of the voltage wave will be 
py =-1. 


The relation of current to voltage gives 


Vo Px Vo 
Ih = > pilo = 3 
0 Z 


where Zp is the impedance of the line and 9; is the reflection coefficient of the 
current wave. Therefore, 


Pi =—Pv = 1. 


That means J;,, = Je, and net current at x = 0, will be 2/;,,(0, 1). 


In the case of the open circuit we will have the net current zero, 
Tin(0; t) + Ire(0; £) = 0. 
Therefore, in this situation the reflection coefficient of the voltage wave will be 
p=-l. 


Since py = —p;, we will have p, = 1. Since V,. = Vin, the voltage at x = 0 will be 
2 Vin (0, t) * 


(c) 


8.6 (a) 


(b) 


Appendix: Solutions 


(i) Writing Ohm’s law for the load we get 


ee ee 
Since Ip = Vo/Zo we will get 
Pi = Po- 
Since p; = —p, from the equation relating the reflected voltage and current waves, 
we must have 
Pi = pv = 9. 


That is, no return wave. The current and voltage in the line are all in the incident 
wave. (ii) The power delivered to the load will be the power of the incident wave, 


The fundamental mode for one end closed and the other end open will have the 
wavelength 


A=4L, 
since a quarter of the wave will fit in the tube that has the correct boundary 
condition. Therefore, the frequency of the excited mode will be 


v v 
dae eis 
The shape of the fundamental mode is one quarter of the sine function. If we 
place the origin at the closed end and point the positive x-axis towards the open 
end the mode will have the following expression: 


w(x, 1) = Asin(kx) cos(wt), 


where 


2 
bas 2. peop 
ton 2L 


We can write the product of the sine and cosine as the sum of two sines, 


A A 
w(x, = 5 sin(kx — wt) 5 sin(-kx — wt). 


The first term is the wave moving towards the positive x-axis, which is the re- 
flected wave and the second term is the wave moving towards the negative x-axis, 
which is the wave that is incident on the closed end. Note the relative sign of the 
two terms, which indicates the two waves have opposite phase. 
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8.7 (a) 


(b) 


Let the air/water interface be at x = O with air in the x < 0 region and water 
in the x > O region. Let w be the angular frequency of the waves and k; the 
wave number when the wave is in air and ky the wave number when in water. 
Let v, and v2 be the speed of sound in air and water respectively. Let us write 
the incident, reflected, and transmitted waves as follows: 


ait, = ikyx—twt = ikyx—tot + 0 
In air: Win = Woe ; > Wre = Rye } ey 
In water: Wy, = Typet2* iat tt, 


The displacement in air is, of course, the sum of the two waves in the air. Now, 
applying the boundary conditions we find 


1+ Rel = Te'*, 


p2vzky 
pivzki 


1-Re'* = Tee, 


Let us denote the bunch of constants on the right side with one symbol, 


_ pavsky — p22 
piviky P1V ‘ 


where I have made use of the fact that w=k,v,; =k2.v2 and canceled out 
the common terms. Now, we can solve for the reflection and transmission 
coefficients as 


Re? = ee 
l+a 
qi = 7 
l+a 
Therefore, 
ek ae ee ee ee en 
rae = ifa > 1 else d, = 0, 
2 
ye : =0 
l+a $1 


Intensity of sound is related to the particle displacement amplitude A of a 
harmonic wave = Acos(kx— wt) as follows, 


1 
I= =pvw*A’. 
rae 


The intensity is the average power per unit cross-sectional area. Therefore, we 
will have the following expressions for the intensities of the three waves, two in 
air and one in water: 


1 1 
Tin = FP" v» Tre 5 spina Ry, 


1 
Ty, = 5 P2020" TW. 


To convert these into power we will multiply by the area of cross-section 
perpendicular to the direction in which the wave is traveling. 


(c) If we divide the intensity of the transmitted wave by the intensity of the incident 
wave we will get the fraction of the energy that goes into water, 


22 
Pi1Y 


Fraction of energy = T’ =aT’. 


This can be written in a as 


4a 


Fraction of energy = ——.. 
Beye 


From the given numerical values we have 


_ 1000 kg/m? x 1500 m/s 


; = 3,297. 
1.3 kg/m’ x 350 m/s 
Therefore, 
: 4 x 3,297 
Fraction of energy = ————— = 0.0012. 
3, 2982 


8.8 From the definition of Brewster’s angle we get 


3/2 
6p = tan! me) _ tan?! / = 48.4°. 
nm 4/3 


8.9 (a) Since the speed of an electromagnetic wave in a medium is v = c/n, we get the 
wavelengths in the two media as follows: 


a ae 3 x 108 m/s 
mf 1.54.5 x 10!4 Hz 

Co 3 x 108 m/s 
mf 1.0x 4.5 x 10!4 Hz 


M = 4.44 x 10°77 m, 


Ag = = 6.67 x 1077 m. 


(b) Here the situation is transverse electric (TE). Therefore, we will use the TE 
formulas for the reflection and transmission coefficients, 


N, COS 0, — Nz COS 2 


2 
nN, COS 6, + nz COS 2 


2n; cos 6; 
be he 


ny COS 6, + > COS 02 
We need 62, which can be obtained from Snell’s law, 


ny, sin 6; 


ny sin Oy = ny sin6,, 0 = sin?! ( ) = sin! (0.75) = 48.59°. 


nz 


Therefore, we get the following numerical values of the coefficients: 


p. = 0.325, t, = 1.325. 
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() 


8.10 (a) 


(b) 


(<) 


The energy can be obtained from the intensity formula for harmonic electro- 
magnetic waves by multiplying the area projected on the plane of incidence. 
Thus we have the following for average power arriving at the plane of incidence 
and leaving the plane of incidence: 


1 
(Pin) = 5"! v1 EA cos 61, 


1 

(Pre) = zeripi pd cos A15 
1 272 

(Pir) = 3 €202t1 EA cos O25 


where €,2 and v,2 are the electric susceptibility and speed of the wave in the 
two media, and R and T are the reflection and transmission coefficients. To find 
the fraction of energy entering the second medium, we just need the ratio of 
(Pir) to (Pin), 


(Pir) _ €202 COS 62 x 
(Pin) 10, C080,” 
nz COSO, 4 
= ——— Ti> 
nN, COS 0, 
1 x cos 48.59° 


1.5 x cos 30° 


1.3257 = 0.894. 


That is, 89.4% of energy is transmitted. 


Since the speed of an electromagnetic wave in a medium is v = c/n, we get the 
wavelengths in the two media as follows: 


c 3 x 108 m/s 7 
A, = a = 4.44 x 10% m, 
mf 1.5.x 4.5 x 10!4 Hz 
Cc 3 x 108 m/s 7 
A2= = 5.128 x 10°’ m. 


mf 13% 4.5x 10" Hz 


From Snell’s law we get 


._1 {1.5 sin 30° 2 
62 = sin 13 = 35.23°. 


Here the situation is transverse magnetic (IM). Therefore, we will use the TM 
formulas for the reflection and transmission coefficients, 
Nz COS A; — nN; COS O2 


P| = = 0.0423, 
nN COS 4, + nN; COS 2 


2n; Cos 6; 
Tj = = 1.105. 
nN, COS 0, + nz COS 2 


The fraction of energy transmitted will be 


Py _ mz C0862 4 _ 
P; ny cos, | 


That is, 99.8% of energy is transmitted. 
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9.1 Let J, be the distance from S; to D and b be the distance from S2 to D. Let y be the 
y-coordinate of S;. Then, we have 


h=/h +5. 


The phase difference will be 


2. 
Ag = k(b-h) = = ip 


For numerical values, we have /; = 100 cm, A = 4 cm, and y different for different 
parts. 


(a) When y = 1 cm, we get Ad = 0.0079 rad or Ag = 0.45°. 
(b) When y = 3 cm, we get Ag = 0.071 rad or Ad = 4.05°. 
(c) When y =5 cm, we get Ad = 0.20 rad or Ag = 11°. 

(d) When y= 7 cm, we get A¢ = 0.38 rad or Ag = 22°. 


9.2 The coherence time T, is related to the spread Af of frequencies in the wave, 


oe 


Af 
The coherence length /, is related to the distance traveled in the coherence time, 
b= Oh 
(a) The spread in frequency is Af = 10 kHz. Therefore, coherence time is 


a a oe 
= Af 10kHz 10 


msec. 
Since the wave travels at the speed of light, we get 
8 1 4 
1, = ct, = 3 x 10° m/s x io ee 10° m. 


(b) The spread in frequency is Af = 5 Hz. Therefore, coherence time is 


Since the wave travels at the speed of sound, which we will take to be 340 m/s 
we get 


1 
1, = ct, = 340 m/s x 5 sec = 68m. 
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(c) To find the spread in frequency from the spread in wavelength we use the 
following relation: 


‘Taking the differential of this relation gives 


U 
JAF = S laa. 


The range of wavelength can be written as the average and the spread, A + AA = 
550 nm + 150 nm. Therefore, 


3 x 108 m/s 


Ssoum? * 150 nm = 1.49 x 104 Hz. 
nm 


|Af| = 


Therefore, coherence time is 


1 1 


= = = 6.7 x 10°) sec. 
Af 1.49 x 10!4 Hz 


Te 


Since the wave travels at the speed of light, we get 


l. = ct; = 3 x 10° m/s x 6.7 x 107! sec = 2.0 x 10° m. 


(d) We apply the formulas given above to obtain 


3 x 108 
Jar] = 220° , 0.0004 nm = 3.45 x 10° Hy, 
(590 nm)? 
1 1 “i 
Te = 2.9 x 10°” sec, 


~ Af 3.45 x 108 Hz 
1. = ct; = 3 x 10° m/s x 2.9 x 10° sec = 0.87 m. 


9.3 (a) First let us find the positions of the constructive interferences. Here they occur 
in the directions given by the angle 0 that obeys 


dsind=ma, m=0,+1,+2,.... 


This gives the following angles for three values of m: 


m=0 => 6=0. 


pene es . 1 { 0.6328 um a 
m=1 6; = sin = sin = +3.63°. 
d 10 wm 


-h 
m=-1 6, = sin! ( a ) = -3.63°. 


9.4 


Appendix: Solutions 


The position on the screen can be given by the y-coordinate from the center 
beam, 


yo = 05 
4y, = Ltan 6, = 1.5 mtan(3.63°) = 9.5 cm, 
4y-y =-9.5 cm. 


Here, the destructive interferences occur at the angle given by 


= 
v 


25. 


1 
dsin@ = (m+ >) A, m=0, 


We will find the angles for m = 0 and m = -1, 


h 
=0 6, = sin! = +1.81°. 
m = %=sin (5) 


-h 
=-1 6, = sin! ==1,81°. 
m = %§=sin (S) 


The position on the screen can be given by the y-coordinate from the center 
beam, 


yo = Ltan dj = 1.5 mtan(1.81°) = 4.8 cm, 
y, = Ltand; =-4.8 cm. 


(b) In the constructive interference formula, dsin@ = nd we set the maximum value 
of sin@ = 1 to obtain the theoretical maximum order, 


d 


Nita ri =15. 
The wave function at the detector will be a sum of the three waves, 


Wait v2 + Ws. 


As Fig. A.51 shows, let 4) be the distance traveled by the central ray. Then, the 
distances traveled by the other two waves will differ from this distance by 


471 


ss d/2 
Al=+- sing. d2 
2 
Writing the waves as complex exponentials, we will get y as follows: Fig. A.51 Exercise 9.4. 


wv = Ag (eo a elklo +tkAl ae gene). 


where w is the angular frequency and & is the wave number which is related to the 
wavelength d as usual, 
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The intensity will be proportional to the absolute value of the square of the wave 
function y. This will give 
md. 
1+2cos a sind 


The maximum of ||? will give the direction 6 in which we have the constructive 
interference. The maximum will occur when the cosine has the value +1, 


(= . ) 
cos {| — siné ] = +1. 
Xr 


Therefore, the directions for destructive interference are 


2 


IW? =a (A.107) 


md. 
ra sin@ = 0,27,-27,47,-47,... 
That is, 
dsin§, = md, m even integer. 


The minimum of |y|* will give the direction 6 in which we have the destructive 
interference. The minimum will occur when the cosine has the value -1 or 0. 


amd. 
When cos (= sin 0) =0. 
Therefore, the directions for destructive interference are 


mda. a 3m 570 
sind 5 


That is, 
F zy . 
dsin 0, = m3 m odd integer. 


When cos in Eq. A.107 is -1, we get dsin@,, = md, m odd. 


9.5 (a) From the frequency and the speed of the wave we get the wavelength, 


v 340 m/s 7 
== = — =17cm. 
f 2000 Hz 
With d = 66 cm we get 
Xr 17cm 
== = 0.258. 
d 66cm 


The constructive interference will occur when 


Xr 
sin 0, = an = 0.258 n. 


Therefore, for 7 = 0, +1, +2, +3, +4 we get 


0) = 0, 6; =+sin?! (0.258) = +15°, 
6, = +sin! (2 x 0.258) = +31°, 63 = +sin! G x 0.258) = £51°. 


When n = 4 we get the condition sin@4 = 4 x 0.258 = 1.032 > 1, which does 
not have a real number solution. 


(b) The intensity at the screen is given by 


ee mdsin0d 
ref X . 


To find the angle when the intensity will be half that at the center we set up the 
following equations: 


which yields 


mdsin@ al 1 ) 1 
a = +cos =+=% 


Solving for sin 6 we get 


sind = +— = +0.0645. 


Therefore, the angles are 


6 = +3.7°, 
from which we get the angular width to be 
A61/2 = 7.4°. 
9.6 Let ¢; and ¢2 be the phase changes when the wave travels in a vacuum and when 


it travels through the glass slide. The wavelength in the vacuum is Ao but in glass of 
refractive index 7 it is 


A=—. 
n 


We know that for each wavelength of travel, the phase change is 27 rad. Therefore, 
we will get 


Therefore, the phase difference at the end will be 


(n—1)d 
JIT ‘. 


Ad = $2-¢1 = 2 ai 
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9.7 (a) The phase difference between waves comes from the optical path difference, 
not just the path difference. We will calculate the phase difference due to path 
difference and due to medium difference separately and then add them, 


Ag = A@path + Agmedium- 


The phase difference due to the path difference has been worked out in the text, 


dsin@ 


Agpath = 270 
0 


The change due to the glass plate will be 


(n-1) 
Admedium = 27 ato Albgiass- 


Since the beam goes through the glass plate of thickness / at an angle 6, the path 
in glass will have the geometric distance given by 


Algiass = ——.- 
glass eond 


Therefore, the net phase difference will be 


dsin@ h(n-1) 
a + 2. 


IU : 
ho Xo cos é 


Ad = 2. 
(b) Constructive interference will occur when Ag¢ is an integral multiple of 277, 
Ag =2nm, m= integer. 
This becomes 
dsin 0, h(n-1) 
7 = 


+ 290 20m. 
ho Ao COS Ayn, 


For a small angle, let us approximate 
sind +6, cosé=1, 


to simplify to 


do (n-1)h 
An = at hme > Om 1. 
qd qd <K 
(c) Now, 
15 h 2 ho fi 
n= 1.5, = 24; =r. 
d d 2 


With these values we get the following for the order m: 


m 
On = = -2. 
2 


9.8 (a) 
(b) 


9.9 (a) 


This relation shows that when m = 4, there is an interference maximum in the 
@ = 0 direction, and we do not need to look for the case where this may not be 
the case. Therefore, the interference order for center direction, 9 = O will be 


m=A4, 


The variation in intensity is due to the interference of the two waves. 


Figure A.52 shows five places where the car would encounter the strongest 
signals due to constructive interference at those locations. 

Let us write the constructive interference condition in terms of the fre- 
quency f as 


c 
dsin 6, = mar = mes m integer. 
The y-coordinates on the road will be 


m = Lt Ain = Lsi 9m = T° 
BY an sin m 7 if 
Thus, 


m=0 = y=0, 
Le _ 20,000m x 3 x 108 m/s 


=] — 
PE tae = Tong me 4 x LOE Hie 


= 1500 m, 


3000 m, 


m=-1 = y- =-1500m, 
m=-2 => y-2 =-3000 m. 


From the geometry of two rays emanating from the source, one (ray SP) going 
directly to the detector at P and the other (ray SBP) first being reflected at B 
and then meeting ray SP at point P, as shown in Fig. A.53, gives the following 
path difference between the two paths: 


Al = 2Dsin@. 


But the phase difference between the two waves SP and SBP also has an 
additional phase difference due to reflection at B, which adds z to the phase of 
SBP. Therefore, the net phase difference between the two paths is 

Al 2Dsin@ 


Ag = 21 +a =20 + JU 
% Xr Xr 


For constructive interference this phase change must be an integral multiple of 
2m radians, 


Constructive: Ag@ = 217m, m integer, 
and the destructive interference, 


Destructive: Ad = 2m, m odd integer. 
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+ So 
a{ aaa [2° 


Fig. A.52 Exercise 9.8. 


mirror 


Fig. A.53 Exercise 9.9. 
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Therefore, 


: . Xr ; 
Constructive: 2Dsin@ = mss m odd integer, 


Destructive: 2Dsin@ = mid, m integer. 
(b) ‘The y-coordinate of the detector is related to 0 as follows: 
7 : es 
y=Ltands~Lsind => sing = F- 


Therefore, in terms of the y-coordinate of the detector, we will have the following 
conditions: 


Constructive: v= m—~, m odd integer, 


4D 


Destructive: y = m=, m integer. 


2D 


Therefore, we will have the following bright and dark places: 


Constructive: 
589 nm x 2m 
yy =1*x = 14.7 cm, 
4x2um 
4y2 =3 x 14.7 cm = 44.2 cm, 
Destructive: 
589 nm x 2m 
yy =1x = 29.4 cm, 


2x2um 
y2 = 2 x 29.4cm = 58.9 cm. 


9.10 (a) From Snell’s law at the air/oil interface, as shown in Fig. A.54(a) we get 


1 fm sin 1 {1.0 sin 60° 6 
62 = sin = sin = 46.2°. 
n2 1.2 


a | 
Bas 90° 
A AF . 
: " Bi r 
h' i pM 
i \ 8, 
=e C 
(a) (b) 


Fig. A.54 Exercise 9.10. 


(b) Referring to figures in Fig. A.54(b) we find the following: 


h 150nm 
Cs = = 216.7 nm, 
cos 63 cos 46.2° 
AF = 2htan 62 = 2 x 150 nm x tan 46.2° = 312.8 nm, 


BH = BFsin6, = AF sin, = 2htan 62 sin6; = 270.9 nm. 


(c) We can readily find the phase difference by employing the following rules: 
e Fora path difference A/, the phase difference is 


Rea 22 Al 
ae ae 
e Fora reflection of light when 1 < 72, 


Ag=a. 


G) Since A to B is a reflection in which m;(= 1.0) < m(= 1.2) we geta 
phase change of z radians, 


op-ba=X. 


(ii) Since C to D is a reflection in which m,(= 1.2) < m2(1.33) we get a 
phase change of z radians, 


on-bc =. 


(iii) The distance between F and F is infinitesimal with no reflection. 
Therefore 


or- bE = 0. 


(iv) In the path AH we have the flip for A to B and then path travel from 
Bto H, 


BH 
gu -—o4 = 1 +20 —. 
ho 


Using the numerical values we get 


ou -ba =U +20 = 1.9857 rad. 
nm 


(v) The path A to F has one phase changing reflection at C. With AC = CF 
we get 
2AC 


ér-¢4 = + 2x —_. 
ha 


Putting in the numerical values we get 


2 x 216.7 nm 


20 = 2.9237 rad. 
550 nm/1.22 


gr-ba=a 4 
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(d) 


9.11 (a) 


(vi) The phase difference between H and F can be obtained by comparing 
the phase changes from A to H and from A to F, 


or — oun = (or — $4) — bu — ba) = 2.9230 - 1.9857 = 0.9387. 


Here we want a general formula for any /, A, and angles 6; and 62. Using the 
general formulas we have written for the phase changes we have 


2AC BH 
or — ou = (or —4) - Gu -b4) = 1 +20 (= + 270 ). 
2 ho 


which simplifies to 


Arh ; : 
or- on = (Noi — 8in 6; sin 62), 
io cos 6; 


where oi is the refractive index of oil. Equating this to integer multiples of 27 
will give the constructive interference condition, 


Arh 


eon (Noi — 8iN 8; sin 62) = 27m, (mm integer). (A.108) 
Now, note that 6; and 62 are related by 
Nair SIN O, = Noi SiN O2. 
With vir = 1, this gives 
sin 0; = noi sin 2. 
Therefore, we will get 


(Noi — Sin 8; sin 62) 
———§|_ —— = noi COS Ap. 
cos 62 


Using this in Eq. A.108, we find the condition for constructive interference, 


6 ho ind 3 Mo 
cos =m sin. ne. y 
: 2hnoi : eu 2h 


The phase difference between the wave reflected from the front face and that 
from the bottom of the air wedge will be 


where x is the horizontal distance from the corner and the phase change z 
comes about due to reflection from the bottom of the air wedge. For constructive 
interference this phase change must equal an integral multiple of 27. 


2——4+n7=2nm, m=0,+1,+2,.... 


Appendix: Solutions 
Therefore, for some particular integer m = M, 


hx 2 
2 a = 20M. (A.109) 
1 ho 
When we move towards the wider gap we will get the interference at order M+ 1 
since the path length will now be longer. Successively moving we will observe 
M +2, M +3 etc. Question is asking Ax when we will see M + 1, 


h(x + Ax) 2 
OT BNE oo ME ET (A.110) 
1 Ao 
Subtracting Eq. A.109 from Eq. A.110 we get 


Aol 
Ax = —. 

2h 
(b) Using the numerical values we get 


— 550nm x 25cm 
2x 100 um 


Ax = 0.69 mm. 


When you move one mirror of the Michelson interferometer by a distance D you 
change the difference in path in the two arms by 2D, since you change the path to 
the mirror and from the mirror. Therefore, when a mirror is moved D we will get the 
number N to be 


Therefore, 
1 
D=Nx =). 
2 
Putting in the numerical values yields 
1 
D=8.x 5 x 632.8 nm = 2.531 wm. 


Let 7 be the refractive index when the container is filled with the gas. Since the light 
will pass a distance of 2d through the gas (d in each direction), the change in phase 
due to filling the gas will be 
2d(n-1 
No= 2 — 


For 1220 fringes to have passed, this phase change must have gone through 1220 
cycles of 27. That is, this phase change will be 1220 times 27 radians, 


2d(n- 1) 
2m ———— = 1220 x 2z. 
Therefore, 


Xr 
n=1 aie =1+1.93 x 10° = 1.02. 
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Chapter 10 


10.1 (a) 


(b) 


() 


(d) 


(e) 


Since the slit is horizontal, the horizontal bands of the diffraction pattern will 
be spread out vertically. 

The diffraction minima from a single slit occur when B=mz for m= 
1, 42, .... In terms of the slit width 5 and the direction 6 from the slit this 
condition becomes 


bsin 0, 
1 “= mn, b sin 6, =mdr, m=+1, +2,--- 


Using this formula we obtain the following values for 61, 62 and 63: 


. 1 (4% .-y { 530nm : 
6, = sin b = sin = 0.36 rad = 21°, 


1500 nm 
. 1 [2A _., (2x 530nm , 
62 = sin = sin = 0.78 rad = 45°, 
b 1500 nm 
. 1 [34 .., {3 x 530nm bg 4 
63 = sin — } =sin ———— ] =sin™ (> 1), does not exist. 
b 1500 nm 


Therefore, the positions of the first- and second-order bands on the screen will 
be given by the y-coordinates, 


ya, = L tan(641) = (1.2m) tan(#21°) = £46 cm, 
ya. = L tan(642) = (1.2m) tan(+45°) = +120 cm. 


Maxima when f = 0, + 1.4303 7, +2.4590 z,.... Therefore, the bright spots 
will be in the following directions: 


4) = 0°, central bright spot, 


. 1 { 1.4303 4 “ 
6; = sin ans ae = 30°, 


. 1 {2.45902 
62 = sin ; = 60"; 


The y-coordinates of these bright spots are 
yo = 0, Ya1 = 69.3c0m, ye2 = 210 cm. 


The width of the central bright spot will be between the y_; and ¥,, of the 
diffraction minima worked out in part (a), 


AYcentral = V+1—Y-1 = 46 cm— (-46 cm) = 92 cm. 


The m = 1 bright spot will be between y,; and y,2 of the diffraction minima. 
Therefore, the width of the m = 1 bright spot will be 


Aym=1 = [942-34 1min = 1-2m- (46 em) = 74cm. 


(f) The ratio of the m = 1 peak to m = 0 peak is found to be 


10.2 (a) 
(b) 


(c) 


In=1 _ 1 = 30°) 


Im=o (= 0) * 


Using the formula for the intensity in a single-slit diffraction this gives 


Im=1 _ EE ] 
In=0 By > 


where 
b 
one = sin(30°) = 4.45 rad. 


Therefore, 


Tyat a rad) 


2 
= 0.047. 
In=0 4.45 rad 


We will find that vertically oriented lines are spread out horizontally. 


The diffraction minima will occur when 


. Xr 
sin 6, = m—. 
b 


This gives the x-coordinates of the minima bands to be 


Lsin 0m 
te = Liang, = nue P 
V1-sin? 0, 
Therefore, x-coordinates of m = +1 and m = +2 bands are 
LA/b 2LA/b 


x. > 
a here 


Numerical values: 


0 1402/8 


dA ~=©0.630 tm Id 
= = 0.42, = 50.4 cm. 
b 1.5m b 
These give 
50.4 cm 2x 50.4cm 


= — =55.5cm, x42 = = 186 cm 


ee aac 
oS TOAD 1-4x 0.422 


Beside the central maximum for 6 = 0, we will get two maxima corresponding 
tom=+1, 


Xr 
sin 64, =+ (1.4303) = +0.60. 
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Therefore, 
04 = £36.9°. 
This gives 
ya, = Ltand,; = +90 cm. 
Note that the constructive diffraction condition for m = +2 is 


Xr 
sin O42 = + (2.4590° ) = 1.03278, 


which is greater than 1, meaning we do not have a real solution. 
(d) The angular width of the central peak will be 


2x 
A@ = 7% = 2 x 0.42 rad = 0.84 rad = 48°. 


10.3 (a) The width of the central peak will be the distance between m = -1 and m= +1 
diffraction minima, which occur in directions given by 


in@ Xr 
sIno4; =m—. 
b 


For small angles the width of the central peak will be 


2h 
AO =64,-0_1 = i 


Now, the distance Ay on the screen between the two minima will be 


2LA 
Ay = LtanA@ © LA@ = <a 


Therefore, the slit width 6 will be 


2Lh 
b= 


Ay" 
Now, putting in numbers we get 


_ 2x 1.6m x 632.8nm 
Scm 


b 


= 40.5 wm. 


(b) With 6 = 40.5 ym and A = 540 nm we will get the width on the screen to be 


2LA_ 2x 1.6m x 540nm 


A —_ 
oar 40.5 um 


= 4.3 cm. 


10.4 (a) 


(b) 


10.5 (a) 


We plot the functions x? and sin(x) versus x on the same graph paper. The 
intersections of the two graphs correspond to the solution of the equation x 
sin(x). The solution is shown in Fig. A.55. They are x = 0 and x = 0.875. To 
obtain the more accurate number, I plotted (not shown) within a tighter range 
of 0.8 to 0.9. 


2— 


Fig. A.55 Exercise 10.4. 


Do a similar plot. Here you will obtain an infinite number of solutions since 
1/x and tan(x) will cross at infinitely many points. 


We will first find the angular width of the central peak due to diffraction. Then, 
we will determine how many interference peaks will lie within that angular 
width. 


Since the central diffraction peak is bounded by the m = +1 minima, the 
angular width will be 
1 (4 . 1 {0.450 wm 2 
A@ = 20; = 2 x sin —]|=2x sin ————_ ] = 26°. 
b 2 um 
We now need to find interference maxima between 9 = -13° and 6 = +13°. 


The condition for interference maxima is 


asin6, =mdr, m=0,+1,+2,.... 


Let us first calculate the value of m when we require 6,, = 13°. 
6umsin 13°=mx0.450pm, = m=3. 


That means m = 3 constructive interference occurs at the point where the 
diffraction minimum also occurs. Therefore, the m = 3 interference will not 
be observed. Hence, we have m = 0,+1,+2 within the central diffraction 
maximum. That is, there will be five interference peaks within the central peak. 
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10.6 


(b) 


() 


(d) 
(e) 


(f) 


(g) 


If the slit width is doubled, the angular width of the central diffraction peak 
will be 


= . 1 { 9.450 pm ere 
Aé =2 x sin ——_ } = 13°. 


4m 


So, the question is how many interference maxima are there between 6 = -6.5° 
and 6 = +6.5°? Using 0, = 6.5° we find 


(6m) sin 6.5°=mx0.450pm, = m=1.5. 


Therefore, there will only be three interference peaks in the central maximum 
now for m= 0, +1. 


Here the central maximum of diffraction is still 26° wide, but since the slits are 
separated more, the interference maxima will be closer together. Using 6 = 13° 
in the interference condition gives the maximum m = 6. Therefore, there will 
be 11 interference peaks corresponding to m = 0, +1, £2, +3, +4, +5. 


Hint: Follow the given calculation in (a). 


The m = 0 of the interference constructive peak occurs at 9 = 0 and m= 1 
occurs at @ = sin !(A/a) = 4.3°. The peak from interference is diminished due 
to the diffraction effect. Therefore, we need only the f part, 


o. . & X 2pm sin 4.3° 
B(4.3°) = = 1.0469 rad. 
0.45 wm 


Therefore, the intensity of the m = 1 peak will be 


sin(1.0469 rad) \? 
= 0.68. 
1.0469 rad 


1(4.3°)/I(0) = ( 


The ratio will depend on the wavelength of light through the dependence of 6 
on the wavelength of light. 


The ratio will depend on the width 6 of the slits through the dependence of 6 
on these parameters. 


From the number of interference fringes in the central maximum when we use 
430 nm light we determine the width of the central maximum. First note that the 
maximum order of the interference peak to fit in the half-width of the central max 
will obey 


Mmax + 1 
@ sin 01/2 = (“=*") Ay 


where 64/2 is the half-width of the central max of diffraction. From 11 fringes we get 
Mmax = 5. Therefore, 


6 x 0.430 wm 
61/2 = sin ( i ) = 15°, 


2x 5.0 um 


10.7 


10.8 


10.9 
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This gives us the condition of a minimum for the m = 1 diffraction minimum when 
we use 430 nm light, 
0.430 
6b sinOij2 =), => b= — eS 17 
sin 15° 
Thus, by using the data for 430 nm light we have found the width of the slits. Now, 
we apply these to the red light. For the red light the central maximum half-width 
will be different, 
1 { 1 { 0.6328 pm a 
61/2(red) = sin = sin 22°; 
b 1.7 pm 
This gives 
in 22° 
Mmax (red) = integer part of — = a2 
Therefore, there will be five fringes in the central max for light of wave- 
length 632.8 nm. 
Let D be the diameter of the lens and / its focal length. Then, treating the lens as a 
circular aperture the passage of the beam through the lens will cause diffraction and 
the central bright spot will have the following radius at the focal plane: 
fa 20cm x 550nm 
R=1.22 = 1,22 1.67 pm. 
D 8cm 
In order for the two images to be resolvable, the angle @ in Fig. A.56 must be greater A 
than the half-width of the central max for image I). P D | 9 I 
Therefore, we get the condition : L 
Soe f 1 
P, 
Xr 540 nm 7 Vv 
6 = 1.22 — =1.22x 6.48 x 10° rad. 
D 40 x 2.54cm 


Fig. A.56 Exercise 10.8. 


Using this angle with the distance x to the moon, we find the separation y on the 
moon to be 


yx =4~x 10° m x 6.48 x 1077 rad = 259 m. 


Refer to Fig. A.56 of the last problem. We need to find x here, 
es, mee 132. 
0 D 


Therefore, 


yD 1m x 4.5mm 
x= = = 6.4km. 
1.22% 1.22 x 580nm 


This is too far for the eye to see. The main problem will be the low intensity of light 
reaching the eye. 
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10.10 


10.11 


10.12 


10.13 


(a) The separation between the lines of the grating will be 


1 
= sop m= 2am. 


(b) The principal maxima in a diffraction grating occur at a sin 6,, = mA for 
m = 0,+1,+2,..., where a is the distance between adjacent lines. Therefore, 
the angular direction of the m = 1 peaks for the two wavelengths are 


0; (for 590 nm) = 17.16°, 6, (for 630 nm) = 18.36° 


Therefore, the angular separation is 1.2°. 


Let there be N lines per mm. Then we will have the separation between adjacent 
slits to be 


1000 
a= — 


N pum. (A.111) 


From the given data of the second-order peak we get 
asin 62 =22. (A.112) 


From Eqs. A.111 and A.112 we get 


500 sin 62 
= ———__ = 379.4. 
Afin wm] 
The resolving power needed is 


Ar 
R= = 274.5. 


For the order m = 1 the condition of resolution in terms of number of diffraction 
lines N will be 


N=R. 


That is, we need 275 lines of the grating over which the beam is to be incident. Since 
the beam covers (400 lines/mm x 4 mm = 800) lines of the grating, the lines would 
be resolved in the first order. 


(a) From the data the separation between successive slits is 


From the condition for m = 1 peak, 


A =a sin 6 = 2.5 umsin 20° = 0.855 pm. 
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(b) From the given data, we have the number of grating lines upon which the light 
is incident, N = 400 x 5 = 2000. The half-width of the peak is given by 


vy 0.855 
On = = i = 1.8 x 10“ rad = 0.01°. 
Nacos@ 2000 x 2.5m cos 20° 
10.14 Figure A.57 shows interference peaks within the central diffraction maximum. In the A8; 


small-angle approximation, the angles A@; between successive interference peaks is 
related to the separation a of the slits and the wavelength A, 


a 
AG; = =, 
a 


and the angular width of the central peak AQ is related to the width of the slits b 
and the wavelength i, 


Ae; = 2 A0g 
a= 5 


(a) Counting the interference peaks from 0 to N on the positive angle side, and Pigs Pea) Baers At, 
—1 to -N on the negative angle side, we will have 2N + 1 interference peaks if 
N is the maximum order. Let us find N by dividing 4 A604 by A@;, 


1 
ve 
AO; 
Therefore, 
N=<. 
2b 


Since we have a = pb we get the total number of interference peaks, 


Total number on interference peaks = 2N+1=2 7 +1=2p+1. 


(b) In the small-angle approximation the direction angle at which interference 
peaks occur is given by 


o,= m, (m integer), 
and the direction angle at which the diffraction minima occur is 
Om! = nls (m! integer). 
The missing interference peaks occur when 
On = Ow. 
That is, when 


a , J 
> m=—-mM=pm. 


Q 
> 
> 


488 


Appendix: Solutions 


10.15 


10.16 


This shows that p has to be a ratio of integers to satisfy the condition for missing 
order. 
(i) For p = 3, following are some examples of the missing order. 


When m! = +1, the interference order m = +3 will be missing, 


When m! = +2, the interference order m = +6 will be missing, 
(i) Forp= 3, following are some examples of the missing order. 


When m’ = +2, the interference order m = +3 will be missing, 


When m' = +4, the interference order m = +6 will be missing, 
(iii) For p= 3, following are some examples of the missing order. 


When m’ = +3, the interference order m = +5 will be missing, 


When m’ = +6, the interference order m = +10 will be missing, 


(iv) When p = V2, there are no integers m and m' whose ratio will be equal 
to p. Therefore, there will be no missing orders. 


The additional spread from the radius of 1 mm at the exit point will be given by the 
diffraction from a circular aperture. The angle of spread is 


x 461.9nm 
6=1.22— = 1.22 
D 2mm 


= 2.82 x 107 rad. 


The radius of the spot a distance L from the exit point will be 
R= Texit + GQ = Texit + Lé, 
where I have replaced tan @ by 9, which is a good approximation for small angles, as 
is the case here. 
(a) When L = 1 m, we get R= 1.282 mm. 
(b) When L = 1 km, we get R = 283 mm. 
(c) When L = 1000 km, we get R = 283 m. 
(d) When L = 400, 000 km, we get R= 113 m. 
For two point sources of light separated by a distance x to be resolvable by the 


Hubble telescope, the angle 6 subtended by the two light points at the Hubble must 
be greater than 6;, given by the diffraction formula 


1.222 
= no; ee 
where D is the diameter of the light collection mechanism of Hubble. Therefore, to 


get x we multiply the angle by the distance L to the Hubble, 


1.22AL 
x > Ltand, ~ DD 


Putting in the numerical values we get the minimum separation to be 


_ 1.22 x 550 nm x 600 km 
¢ 24m 


= 16.8 cm. 
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10.17 From Fig. A.58 we find that we need to compare the wavefront AD to the wavefront 
AB, rather than AC as was the case when the incident wave was incident normally 
on the slit. This gives the following A/ between the top and bottom of the slit: Vv A r 


Al= BC+ CD = bsiny + bsiné. 


The diffraction minima would occur when this distance is an integral multiple of a B 7ceD 
wavelength, giving the following condition: 


bsiny + bsin@ = md, (m integer). 
Fig. A.58 Exercise 10.17. 


